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Abstract To facilitate the numerical analysis of particle methods, we derive trun-
cation error estimates for the approximate operators in a generalized particle
method. Here, a generalized particle method is defined as a meshfree numeri-
cal method that typically includes other conventional particle methods, such as
smoothed particle hydrodynamics or moving particle semi-implicit methods. A
new regularity of discrete parameters is proposed via two new indicators based on
the Voronoi decomposition of the domain along with two hypotheses of reference
weight functions. Then, truncation error estimates are derived for an interpolant,
approximate gradient operator, and approximate Laplace operator in the gener-
alized particle method. The convergence rates for these estimates are determined
based on the frequency with which they appear in the regularity and hypotheses.
Finally, the estimates are computed numerically, and the results are shown to be
in good agreement with the theoretical results.

Keywords generalized particle method - truncation error estimate - approximate
operator - smoothed particle hydrodynamics method - moving particle semi-
implicit method

1 Introduction

Particle methods, such as the smoothed particle hydrodynamics (SPH) [10,18,
19] and moving particle semi-implicit (MPS) methods [15,16,29], are numerical
methods for solving partial differential equations that are based on points called
particles distributed in a domain. In such methods, an interpolant and several
approximate differential operators are defined in terms of linear combinations of
weighted interactions between neighboring particles. When such methods are ap-
plied to partial differential equations, the equations are effectively discretized in
space. As the discretization procedure does not require mesh generation in the
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domain, particle methods can be applied to moving boundary problems, such as
the deformation and destruction of structures [5,22] and flow problems associated
with free surfaces [21,23].

The accuracy of particle methods has been widely researched. From an en-
gineering perspective, many studies have been conducted into the convergence
of such methods in practical applications, such as Amicarelli [1,2], Fulk [9], and
Quinlan et al. [25]. On the other hand, few studies in the literature have pre-
sented numerical analyses of these methods from a mathematical perspective. In
the 1980s, Mas-Gallic and Raviart [20] and Raviart [26] provided error estimates
for particle methods when applied to parabolic and hyperbolic partial differential
equations on unbounded domains. In the 2000s, Ben Moussa and Via [4] and Ben
Moussa [3] provided error estimates of nonlinear conservation laws on bounded
domains. In their work, the time integrations of the particle positions and volumes
were obtained by solving the differential equations with respect to advection fields.
However, as their method is only applicable to problems described by solvable dif-
ferential equations, it cannot be used with other problems, such as those involving
the Navier—Stokes equations.

Sometime later, Ishijima and Kimura [13] developed a truncation error esti-
mate for an approximate gradient operator in the MPS method. By introducing
a regularity for particle distributions based on an indicator called the equivolume
partition radius, they determined the conditions that depend solely on the space
distributions of the particles. However, a practical limitation is that the indicator
cannot be computed.

In previous works, we established truncation error estimates for an interpolant,
approximate gradient operator, and approximate Laplace operator of a generalized
particle method in which the particle volumes were given as Voronoi volumes [11,
12]. A generalized particle method is a numerical method that typically includes
conventional particle methods, such as the SPH and MPS methods. In previous
studies, we derived truncation error estimates by introducing a regularity using
an indicator known as the covering radius, which is used in the numerical anal-
ysis of meshfree methods based on moving least-square methods and radial basis
functions [17,27,30]. Although the formulations and conditions in those works are
computable, they are difficult to deploy in practical computations as the compu-
tational costs associated with particle volumes based on Voronoi decomposition
are high.

The focus of the current work was to analyze particle methods under more
practical conditions by extending our results to cases with commonly used par-
ticle volumes. We also introduce another indicator of particle volumes, which we
refer to as a Voronoi deviation, that represents the deviation between particle vol-
umes and Voronoi volumes. Then, utilizing the Voronoi deviation, we extend the
regularity and introduce two hypotheses of reference weight functions. Using the
regularity and hypotheses, we derive truncation error estimates of the interpolant,
approximate gradient operator, and approximate gradient operator of the general-
ized particle method. Finally, we numerically analyze our estimates and compare
the results to those from the theory.

