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1. Classical results from complex geometry

Tc: a complex 2-torus, —17.: Tc — Tg; x — —X.

X = Km(Tg) := the minimal resolution of T¢/— 17,.
w: a holomorphic 2-form on X.

NS(X) = {x e H*(X,Z)|w u x = 0}.

U(n): the lattice with a Gram matrix (?7 g)

Theorem (Classical result for Kummer surfaces Km(T¢))
3 : H?(Tc, Z) — H? (Km (T¢), Z), g« (D) v g, (D) = 2D v D,
¢ (H* (Tc, Z)) ~ U (2% and q.(NS (Te)™) ~ NS (Km (Te))™

The main result is about a tropical analog of the above
theorem for tropical Kummer surfaces.

complex Kummer surfaces tropical Kummer surfaces

L*(/\,?':ﬂ?(vm(r)o) = RKm(T)
h(Km(T), Rm(T))
L A7 Km(T)o
Ckm(T) (radiance obstruction)
Imc; = {CKm(T) ud =0}
[Km(T)(Z)| = *P7e® 4 2

A1 Qkm(Te) > Okm(To)
hl(Km(TC)7 OKm(Trc))

OKm(Tc)

w (holomorphic 2-form)

NS(Km(Tc)) = {w o d = 0}
dim (X, 1) = §g 9O 4 o

9.(H*(Tc, 2)) ~ U(2)® a.(HN(T, Tz,7)) ~ U2)*?
:(NS(Te)*) ~ NS(Km(Te))" | gu((Imey,7)*) = (Im ey ()

Table: Comparison table for complex and tropical Kummer surfaces

2. TASS and tropical Kummer surfaces

Definition (cf. Gross-Siebert'03, Kontsevich-Soibelman’04)

(1) By is an n-dim'l tropical (resp. integral) affine manifold if By is a
manifold equipped with an atlas {(U;, ¢;)}

st. Yo wj_l\umuj € GL,(Z) x R" (resp. GL, (Z) x Z").

(2) An n-dim’l topological mfd B equipped with an inclusion

L By — B of tropical (resp. integral) affine manifold

is a tropical (resp. integral) affine manifold with singularieties

if codim B\By > 2.

Example

(1) B = By = R"/A: tropical tori [Mikhalkin-Zharkov'06].

(2) T = R?/A : a tropical 2-torus, =17 : T — T;x — —X,
Km(T) := T/ —17(~ §?): the tropical Kummer surface.
Km(T)o := Km(T)\{v1, v2, v3, v4}. [Foster-Rabinoff-Shokrieh-Soto]

The light gray region is a fundamental domain of T.
The dark gray region is that of Km(T).

A tropical affine surface with singularities (TASS for short)
is a 2-dim'l tropical affine manifold with singularities satisfying the
following condition;

Condition (cf. Kontsevich-Soibelman’04)

Vx € B\By, H{ Vities s.t. (i) [I] < oo, (i) Nie; Vi = {x}

(i) Ujes Vi 2 x: open, (iv) 3u;, v; € R?,

UN{X} ~ {ru; + sv; e R?|0 < r,s and r + s < 1}\{(0,0)},
M Vi#jel, (Vin V)\{x} =~ (0,r) or @.

Example
By = 7% @7 R — CP = B does not satisfy the above Condition.

Radiance obstructions of tropical Kummer surfaces and their quotients
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3. Main result

B: a TASS, {(U;,v;)}: an affine atlas of Bj.

Affg,: the sheaf of locally affine functions.

Aff7, g,: the sheaf of locally affine functions with integer slopes.

Tg,: the locally constant sheaf associated with the local trivialization
0;: TU; — U; x R%; (x, v) — (x, di; (V).

T2,B,: the subsheaf of Tg, consisting of integer valued vectors.
7-ZV,BO = HomZBO (7-2.,307 ZBO)’ 773\8 = %mRBO (77907 RB{))-

0— Rp — 1. A8y — 1:T7g, — 01 exact

cg € H(B, Homz, (1.T;/5,, Rs)) < Ext! (1. T;'5,. Rs)

. the extension class of the above exact sequence.
/Hosz(L*7VZV,Bg7RB) = L*‘TB’o'
cg is called the radiance obstruction of B.
a:HY(B, 1. Afz g,) — H'(B, LT7'g,), Imar = {cg u d = 0}.
B is a special TASS if Vi); o 1/11.*1 e SLy(Z) x R2.
U HY (B, 1 T7,8,)%% — H*(B, 1u(A2_ Tz.B,)) =~ Z.

Lemma (cf. Degtyarev'12)
If B is a compact special TASS, then H'(B,1,T7. y)free is an even lattice.

B(Z): the set of integer points of an integral TASS B.

Theorem (T.)

qg: T —>T/—17 =Km(T)

(1)3q. : HY(T, Tz.7) = Hl(Km(T),L*TZ’Km(T)O),

q*(D) V] q*(D) =2DuD, (q* (274 R)(CT) = 2CKm(T)v

g((Im e, 7)) = (Im €y m(T))

In particular, H*(Km(T), t. Tz km(T)o) = U(2)%.

() IfCKm(T) € Hl(Km(T), 5*7-Z,Km(T)o)' then

|Km(T)(Z)| = Zn@2%nD 1 o — vol(Km(T)) + Xtop(Km(T)).

Remark

(i) (2) is true for every compact special TASS admitting an integer
affine triangulation of B (cf. Kontsevich-Soibelman).

(i) L: an ample line bundle on an complex K3 surface X.

dim (X, L) = §, 2l 1o

(iii) Xs: a projective toric variety, D: an ample torus-invariant divisor
on Xy, Pp: the Newton polytope of D.

|Pp(Z)| = dimT (X5, Ox. (D)) (e.g. Pick's formula)

4. TASS with boundary and wallpaper groups

Theorem (Classical result for Abelian surfaces)

Tc: an Abelian surface, G: a finite subgroup of Aut(T¢).
The minimal model of T/ G is either Abelian, bielliptic, K3, Enriques,
ruled, or rational.

There exists its tropical analog as follows;

T = R%/A : a tropical 2-torus

G: a finite subgroup of the affine automorphisms group of T. T/G has
the canonical structure of TASS with boundary.

Example (Known facts)

17 flat (parabolic) 2-orbifolds R?/& <« 17 wallpaper groups €.
flat tori <= principally polarized tropical abelian varieties

flat 2-orbifolds
T (2-torus)

K (Klein bottle)
52(2,2,2,2) =T/ —17 = Km(T)
52(3,3,3), 5%(2,4,4), 5%(2,3,6)
RP?(2,2)

[0,1] x ST (Cylinder)
(§1)?/&, (Mébius band)
D?(a, b, c; p,q,r) (closed disk)

Table: flat 2-orbifolds v.s. TASS with boundary

tropical —
Abelian surface

bielliptic surface
Kummer surface
Kummer type K3 surface
Enriques surface
TP x St
TP-bundle

rational surface






