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ASYMPTOTICS OF DRESSED CMC SURFACES

神戸大学大学院自然科学研究科博士課程後期 2年小林真平
DEPARTMENT OF MATHEMATICS, KOBE UNIVERSITY

SHIMPEI KOBAYASHI

ABSTRACT. This paper is a description of last section of the paper
[KKRS]. In this paper, we show that ends of CMC (constant mean
curvature) surfaces, which have Delaunay (CMC surface of rev0-
lution) ends, with bubbletons converge to Delaunay surfaces. We
recall that aCMC surface with bubbletons is defined by the simple
factor dressing matrices which solve the period problems. As ex-
amples, we can construct a cylinder with bubbletons, a Delaunay
surface with bubbletons (see [Ki], [Ko]) and a $\mathrm{n}$-noid, which have
embedded Delaunay ends, with bubbletons (see [KSS]) using this
simple factor dressing matrices. Particulary, we prove that ends of
these surfaces converge to Delaunay surfaces.

1. INTRODUCTION

The classical Bianchi-B\"acklund transformation transforms a CMC
surface into an another CMC surface and can be described as the action
of the simple factor on the loop group using integrable systems methods
(see [TU]). As a classical example, it is well known that the bubbleton
surface is a Bianchi-Backlund transformation of a round cylinder ([Sie]
and [SW] $)$ .

There exist many CMC surfaces with Delaunay ends. Korevaar,
Kusner and Solomon (see [KKS]) proved that embedded finite topol-
ogy ends of CMC surfaces converge to Delaunay surfaces. N-noids
wi th Delaunay ends were first constructed by Kapouleas ([Kap]). Also
Grosse-Brauckmann, Kusner and Sullivan classified all (Alexandrov)
embedded CMC trinoid surfaces (see [GKS]). Recently Kilian, Schmitt
and Sterling (see [KSS]) discussed dressing on CMC trinoids and n-
noids which have embedded Delaunay ends. They proved the existence
of CMC trinoids and $\mathrm{n}$-nodis with bubbletons using the simple factor
dressing matrices which solve the period problem.

In the present paper, we consider the CMC srufaces with Delaunay
ends, and cosider the CMC surfaces with bubbletons of these surfaces.
Naturally we call the classical example bubbletons as cylinders with
bubbletons, and call the examples by [KSS] as $\mathrm{n}$-noids with bubbletons.
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We prove that ends of these CMC surfaces with bubbletons converge
to Delaunay surfaces.

This paper organized as follows: In Section 2, we give the basic n0-
tations and results for DPW (Dorfmeister-Pedit-Wu) method, which
constructs constant mean curvature surfaces in all three space forms.
In particular we discuss the period problems, and give the explict for-
mula for Delaunay surfaces using the elliptic functions in Theorem 2.3
in all three space forms. In Section 3, we show the main result in
the present paper as follows. We define the simple factor dressing ma-
trices using the Terng-Uhlenbeck approach, and define CMC surfaces
with bubbletons by restriction of this simple factor dressing matrices to
solve the period problems in Definition 3.2. Then we show that ends
of these CMC surfaces, which have Delaunay ends, with bubbletons
converge to Delaunay surfaces in Theorem 3.3. In Section 4, we apply
Theorem 3.3 to concrete objects. We discuss ends of Delaunay surfaces
with bubbbletons and Delaunay surfaces with multi-bubbletons using
the diagnoal simple factor dressing matrices. We also discuss ends of
trinoids with bubbletons and $\mathrm{n}$-noids with bubbletons.

Acknowledgements: The author thanks Wayne Rossman for his sug-
gestions and support.

2. PRELIMINARIES
2.1. Loop groups. Let $C_{r}:=$ {A $\in \mathrm{C}||$ A $|=r$ } be the radius $r$ circle,
and let $D_{r}:=$ {A $\in \mathrm{C}|$ $|$ A $|<r$} be the radius $r$ open disk. We
denote the closure of $D_{r}$ by $\overline{D_{r}}:=$ {A $\in \mathrm{C}||$ A $|\leq r$ }. We also denote
$\sigma_{3}=(\begin{array}{l}100-1\end{array})$ .

Definition 2.1. For any $r\in(0,1]\subset \mathbb{R}$, we define the following loop
groups.$\cdot$

(i) The rwisted $\mathrm{S}\mathrm{I}2\mathrm{C}r$-loop algebra is
$\Lambda \mathrm{S}\mathrm{I}2\mathrm{C}$ $=$ $\{A : C_{r}arrow" \mathrm{s}1_{2}\mathrm{C} |4(-\lambda) =\sigma_{3}A(\lambda)\sigma_{3} \}$ ,

(ii) The rwisted $\mathrm{s}12\mathrm{C}r$ -loop group is
$\Lambda_{r}\mathrm{s}12\mathrm{C}$ $=\{\Phi : C_{r}arrow^{c\infty}\mathrm{S}\mathrm{L}_{2}\mathrm{C}|\Phi(-\lambda)=\sigma_{3}\Phi(\lambda)\sigma_{3}\}$

(iii) The rwisted $\mathrm{S}\mathrm{U}_{2}r$ -loop group is
$\Lambda r\mathrm{S}\mathrm{U}_{2}=\{F\in\Lambda_{r}\mathrm{S}\mathrm{L}_{2}\mathrm{C}$ $|F(1/\overline{\lambda})^{*}=(F(\lambda))^{-1}$ ,

$F(\lambda)$ extends holomorphically to $D_{1}\backslash \overline{D_{r}}$ }.
When $r=1,$ we abbreviate $\Lambda 1\mathrm{S}\mathrm{U}_{2}$ to $\Lambda \mathrm{S}\mathrm{U}_{2}$ , and in this case the
condition that $F$ extends holomorphically to $D_{1}’\overline{D_{r}}$ is vacuous.



49

(iv) The twisted plus $r$ -loop group with $\mathbb{R}^{+}$
$c\mathit{0}$ nstant terms is

$\Lambda_{+}$ , $r\mathrm{S}\mathrm{L}_{2}\mathrm{C}$ $=\{B\in\Lambda_{r}\mathrm{S}\mathrm{L}_{2}\mathrm{C}$ $|B(\lambda)$ extends holomorphically to $D_{r}$ ,

and $B|_{\lambda=}0$ $=$ $(\begin{array}{ll}\rho 00 \rho^{-1}\end{array})$ with $\rho>0$ }

When $r=1,$ we abbreviate $\Lambda_{+}$ ArSL2C to $\Lambda_{+}\mathrm{S}\mathrm{L}_{2}\mathrm{C}$.

Lemma 2.1. (Iwasawa decomposition) For an $yr\in$ $(0, 1]$ , we have the
following real-analytic diffeomorphism globally defined from $\Lambda_{r}\mathrm{S}\mathrm{L}_{2}\mathrm{C}$ to
$\Lambda r\mathrm{S}\mathrm{U}2\cross\Lambda_{+}$ , $r\mathrm{S}\mathrm{L}_{2}\mathrm{C}$ (with respect to the narural smooth manifold struc-
ture, as in Chapter 3 of $[\mathrm{P}\mathrm{r}\mathrm{S}])$ : For any $\Phi\in\Lambda r\mathrm{S}\mathrm{L}_{2}\mathrm{C}$ , there exist unique
$F\in\Lambda_{r}\mathrm{S}\mathrm{U}_{2}$ and $B\in\Lambda_{+}$ , $r\mathrm{S}\mathrm{L}_{2}\mathrm{C}$ so that

$\Phi=FB$

We call this $r$-Iwasawa splitting of 0. When $r=1_{f}$ toe call it simply
Iwasawa splitting. $B$ ecause the diffeomorphism is real-analytic, if 4
depends real-analytically (resp. smoothly) on some parameter $z_{f}$ then
$F$ and $B$ do as well.

2.2. DPW method. We now describe the DPW method. Let

(2.1) $4=A(z, \lambda)dz$ , A $(z, \lambda)\in\Lambda_{r}\mathrm{s}1_{2}\mathrm{C}$ .

where $A:=A(z, \lambda)$ is holomorphic in both $z$ and A for $z\in E$ and
A $\in \mathrm{C}\mathrm{s}$ $\{0\}$ . Furthermore, we assume that $A$ has a pole of order at
most 1 at A $=0,$ and the upper-right entry of $A$ has a pole of order
exactly 1 at A $=0.$ We call $\xi$ a holomorphic potential.

Let (I be the solution to
$d\Phi=\Phi \mathrm{q}$ , 0 $(z_{*})=$ id

for some base point $z_{*}\in$ E. Then (I has the same holomorphicity
properties as $A$ , and

$\Phi\in\Lambda r\mathrm{S}\mathrm{L}_{2}\mathrm{C}$

By Lemma 2.1 above, we can perform $r$-Iwasawa splitting, and write
the result as
(2.2) $\Phi=FB$

Let $F\in\Lambda r\mathrm{S}\mathrm{U}2$ be above $F$ , and we define Sym-Bobenko formula in
three-dimensional space forms as follows:
(2.3)

$f_{\mathbb{R}^{3}}=[ \frac{-i}{2}F\sigma_{3}F^{-1}-i$ A $(\partial_{\lambda}F)$ $F^{-1}]|_{\lambda=1}$ , $N_{\mathbb{R}^{3}}= \frac{-i}{2}F\sigma_{3}F^{-1}$

(2.4) $f_{\mathrm{S}^{3}}=F|_{\lambda=e^{i\gamma 1}}AF^{-1}|_{\lambda=e}$ i-2 $N_{\mathrm{S}^{3}}=iF_{1}A\sigma_{3}F_{2}^{-1}$ ,
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with $A=$ ( $e;$) and $\gamma_{1}$ , $\gamma_{2}\mathrm{E}$ R.

(2.5) $f_{\mathbb{H}^{3}}=FAF^{*}|_{\lambda=e^{q}}72i\psi$ $N_{\mathbb{H}^{3}}=FA\sigma_{3}F^{*}$ ,

with $A=(\begin{array}{ll}e^{q/2} 00 e^{-q,2}\end{array})$ , $F^{*}:=\overline{F}^{t}$ and $q$ , $\psi$ $\in \mathbb{R}$.

Then $/\mathrm{R}3$ (resp. $f_{\mathrm{S}^{3}}$ , $f_{\mathbb{H}^{3}}$ ) is conformal parametrizations of CMC
$H=1/2$ (resp. $H=\cot$ ( $\gamma_{2}-71),$ $H=\coth(-q)$ ) $>1)$ surfaces in $\mathbb{R}^{3}$

(resp. $\mathrm{S}^{3}.,$
$\mathbb{H}^{3}$ ). We call this $F$ as extended frame of CMC surface f-

2.3. Dressing. Let 7? be a connected Riemann surface and let (I be a
solution to $d\Phi=\Phi\xi$ on 72. If we define

(I) $=h_{+}\Phi$ ,

for $h_{+}--h_{[perp]}(\lambda)\in\Lambda_{+}$ , $r\mathrm{S}\mathrm{L}_{2}\mathrm{C}$ depending only on $\lambda$ , then this multiplica-
tion on the left by $h_{+}$ is called a dressing.

2.4. Period problems. We consider the universal cover $\tilde{\mathcal{R}}$ of 7? and
let $\triangle$ denote the group of deck transformations. For each $\tau\in\triangle$ , we
define the monodromy matrix $M_{\tau}$ of (I as $M_{\tau}(\lambda):=(\Phi\circ\tau)$

$\Phi^{-1}$ . We
introduce the following theorem to solve the period problems in $\mathbb{R}^{3}$ , $\mathrm{S}^{3}$

or $\mathbb{H}^{3}$ , respectively, as in [KKRS].

Theorem 2.2. Assume $M_{\tau}\in\Lambda_{r}\mathrm{S}\mathrm{U}_{2}$ and thus $\Lambda I_{\tau}$ is also the monodromy
matrix of $F$ about $\tau_{J}$ where $F$ is as in (2.2). Let $f$ be one of the Sym-
Bobenko formulas (2.3), (2.4) or (2.5) for $F$ , respectively. Then

(i) $\mathbb{R}^{3}$ case: $f\circ\tau=f$ holds if and only if

(2.6) $M_{\tau}|_{)=1}$ $=\pm \mathrm{i}\mathrm{d}$ and $\partial_{\lambda}M_{\tau}|_{\lambda=1}$ $=0$ ,

(ii) $\mathrm{S}^{3}$ case: $f\circ\tau=f$ holds if and only if
(2.7) $M_{\tau}|_{\lambda=e^{i\gamma_{1}}}=M_{\tau}|_{\lambda=e^{i\gamma_{2}}}=\pm$ id ,

(iii) $\mathbb{H}^{3}$ case: $f\circ\tau=f$ holds if and only if
(2.8) $M_{\tau}|_{\lambda=}e^{q)2}e^{ip}$ $=\pm$aid
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2.5. Delaunay surfaces. Delaunay surfaces are constant mean curva-
ture surfaces of revolution in $\mathbb{R}^{3}$ , $\mathrm{S}^{3}$ and $\mathbb{H}^{3}$ are described via the DPW
in detail in [Ki] and [Ko]. And we also give the extended frame for a
Delaunay surface in explicit form in Theorem 2.3.

Let 7? be $\mathrm{C}\mathrm{s}$ $\{0\}$ . Define

(2.9) $\xi=\frac{D}{z}dz$ , where $D=(\begin{array}{llll} l s\lambda^{-1} +t\lambda s\lambda +t\lambda^{-1} -l \end{array})$

with $l$ , $s$ , $t\in$ R. One solution of $(M)=\Phi 5$ is
(2.10) $\Phi=\exp(\log zD)$

This (I can be split (this is not $r$-Iwasawa splitting) in the following
way :

$\Phi=\tilde{F}\tilde{B}$ , $\tilde{F}=\exp$ $(i\theta\backslash D)$ , $73=\exp(\log\rho D)$ ,
where $z=\rho e.\theta$ , with $\rho$ , $\theta\in$ R. We note that $\tilde{F}\in\Lambda_{r}\mathrm{S}\mathrm{U}_{2}$ .

Since $D^{2}=$ 2 $.d$ , where $X=$ $l^{2}+(s+t)^{2}+st(\lambda-\lambda^{-1})$ 2, we see
that

(2.10) $\tilde{F}=(_{iX^{-1}\sin(\theta X)(s\lambda+t\lambda^{-1})}^{\cos(\theta X)+ilX^{-1}\sin(\theta X)}$
$iX^{-1}\sin(\theta X)(s\lambda^{-1}+t\lambda)\cos(\theta X)-ilX^{-1}\sin(\theta X))$

We can now $r$-Iwasawa split on $\tilde{B}$ , i.e. $B\sim=\hat{F}B$ , where $\hat{F}\in\Lambda_{r}\mathrm{S}\mathrm{U}_{2}$

and $B\in\Lambda_{r,+}\mathrm{S}\mathrm{L}_{2}\mathrm{C}$. We define $F=\tilde{F}$ $\hat{F}$ Thus $\Phi=FB$ is the
$r$-Iwasawa splitting of 4 (for any choice of $r\in(0,1])$ .

Because, for each fixed $\lambda,\hat{F}$ and $B$ depend only on $\rho$ and $\tilde{F}$ depends
only on 0, we have that, under the rotation of the domain $zarrow r$ $R_{\theta_{0}}(z)=$

$e^{i\theta}z$ , $\theta_{0}\in \mathit{1}\mathit{1}$ , the following transformation$\mathrm{s}$ occur:
$Farrow M_{\theta_{0}}F$ and $Barrow B.$

, where $M_{\theta_{0}}=\exp(i\theta_{0}D)$

We note that $M_{\theta_{0}}\in\Lambda r\mathrm{S}\mathrm{U}_{2}$ , and that $M_{\theta_{0}}$ is of the sarne explicit fo rm
as $\tilde{F}$ in (2.11), but evaluated at $\theta=\theta_{0}$ . When $\theta=2\pi$ , $kI_{\tau}=M_{2\pi}$ is
the monodromy matrix of the generating counterclockwise de$\mathrm{c}\mathrm{k}$ trans-
formation $\tau\in\triangle$ of the universal cover of $\mathrm{C}\backslash \{0\}$ .

Now we consider the closing conditions in each of the three space
forms. If we choose $l$ , $s$ and $t$ satisfy the following equation:
(2.12) $l^{2}+(s+t)^{2}+a=1/4$ ,

with $\{\begin{array}{l}\mathbb{R}^{3}\mathrm{c}\mathrm{a}\mathrm{s}\mathrm{e}\cdot.a=0\mathbb{H}^{3}\mathrm{c}\mathrm{a}\mathrm{s}\mathrm{e}.\cdot.a=4st\mathrm{s}\mathrm{i}\mathrm{n}\mathrm{h}^{2}(q/2),q\in \mathbb{R}^{+}\mathrm{S}^{3}\mathrm{c}\mathrm{a}\mathrm{s}\mathrm{e}\cdot a=-4st\mathrm{s}\mathrm{i}\mathrm{n}^{2}(\gamma),\gamma=\gamma_{1}=-" 72\in \mathbb{R}\end{array}$

then $\mathrm{V}_{2}$, satisfies (2.6) (resp. (2.7), (2.8)) for $\mathbb{R}^{3}$ case (resp. $\mathrm{S}3\mathrm{c}\mathrm{a}\mathrm{s}\mathrm{e}$ ,
$\mathbb{H}^{3}$ case). With these conditions, Delaunay surfaces are produc$\mathrm{e}\mathrm{d}$ i $\mathrm{n}$

$\mathbb{R}^{3}$
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$\mathrm{S}^{3}$ and $\mathbb{H}_{J}^{3}$. and this can be seen as follows: In the case of $\mathbb{R}^{3}$ , under
the mapping $zarrow R_{\theta_{0}}(z)$ , we have that $f$ as in (2.3) changes as

(2.13) $farrow M_{\theta_{0}}fM_{\theta_{0}}^{-1}-i(O_{\lambda}M_{\theta_{0}})$ $|_{)=1}M_{\theta_{0}}^{-1}$

One can check that Equation (2.13) represents a rotation of angle $\theta_{0}$

about the line

$\{x(-s-t, 0, l)+2(s-t) (2l, 0,2s+2t)|x\in \mathbb{R}\}$ ,

hence $f$ is a surface of revolution, and thus a Delaunay surface. Anal-
ogous computations imply that the immersions $f$ into $\mathrm{S}^{3}$ and $\mathbb{H}^{3}$ are
also Delaunay surfaces.

Theorem 2.3 gives the extended frame of the Delaunay surface ex-
plicitly in terms of elliptic functions and elliptic integrals, proven in
[KKRS] in different notation. We restrict to the case that $D$ defined
in Equation (2.9) is off-diagonal $(\mathrm{i}.\mathrm{e}. l=0)$ in Theorem 2.3.

Theorem 2.3. Let $\Phi$ : $\mathrm{C}\mathrm{s}$
$\{0\}arrow\Lambda \mathrm{A}\mathrm{r}\mathrm{S}\mathrm{L}2\mathrm{C}$ be the solution in Equation

(2.10) of $d\Phi=\Phi 5$ , where 4 is defined in Equation (2.9) with $l=0,$ and
where $s$ and $t$ satisfy one of the closing conditions (2.12). Then

(1) the Iwasawa factorization of (1) is $\Phi=FB,$ where

(2. 14) $F=\Phi\exp(-\ell D)B_{1}^{-1}$ , $B=B_{1}\exp(\ell D)$ ,

and the functions $v=v(\mathrm{p})$ , $\ell=l(\rho)$ and the matrices Bo, $B_{1}$ satisfy

(2.15) $\rho^{2}v^{\prime 2}=-$ $(v^{2}-4s^{2})$ $(v^{2}-4t^{2})_{7}$ $v(1)=2t,$

where ’denotes differentiation with respect to $\rho$ .

$\ell=\int_{1}^{\rho}\frac{2d\mathrm{t}}{(1+(4st\lambda^{2})^{-1}v^{2}(\mathrm{t}))\mathrm{t}}$ ,

$B_{0}--$ ( $0s\lambda^{2})$ $4st\lambda^{2}+v^{2)}-\rho v’\lambda$ , $B_{1}=(\det B_{0})^{-1/2}B_{0}$ .

(2) $F$ is the extended frame for a Delaunay associate family with
mean curvature $H$ , $\sqrt{H^{2}-1}f\sqrt{H^{2}+1}$ respectively in $\mathbb{R}^{3}$ , $\mathrm{S}^{3}$ and $\mathbb{H}^{3}$ ,
with conformal factor $v_{1}^{2}=H^{-2}v^{2}$ and Hopf differential $Q=-2stH^{-1}\lambda^{-1}$ .

Remark 2.4. We can explicitly solve the first Equation in (2.15) using
elliptic functions. When $0<s<t,$ we have

(2.13) $v( \rho)=\frac{2s}{\mathrm{d}\mathrm{n}(2t\log\rho,1-\frac{s^{2}}{t^{2}})}$

where $\mathrm{d}\mathrm{n}(2t\log\rho, 1-\frac{s^{2}}{t^{2}})$ is the Jacobi elliptic dn function.
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3. ASYMPTOTIC OF DRESSED $\mathrm{C}$ MC SURFACES

3.1. CMC surfaces with bubbletons. First we define the hermitian
projection onto a line $L\in$ P by $\pi_{L}$ : $\mathrm{C}^{2}arrow L,$ and define simple factor
as follows:

(3.1) $\psi_{L,\alpha}(\lambda)=(\pi_{L}+\frac{\lambda^{2}-\alpha^{2}}{1-\overline{\alpha}^{2}\lambda^{2}}\pi^{\frac{\{}{L}})$

where for $L=(\begin{array}{l}a_{0}b_{0}\end{array})$
$\in \mathrm{P}^{1}$ ,

(3.2) $\pi_{L}=\frac{1}{|a_{0}|^{2}+|b_{0}|^{2}}$ $(\begin{array}{ll}|a_{0}|^{2} a_{0}\overline{b}_{0}\overline{a}_{0}b_{0} |b_{0}|^{2}\end{array})$

(3.1) an$\mathrm{d}$

$\pi_{L}^{[perp]}=\frac{1}{|a_{0}|^{2}+|b_{0}|^{2}}$ $(\begin{array}{ll}|b_{0}|^{2} -a_{0}\overline{b}_{0}-\overline{a}_{0}b_{0} |a_{0}|^{2}\end{array})$

We consider the QR decompositon of $\psi_{L,\alpha}(0)$ to obtain elements of
$\Lambda_{r,+}\mathrm{S}\mathrm{L}_{2}\mathrm{C}$ ,

(3.4) $(\det\psi_{L,\alpha}(0))^{-1/2}\psi_{L,\alpha}(\mathrm{O})=QL,a$

with $Q_{L,\alpha}\in \mathrm{S}\mathrm{U}_{2}$ , $R\in B$ $=$ $\{(_{0}^{a} 1/ac)|a\in \mathbb{R}_{+}^{*}, c\in \mathrm{C}\}$ and restrict to

$0<|\alpha|<1.$ We define the simple factor as follows:

Definition 3.1. Let L $\in \mathrm{P}^{1}$ and a $\in \mathrm{C}$ with $0<|\alpha|<1.$ A simple
factor of $\Lambda_{r,+}\mathrm{S}\mathrm{L}_{2}\mathrm{C}$ with r $<|$ cc|, is a loop the fo rm

(3.5) $h_{L,\alpha}=(det\psi_{L,\alpha}(\lambda))^{-1/2}\Lambda(\lambda)Q_{L,\alpha}^{-1}\psi_{L,\alpha}(\lambda)\Lambda(\lambda)^{-1}$

$wi$th $\Lambda(\lambda)$ $=(_{0}^{\sqrt{\lambda}}\sqrt{\lambda}^{-1)}0$ ,

where $\psi_{L,\alpha}$ and $Q_{L,\alpha}$ defined as in (3.1) respectively (3.4). The set
$\mathcal{G}_{\alpha}=\{h_{L,\alpha}|L\in \mathrm{P}^{1}\}$ can be identified with $\mathrm{P}^{1}$

If we choose $r>|()|$ , then $h_{L,\alpha}\in\Lambda_{r}\mathrm{S}\mathrm{U}_{2}$ . Thus simple factor is
explicit. From [KSS] and [TU], we have the following theorem.

Theorem 3.1. Let $\Sigma$ be a simply connected domain and let $6\in\Lambda_{r}\mathrm{s}1_{2}\mathrm{C}$ be
as in Equation (2.1). Let (I be the solution of $d\Phi=\Phi\xi$ with $\Phi(z_{*})=$ id
$/or$ some base point $z_{*}\in$

$\mathrm{L}$ , and let $\Phi=FB$ be the $r$-Iwasawa splitting;
and let $h_{L,\alpha}$ be a simple factor with $\alpha$ , $r<|\alpha|<1$ and $L\in \mathrm{P}^{1}$ then

(3.6) $h\Phi)$ $=hF\tilde{h}^{-1}\tilde{h}B\in\Lambda_{r}\mathrm{S}\mathrm{U}_{2}\cross\Lambda_{+,r}\mathrm{S}\mathrm{L}_{2}\mathrm{C}$ ,

$i.e.,$ $hF\tilde{h}^{-1}\in\Lambda_{r}\mathrm{S}\mathrm{U}_{2}$ and $\tilde{h}B\in\Lambda_{+}$,rSL2C, where $h=$ VL,a $\tilde{h}=$ VL,a

with $L’=\Lambda(\alpha)\overline{F(z,\alpha)}^{t}\Lambda(\alpha)^{-1}$ L.
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We introduce the following definition of CMC surfaces with bubble-
tons.

Definition 3.2. Let 72 be a connected Riemann surface with universal
cover $\tilde{\mathcal{R}}$ , and let $\triangle$ donote the group of deck transfo rmations on this
cover. And let $F$ be $a$ extended frame defined on $7\mathrm{Z}$ , and let $M_{\tau}$ be
the monodromy matrix of $F$ for each $\tau\in\triangle$ , and let $h$ be a simple

factor dressing matrix. We consider $f$ (resp. $\tilde{f}$) as the Sym-Bobenko

formula defined from $F$ (resp. $hF\tilde{h}^{-1}$ ). Then $\tilde{f}$ is the CMC surface
with bubbletons of $f$ if
(3.7) $hMh^{-1}\in\Lambda_{r}\mathrm{S}\mathrm{U}_{2}$

Remark 3.2. Let $\tilde{f}$ be the CMC surface with bubbletons of f, and let
$\triangle$ be the group of deck transformation. Then

$\tilde{f}\circ\tau=\tilde{f}$ , for all $\tau\in\triangle$

3.2. Asymptotics of dressed CMC surfaces. In this subsection, we
show that ends of CMC surfaces, which have the Delaunay ends, with
bubbletons converge to Delaunay surfaces.

Theorem 3.3. Let $F$ be the extended frame on a connected Riemann
surface 72. And we assume $\lim_{zarrow 0}||F-UF_{\mathrm{D}\mathrm{e}1}||=0,$ where FDei is the
Delaunay extended frame defined from Equation (2.14) and $U\in\Lambda_{r}\mathrm{S}\mathrm{U}_{2}$

depends only A. And let $/\mathrm{b}\mathrm{u}\mathrm{b}\mathrm{b}\mathrm{l}\mathrm{e}$ be $CMC$ surface with bubbletons Sym-
Bobenko $fo$ rmula (2.3); (2.4) or (2.5) defined using the frame $hF\tilde{h}^{-1}$

in Equation (3.6), $i.e.$ , we assume that Equation (3.7) holds. Then
each end of $f_{\mathrm{b}\mathrm{u}\mathrm{b}\mathrm{b}1\mathrm{e}}$ converges to the Delaunay surface $f_{\mathrm{D}\mathrm{e}1,\lim \mathrm{i}\mathrm{t}}$ defined
using the frame $hUF_{\mathrm{D}\mathrm{e}1}\tilde{h}_{\mathrm{D}\mathrm{e}1,\lim \mathrm{i}\mathrm{t}}^{-1}$, where entries of $\tilde{h}_{\mathrm{D}\mathrm{e}1,\lim \mathrm{i}\mathrm{t}}$ are bounded
functions and independent of 0.

Proof We show that $\lim_{zarrow 0}||hF\tilde{h}^{-1}-hUF_{\mathrm{D}\mathrm{e}1}h\mathrm{D}\mathrm{e}1-1$

,limit $||=0.$

(3.8)
$||hF\tilde{h}^{-1}$ $-hUF_{\mathrm{D}\mathrm{e}1}\tilde{h}_{\mathrm{D}\mathrm{e}1,\lim \mathrm{i}\mathrm{t}}^{-1}||\leq||hF\tilde{h}^{-1}-hUF_{\mathrm{D}\mathrm{e}1}\tilde{h}^{-1}||$

$+||hUF_{\mathrm{D}\mathrm{e}1}\tilde{h}^{-1}-hUF_{\mathrm{D}\mathrm{e}1}\tilde{h}_{\mathrm{D}\mathrm{e}1}^{-1}||$

$+||hUF_{\mathrm{D}\mathrm{e}1}\tilde{h}_{\mathrm{D}\mathrm{e}1}^{-1}-hUF_{\mathrm{D}\mathrm{e}1}\tilde{h}_{\mathrm{D}\mathrm{e}1}^{-1}$

,limit
$||$

By assumption, $\lim_{zarrow 0}||hF\tilde{h}^{-1}-hUF_{\mathrm{D}\mathrm{e}1}\tilde{h}^{-1}||=0$ and $\lim_{zarrow 0}||$

$hUF_{\mathrm{D}\mathrm{e}1}\tilde{h}^{-1}-$ $hUF_{\mathrm{D}\mathrm{e}1}\tilde{h}_{\mathrm{D}\mathrm{e}}^{-1}$

l $||=0.$ We show that $\tilde{h}_{\mathrm{D}\mathrm{e}1}$ converges to $\tilde{h}_{\mathrm{D}\mathrm{e}1,\lim \mathrm{i}\mathrm{t}}$ .
We expand the Delaunay frame $\mathrm{F}\mathrm{I}$

$\mathrm{e}1$ of Equation (2.14) to the following
matrix form:

(3.9) $F_{\mathrm{D}\mathrm{e}1}= \frac{1}{L}(_{2v(t+s}$A$v(t2)(S\mathit{2}_{+t\lambda)X^{-1}S}^{S\lambda^{2})c_{1}}$ $-\rho v’\lambda(s\lambda+t\lambda^{-1})X^{-1}S+-\rho v’\lambda C+(4st\lambda^{2}+v^{2})(s\lambda^{-}(4st\lambda+v^{2})1+{}^{t}\mathrm{A}^{)X^{-1}}\mathrm{j})$
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$\sim l\mapsto$
$t$

The upper-left entry of $F_{\mathrm{D}\mathrm{e}1}$ defined from Equation (3.9) has no zero
points at $\lambda=\alpha$ , so $A$ defined in Equation (3.10) has no zero points.
From Equations (3.2) and (3.3), entries of $\mathit{7}_{L’,\alpha}$ represent in terms
of polinomials $B/A$ , $B^{*}/A$ , $A^{*}/A$ and their conjugations. Thus en-
tries of $\tilde{h}=h_{L^{l},\alpha}$ represent in terms of $B/A$ , $B^{*}/A$ , $A^{*}/A$ and their
conjugations. Lemma 3.4 implies that $B/A$ (resp. $B^{*}/A$ , $A^{*}/A$ ) con-
$\mathrm{V}\mathrm{e}^{\mathrm{r}\mathrm{g}\mathrm{e}\mathrm{s}}$ to bounded function $P$ (resp. $P_{2}$ , $P_{3}$ ). Let $\tilde{h}_{\mathrm{D}\mathrm{e}1}$

,limit be $\tilde{h}_{\mathrm{D}\mathrm{e}1}$

with $B/A$ (resp. $B^{*}/A$ , $A^{*}/A$ ) replaced by $P$ (resp. $P_{2}$ , $P_{3}$ ) . Thus
$\lim_{zarrow 0}||\tilde{h}_{\mathrm{D}\mathrm{e}1}-\tilde{h}_{\mathrm{D}\mathrm{e}1,\lim \mathrm{i}\mathrm{t}}||=0$. We note that $\tilde{h}_{\mathrm{D}\mathrm{e}1,\lim \mathrm{i}\mathrm{t}}$ is independ of
0. $\tilde{h}\mathrm{D}\mathrm{e}\mathrm{l},\mathrm{l}\mathrm{i}\mathrm{m}\mathrm{i}\mathrm{t}$ is also in $\Lambda_{r}\mathrm{S}\mathrm{U}_{2}$ , and $\partial_{\lambda}\tilde{h}$ converges to $\partial_{\lambda}\tilde{h}_{\mathrm{D}\mathrm{e}1,\lim \mathrm{i}\mathrm{t}}$ , where $\partial_{\lambda}$

denotes the derivative with respect to A. Therefore
$\lim_{arrow 0}||f_{\mathrm{b}\mathrm{u}\mathrm{b}\mathrm{b}1\mathrm{e}}-$ $7$

$\mathrm{D}\mathrm{e}\mathrm{l},\mathrm{l}\mathrm{i}\mathrm{m}\mathrm{i}\mathrm{t}$ $||=0$

Finally, Lemma 3.5 shows that $7_{\lim \mathrm{i}\mathrm{t}}$ is a Delaunay surface. $[$

Lemma 3.4. Let $F_{\mathrm{D}\mathrm{e}1}$ be the Delaunay frame defined from Equation
(3.9), and let $A_{f}B_{f}A^{*}$ and $B^{*}$ be the functions defined from Equa-
tion (3.10). Then $B/A$ (resp. $B^{*}/A_{f}A^{*}/A$) converges to the following
bounded function $P$ (resp. $P_{2}$ , $P_{3}$ ) as $zarrow 0$ .

(3.11) $P= \frac{-\rho v’\alpha-(4st\alpha^{2}+v^{2})(s\alpha^{-1}+t\alpha)X_{\alpha}^{-1}}{2v(t+s\alpha^{2})}$ ,

(3.12) $P_{2}= \frac{2v(t+s\alpha^{2})(s\alpha+t\alpha^{-1})X_{\alpha}^{-1}}{2v(t+s\alpha^{2})}$

(3.13) $P_{3}= \frac{\rho v’\alpha(s\alpha+t\alpha^{-1})X_{\alpha}^{-1}+4st\alpha^{2}+v^{2}}{2v(t+s\alpha^{2})}.$
,

where $X_{\alpha}$ denotes the value $X$ at A $=\alpha$ .

Proof. We show only $B/A$ converges to $P$ . Convergences of $B^{*}/A$ and
$A^{*}/A$ are the same as convergence of $B/A$ .

$\frac{B}{A}=\frac{-\rho v’\alpha+(4st\alpha^{2}+v^{2})(s\alpha^{-1}+t\alpha)X_{\alpha}^{-1}\frac{s_{\alpha}}{c_{\alpha}}}{2v(t+s\alpha^{2})}$

$= \frac{-\rho v’\alpha+(4st\alpha^{2}+v^{2})(s\alpha^{-1}+t\alpha)X_{\alpha}^{-1}\frac{e^{2(1\mathrm{o}\mathrm{g}\rho+i\theta-\ell_{\alpha})X_{\alpha}}-1}{e^{2(1\mathrm{o}\mathrm{g}\rho+i\theta-t_{\alpha})X_{\alpha}}+1}}{2v(t+s\alpha^{2})}$
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where $C_{\alpha}$ (resp. Sa, $\ell_{\alpha}$ ) denotes the value $C$ (resp. $S$ , Z) at A $=\alpha$ .
Thus the following claims prove that $B$ 1A converges to $P$ :

(3.14) $\lim_{zarrow 0}(\log\rho+i\theta-\ell_{\alpha})X_{\alpha}=-\mathrm{o}\mathrm{o}$

We consider the derivative of $(\log\rho+i\theta-\ell_{\alpha})X_{\alpha}$ with respect to $\rho$ . This
function $\partial_{\rho}(\log\rho+i\theta-\ell_{\alpha})X_{\alpha}$ is always non-negative for all $\rho\in El^{+}$

Thus $(\log \rho+i\theta-\ell_{\alpha})X_{\alpha}$ is minus infinite at $z=\rho e^{i\theta}=0.$ $[]$

Lemma 3.5. $f_{\mathrm{D}\mathrm{e}1,\lim \mathrm{i}\mathrm{t}}$ is a Delaunay surface.
Proof. We show only $\mathbb{R}^{3}$ case. $\mathrm{S}^{3}$ and $\mathbb{H}^{3}$ cases are the same arguments
as $\mathbb{R}^{3}$ case. We consider the translation of the domain

$zarrow e^{i\theta}z$ , with $\theta\in \mathbb{R}$ ,

Because $\tilde{h}_{\mathrm{D}\mathrm{e}1,\lim \mathrm{i}\mathrm{t}}$ depends only on $\rho$ , the following transformations oc-
cur:

$U^{-1}$ $(f_{\mathrm{D}\mathrm{e}1,\lim \mathrm{i}\mathrm{t}}+ \mathrm{i}(hU)_{\lambda}(hU) -1)$ $Uarrow$

$[\exp(\iota\theta D)U^{-1}(f_{\mathrm{D}\mathrm{e}1,\lim \mathrm{i}\mathrm{t}}+i(hU)_{\lambda}(hU)^{-1}$ ) $U$ $\exp(-i\theta D)-i(\partial_{\lambda}(\exp(i\theta D)))$ exp( $-i\theta D)]_{\lambda=1}$

From Section 2.5, $U^{-1}$ $(f_{\mathrm{D}\mathrm{e}1,\lim \mathrm{i}\mathrm{t}}-i(’?U)\lambda(hU)^{-1})U$ is a Delaunay sur-
face, and therefore $f_{\lim \mathrm{i}\mathrm{t}}$ is also a Delaunay surface. El

4. EXAMPLES

In this section, we give the two examples of Theorem 3.3.

4.1. Asymptotics of Delaunay surfaces with bubbletons. We consider
4 to be a Delaunay potential as defined in Equation (2.9), and we fix
Riemann surface 7? to be $\mathrm{C}\backslash \{0\}$ . First we introduce the dressing
matrix $h$ , the projection matrix $\tilde{h}$ and the matrix ($?\in\Lambda r\mathrm{S}\mathrm{U}2$ as follows
(see also [Ko]):

(4.1) $h=($ $7^{\mathrm{f}_{\frac{1\overline{-\overline{\alpha}^{2}\lambda^{2}}}{\lambda^{2}-\alpha^{2}0}}}$
,

$\sqrt{\frac{\lambda^{2}-\alpha^{2}0}{1-\overline{\alpha}^{2}\lambda^{2}}})$

$(4.2)$ $\tilde{h}=g\tilde{\pi}_{1}-1/2+g^{1/2}\tilde{\pi}_{2}$ ,

where

(4.3) $g= \frac{\lambda^{2}-\alpha^{2}}{1-\overline{\alpha}^{2}\lambda^{2}}$ ,

$\tilde{\pi}_{1}=\frac{1}{|A|^{2}+|\alpha|^{-2}|B|^{2}}(_{\lambda^{-1}\overline{\alpha}^{-1}}^{|A|^{2}}$

AB
$|\alpha|^{-2}|B|^{2)}\lambda\alpha^{-1}\overline{A}B$

and $\tilde{\pi}_{2}=\frac{1}{|A|^{2}+|\alpha|^{-2}|B|^{2}}$ $(\begin{array}{ll}|\alpha|^{-2}|B|^{2} -A\alpha^{-1}AB-\lambda^{-1}\overline{\alpha}^{-1}A\overline{B} |A|^{2}\end{array})$
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We define $\alpha$ , $A$ and $B$ as follows:
(4.4)

$\alpha=\frac{\sqrt{\delta+4}-\sqrt{\delta}}{2}\in \mathbb{R}\cup i\mathbb{R}\backslash \{0, \pm 1, \pm i\}$ with $0= \frac{1}{st}(\frac{k^{2}-1}{4}+a)$

where $k^{2}\geq$ max$\{-16s\mathrm{r}t-4a+1, -4a+1, 4\}$ and $k\in$ N, and $a$ is defined
in Equation (2. 12).

Remark 4.1. $\alpha$ is real (resp. pure imaginary) when the Delaunay sur-
face is of rrndttloid type (resp. nodoid type).

If we consider the case $|\alpha|<r<1,$ then the resulting surface by
dressing differs from the original surface by only a rigid motion. There-
fore we assume $0<r<|\alpha|$ . We take $\alpha$ as in Equation (4.4), depending
on the weight of a Delaunay surface and the positive integer $k$ , then
we apply the dressing $h$ for (I).

Theorem 4.2. We choose cv as in Equation (4.4), then there exist cylin-
der bubbleton and Delaunay bubbleton surfaces in all three space forms.

We prove the asymptotic of Delaunay single-bubbletons using The-
orem 3.3.
Corollary 4.3. Let $F$ be the Delaunay frame defined in Equation (2.14),
and let $f_{\mathrm{b}\mathrm{u}\mathrm{b}\mathrm{b}1\mathrm{e}}$ be the Delaunay bubbleton $Sym$-Bobenko formula (2.3),
(2.4) or (2.5) defined using the frame $hF\tilde{h}^{-1}$ in Theorem 3.1. Then
each end of $f_{\mathrm{b}\mathrm{u}\mathrm{b}\mathrm{b}1\mathrm{e}}$ converges to the Delaunay surface $f_{\lim \mathrm{i}\mathrm{t}}$ defined ttsing
the frame $hF\tilde{h}_{\lim \mathrm{i}\mathrm{t}}^{-1}$ , where $\tilde{h}_{\lim \mathrm{i}\mathrm{t}}^{-1}$ is defined as in Equation (4.5).

Proof We show that $\tilde{h}^{-1}$ converges to the following matrix $\tilde{h}_{\lim \mathrm{i}\mathrm{t}}^{-1}$ , whose
entries are bounded functions independent of $\theta$ :
(4.5)

$\overline{h}_{\lim \mathrm{i}\mathrm{t}}^{-1}=\frac{1}{1+|\alpha|^{-2}|B|^{2}|P|^{2}}(\lambda^{-1}\overline{\alpha}^{-1}\frac{g}{P}(g^{1/2}-g^{-1/2})g+/2-1/2|1\alpha|^{-2}|P|^{2}$ $g^{1/2}|\alpha|^{-2}|P|^{2}+g^{-1/2)}\lambda\alpha^{-1}P(g^{1/2}-g^{-1/2})$

where $P$ is the bounded function defined in Equation (3.11). $[$

4.2. Asymptotic of trinoids with bubbletons in $\mathbb{R}^{3}$ . From [Scl] and
[KSS], we introduce the family of trinoid potentials in $\mathbb{R}^{3}$

Definition 4.1. The family of trinoid potentials $l_{\mathrm{r}\mathrm{i}\mathrm{n}o\mathrm{i}\mathrm{d}}$ is the set of
potentials $\mathrm{C}_{w_{0},w_{1},w_{\infty}}$ defined as follows. Let $w_{0}$ , $w_{1}$ , $w_{\infty}\in(-\infty, 1]\backslash \{0\}$ ,
let $n_{k}=1/2\sqrt{1-w_{k}}\in(-\infty, 1/2]\backslash \{0\}(k\in\{0,1, \infty\}\cdot)$ and suppose
the following inequalities are satisfied:

$|n0$ $|+|\mathrm{r}\mathrm{z}_{1}$ $|+|\mathrm{y}\mathrm{y}\infty|\leq 1$

(4.6)
$|n\iota|\mathrm{s}$ $|n_{j}|$ $+|\mathrm{y}\mathrm{z}_{k}$ $|$ , $\{i, \mathrm{y}, k\}=\{0,1, \infty\}$

$(4.7)$ $|w\mathrm{j}$ $\leq|w_{j}|$ $+|w_{7}$ $|$ , $\{i,j, k\}=\{0,1, \infty\}$ .
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Let $\mathrm{E}$ $=\mathrm{P}^{1}\mathrm{z}$ $\{0, 1, \infty\}$ and let $\mathrm{S}_{w0,w_{1},w_{\infty}}\in\Lambda \mathrm{s}1_{2}\mathrm{C}$ $\otimes dz$ be defined by

(4.8) $\mathrm{C}_{w\mathrm{o},w_{1},w_{\infty}}=(\begin{array}{lll}0 \lambda^{-1}\frac{w_{\infty}z^{2}-(w\mathrm{o}-w_{1}+w_{\infty})z+w_{0}}{16z^{2}(z-1)^{2}}(1- \mathrm{X})^{2} 0\end{array})$ $dz$

Theorem 4.4. Let 72 be $\mathrm{P}^{1}\mathrm{s}$ $\{0,1, \infty\}$ , and let $\tilde{\mathcal{R}}$ be its universal
cover, and let $\triangle$ be the group of deck transformations for this cover.
Let $5_{w_{0},w_{1},w_{\infty}}\in \mathcal{T}_{\mathrm{t}\mathrm{r}\mathrm{i}\mathrm{n}\mathrm{o}\mathrm{i}\mathrm{d}}$ (Definition 4.1), and let (I be a solution of
$d\Phi=\mathrm{X}" \mathrm{S}w_{0},w_{1},w)\infty$ with some initial condition $\Phi(z_{*}, \lambda)$ $\in\Lambda_{r}\mathrm{S}\mathrm{L}_{2}\mathrm{C}$ at
$z_{*}$ . Then there exists an analytic map $h_{\mathrm{c}1\mathrm{o}\mathrm{s}\mathrm{e}}$ : {0 $\underline{<}|$ A $|<1$ } $arrow \mathrm{G}\mathrm{L}_{2}\mathrm{C}$

such that for any $r\in(0,1)$ , the $CMC$ immersion $f$ defined from the
frame in Equation (4.9) satisfies $\tau^{*}f=f$ for all $\tau\in\triangle$ and has three
asymptotically Delaunay ends with weights $LI_{0}$ , $w_{1}$ , $()$, .

For later use, we define the Iwasawa splitting of $/_{\mathrm{c}1\mathrm{o}\mathrm{s}\mathrm{e}}\cdot$
(I is as follows:

(4.9) $h_{\mathrm{c}1\mathrm{o}\mathrm{s}\mathrm{e}}$ I $=F_{\mathrm{t}\mathrm{r}\mathrm{i}}$ $\mathrm{Z}\mathrm{F}_{\mathrm{t}\mathrm{r}\mathrm{i}}$

The following Lemma by [Scl] implies that we can assume $UF$ as
the dressing Delaunay frame by the dressing matrix $C$ .

Lemma 4.5. Let (I be the solution in Equation (2.10) of $d\Phi=\Phi\xi_{f}$ and
let $f$ be the $Sym$-Bobenko for rmula defined from extended frame $F$ in
Equation (2.14). Let $C\in\Lambda_{r}\mathrm{S}\mathrm{L}_{2}\mathrm{C}$ , and suppose that $C$ is the boundary
of an analytic map $C$ : {$r<|$ A $|<1+\epsilon$} $arrow M_{2\cross 2}$ for some $\epsilon\in \mathbb{R}^{+}$

such that $\{\det C=0\}\subset \mathrm{S}^{1}$ . Suppose that $C\exp(2\pi iD)C^{-1}$ satisfies the
reality condition on $\mathrm{S}^{1}\backslash \{\det C=0\}$ . Let $C\Phi=\tilde{F}\tilde{B}$ be the r-Iwascrrva
splitting of $C\Phi$ , and let $\tilde{f}$ be the $Sym$-Bobenko formula defined from
extended frame $\tilde{F}$ Then

(i) There exists $\overline{D}$ of the form (2.9), $U_{0}\in\Lambda_{r}\mathrm{S}\mathrm{U}_{2}$ and $C_{+}\in$

$\Lambda_{r,+}\mathrm{G}\mathrm{L}_{2}\mathrm{C}$ such that $C\Phi=U_{0}\exp(\log zD)C_{+}$ .
(ii) Then there exists $c\in \mathbb{R}^{+}$ a$nd$ an isometry $T$ of $SU2$ such that

$\tilde{f}(z)=T(f(cz))$ .

$i_{\mathrm{J}}$ From Theorem 3.6 in [KSS], we define the particular class of trinoid
potentials and have the following closed dressing trinoid surface.

Definition 4.2. We define $\mu_{w_{k}}$ as follows:

(4.10) $\mu_{w_{k}}=$
$\mathrm{t}$

$\sqrt{1+w_{k}\frac{(1-\lambda)^{2}}{4\lambda}-}$,

where $w_{k}\subset(-\infty, 1]\mathrm{z}$ $\{0\}$ . And we define the set
(4.11) $\Lambda_{w}0$ , $w_{1},w_{\infty}=$ { $\lambda\in\{0<|$ A $|<1 \}|\frac{1}{2}\pm\mu_{0}$ A- $\mu_{1}\pm\mu_{\infty}\in \mathbb{Z}^{\leq 0}$ },
$\dot{l}$ . $e.$ , $\frac{1}{2}\pm\mu_{0}\pm\mu_{1}\pm\mu_{\infty}\in \mathbb{Z}^{\leq 0}$ $h\mathit{0}lds$ for some choice of signs.
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Theorem 4.6. Let 72, 72 and $\triangle$ be as in Theorem 4.4 and let $\xi_{w_{0},w_{1},w_{\infty}}$

be a trinoid potential We choose (I and $h_{\mathrm{c}1\mathrm{o}\mathrm{s}\mathrm{e}}$ are as in Theorem 4.4.
Let $\Lambda_{w_{0},w_{1},w_{\infty}}$ be as in Definition $\mathrm{Z}\cdot \mathit{2}$ . Then

(i) For every $\alpha\in\Lambda w0$ , $w_{1}$ ,w $\infty$ ’ the monodromy $\mathcal{M}_{h_{\mathrm{c}1\mathrm{o}\mathrm{s}\mathrm{e}}\mathrm{I}}$ $(’)$ is re-
ducible. Hence there exists a simple factor matrix $h\in \mathcal{G}_{\alpha}$

such that for any $r\in$ $(0, |\alpha|)$ , the $CMC$ immersion $f$ satisfies
$\tau$
’ $f=f$ for all $\tau\in\triangle$ .

(ii) If $\mu=\mu_{0}=\mu_{1}=\mu_{\infty}\in\frac{1}{2}+\mathbb{Z}$ , then $\mathcal{M}_{h_{\mathrm{c}1\mathrm{o}\mathrm{s}\mathrm{e}}\mathrm{f}}$ $(\alpha)$ takes values
in $\{\pm \mathrm{I}\}$ . Hence for every simple factor matrix $h\in \mathcal{G}_{\alpha}$ , for any
$r\in$ $(0, |\alpha|)$ , the $CMC$ immersion $f$ satisfies $\tau^{*}f=f$ for all
$\tau\in\triangle$ .

We apply Theorem 3.3, then we have the following asymptotics of a
trinoid with bubbletons in $\mathbb{R}^{3}$ .

Corollary 4.7. Let $h_{\mathrm{c}1\mathrm{o}\mathrm{s}\mathrm{e}}$ and (I) be as in Theorem 4.6, and let $F_{\mathrm{t}\mathrm{r}\mathrm{i}}$ be
the extended frame defined in Equation (4.9), and let $7\mathrm{t}\mathrm{r}\mathrm{i}$ ,bubble be it’s
bubbleton $Sym$-Bobenko formula defined using the frame $hF_{\mathrm{t}\mathrm{r}\mathrm{i}}\tilde{h}_{\mathrm{t}\mathrm{r}\mathrm{i}}^{-1}m$

Equation (3.5) and Theorem 4.6. Then each end of $f_{\mathrm{t}\mathrm{r}\mathrm{i},\mathrm{b}\mathrm{u}\mathrm{b}\mathrm{b}1\mathrm{e}}$ converges
to the Delaunay surface.

REFERENCES
[BO1] A. I. Bobenko, All constant mean curvature tori in $\mathbb{R}^{3}$ . $\mathrm{S}^{3}$ , $\mathbb{H}^{3}$ in terms of

theta . functions, Math. Ann., 290 (1991).
[B02] A. I. Bobenko, Constant mean curvature surfaces and integrable equations,

Russian Math. Surveys 46:4, 1-45 (1991).
[B03] A. I. Bobenko, Surfaces in terms of 2 by 2 matrices. Old and new integrable

cases , Harmonic maps and integrable systems, 83-127, Aspects Math.,
E23, Vieweg, Braunschweig, 1994.

[BoU] A. I. Bobenko and U. Eitner Painleve Equation in Differential Geometry
of Surfaces, Springer-Verlag, 2001.

[BoI] A. I. Bobenko and Its, The Painleve III equation and the Iwasawa decorn-
position, Manuscripta Math. 87, 369-377 (1995).

[Bu] F. Burstall, Isothermic surfaces: conformal geometry, Clifford algebras
and integrable systems, to appear in “Integrable systems, Geometry and
Topology” , International Press.

[BuP] F. Burstall, F. Pedit. Dressing orbits of harmonic maps, Duke Math. J.
80 (1995), no. 2, 353-382.

[DH1] J. Dorfmeister, G. Haak, Meromorphic potentials and smooth surfaces of
constant mean curvature, Math. Z., 224 (1997), 603-640.

[DH2] J. Dorfmeister, G. Haak, On symmetries of constant mean curvature sur-
faces. I. General Theory, Tohoku Math. J., 50 (1998), 437-454.

[DH3] J. Dorfmeister, G. Haak, On symmetries of constant mean curvature sur-
faces. II. Symmetries in a Weierstrass-type representation, Int. J. Math.
Game Theory Algebra 10 (2000), 121-146.



eo

[DH4] J. Dorfmeister, G. Haak, On constant mean curvature surfaces with peri-
odic metric, Pacific J. Math. 182 (1998), 229-287.

[DH5] J. Dorfmeister, G. Haak, Investigation and application of the dressing ac-
tion on surfaces of constant mean curvature, Q. J. Math. 51 (2000), 57-73.

[DH6] J. Dorfmeister, G. Haak, Construction of non-simply connected CMC sur-
faces via dressing, to appear in Oxford Quarterly Journal.

[DPW] J. Dorfmeister, F. Pedit and H. Wu, Weierstrass type representation of
ha rmonic maps into symmetric spaces, Comm. Anal. Geom. $0(4)$ (1998),
633-668.

[DW] J. Dorfmeister, H. Wu, Construction of constant mean curvature trinoids

from holomorphic potentials, preprint.
[GKS] K. Grosse-Brauckmann, R. Kusner and J. M. Sullivan, Triunduloids: em-

bedded constant mean curvature surfaces with three ends and genus zero,
arXivmath.DGf0102183, 2001.

[Gu] M. A. Guest, Harmonic maps, loop groups, and integrable systems, London
Mathematical Society Student Texts 38, Cambridge University Press 1997.

[JeP] U. Hertrich-Jeromin, F. Pedit, Remarks on the Darboux transform of
isothermic surfaces, Doc. Math. 2 (1997), 313-333 (electronic).

[Kap] N. Kapouleas, Complete constant mean curvature surfaces in Euclidean
three space, Annals of Math. 131 (1990), 239-330.

[Ki] M. Kilian, Constant mean curvature cylinders, doctoral thesis, Univ. of
Massachusetts (Amherst), U.S.A., September (2000).

[KKRS] M. Kilian, $\mathrm{S}$-P. Kobayashi, W. Rossman, N. Schmitt, Non-sirnply-
connected constant mean curvature surfaces in 3-dimensional space forms,
preprint.

[KKS] N. Korevaar, R. Kusner and B. Solomon, The structure of complete em-
bedded surfaces with constant mean curvature, J. Differential Geom. 30
(1989), no. 2 465-503.

$\lfloor\lceil \mathrm{K}\mathrm{M}\mathrm{S}]$ M. Kilian, I. Mclntosh, and N. Schmitt, New constant mean curvature
surfaces, J. Exp. Math. 9(4), 595-611 (2000).

[Ko] $\mathrm{S}$ -P. Kobayashi, Bubbleton surfaces in 3 dimensional space forms via the
DPW method, master’s thesis, Kobe Univ., Japan, February (2002).

[KSS] M. Kilian, N. Schmitt and I. Sterling, Dressing CMC $n$-noids, Mathema-
tische Zeitschrift, to appear (2003).

[PT] R. Palais and C. Terng, Critical Point Theory and Submanifold Geometry,
Lecture Notes in Math., 1353, Springer-Verlag, 1988.

[PS] U. Pinkall and I. Sterling, On the classification of constant mean curvature
tori, Annals of Math. 130, 407-451 (1989).

[PrS] A. Pressley and G. Segal, Loop Groups, Oxford Mathematical Monographs,
Oxford University Press 1986.

[Scl] N. Schmitt, Constant mean curvature trinoids, preprint (2002),
http: $//\mathrm{w}\mathrm{w}\mathrm{w}$ .gang.umassmean/preprint /authors Schmitt’ .html.

[Sc2] N. Schmitt, CMCLab so frware, Center for Geometry, Analysis, Nu-
merics and Graphics(GANG), University of Massachusetts at Amherst,
http: $//\mathrm{w}\mathrm{w}\mathrm{w}$ .gang.umass.edu/cm $\mathrm{c}/$

[Sie] H. Sievert, Uber die Zentralfldchen der Enneperschen Fldchen konstanten
Krimrreu -ngsmasses, Diss. Tiibingen (1886).



81

[SW] I. Sterling and H. C. Wente, Existence and classification of constant mean
curvature multibubbletons of finite and infinite type, Indiana U. Math. J.
42(4), 1239-1266 (1993).

[TU] C. Terng and K. Uhlenbeck, B\"acklund transformations and loop group
actions, Comm. Pure and Appl. Math, Vol. L3, 1-75(2000).

[W1] H. C. Wente, Constant Mean Curvature Immersions of Enneper Type,
Memoir’s of A.M.S. 478, 1-76 (1992).

[W2] H. C. Wente, A counterexample in $S$ -space to a conjecture of H. Hopf
Workshop Bonn 1984 (Bonn, 1984), 421-429, Lecture Notes in Math.,
1111, Springer, Berlin, 1985.

DEPARTMENT OF MATHEMATICS, KOBE UNIVERSITY, 1-1, ROKKODAI, NADAKU,
KOBE 657-8501, JAPAN

$E$-mail address: kobayasi@math.sci Kobe-u. $\mathrm{a}\mathrm{c}.\mathrm{j}\mathrm{p}$