The remainder of this paper is organized as follows. The interpolant and ap-
proximate operators of the generalized particle method are introduced in Section
2. A regularity describing the family of discrete parameters is discussed in Section
3, after which we propose our primary theorem with respect to the truncation error
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estimates and provide some corollaries. Then, the primary theorem is proven in
Section 4, numerical results are detailed in Section 5, and some concluding remarks
are outlined in Section 6.

In the remainder of this section, we describe some notation and define some
relevant function spaces. Let R*, R}, and No be the set of positive real numbers,
the set of nonnegative real numbers, and the set of nonnegative integers, respec-
tively. Let d be the dimension of a space. Let A? be the set of all d-dimensional

multi-indices. For = = (z1,z2,...,24)T € R? and a = (a1, 02,...,0q)T € A?, 2
is defined as «® = z{"x5? - - - 3. If there is no ambiguity, the symbol | - | is used

to denote the following: |z| denotes the Euclidean norm for z € R%; |S| denotes
the volume of S for S C R% |a| denotes |a| == a1 4+ az + -+ 4+ aq for a € A%,
For S C R, let diam(S) be diam(S) := sup {|z — y; z,y € S}. For S C R%, let

C(S) be the space of real continuous functions defined in S with the norm || - ||C(§)
defined as

v <y = max |v(x)| .
Iollogs) = max o)

For S ¢ R? and £ € N, let C*(S) be the space of functions in C(S) with derivatives

up to the ¢th order with its seminorm | - |C[(§) and norm || [ (g, defined as
Pp— @ —
Plete) = max_, 1P e
[vlees) = J=0r1m 0 [les @)

respectively. Here D% := 971952 ... 95 *v with multi-index a = (a1, a2, ..., aq).

2 Approximate operators in a generalized particle method

Let 2 be a bounded domain in RY. Let H be a fixed positive number. For 2 and
H, we define extended domain {2y as

Q= {xERd‘EyEQs.t. |chy|<H}.
For N € N, we define a particle distribution X and particle volume set Vy as

XNZ:{JJiEQH;i:LZ...,N, zl#x](z;é])},

N
VN::{%€R+§7::1»27"'7N5 Z‘/Z:|‘QH|}7
i=1

respectively. We refer to x; € Xy and V; € Vy as a particle and particle volume,
respectively. An example of the particle distribution X in 2y (C R?) is shown
in Figure 1.

We define an admissible reference weight function set W as

W= {w € C(RY); supp(w) = [0,1], / w(|z|)dz = 1, absolutely continuous} ,
R4

we refer to w € W as a reference weight function, and we define the influence
radius Ay € R as satisfying 0 < hy < H and hy — 0(N — o0). If there is
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Fig. 1 Particle distribution Xy in 2p (C R?).

no ambiguity, we denote hy as h. For reference weight function w and influence
radius h, we define the weight function wy, € C(R) as

wp(r) = %w (%) . (1)
Note that the weight function wy, satisfies
supp(n) = (0.8, [ wn(fal)de =1
R

and is absolutely continuous.
For v € C(2x), we define interpolant I}, approximate gradient operator Vy,,
and approximate Laplace operator Ay as

Myo(e) = Y Viv(zi)w(|lzi - |), (2)

i€Ag(z,h)
v(ws) = v(@) @ -
Vyv(z) :=d Z Vi lzi — 7| |$‘_x‘wh(|$i_$|)a (3)
i€A(z,h) v ¢
v(z:) — v(x)
Apv(x) == 2d Z Viwwh(‘mi —z|), (4)
i€ A(x,h) ¢

respectively. Here, for z € R? and 7 € RT U {oo}, Ao(z,7) and A(z,r) are index
sets of particles defined as

Ao(zyr) ={i=1,2,...,N; 0 < |z — x| <},
Alz,r)y ={i=1,2,...,N; 0< |z — x| <1},

respectively.

As discussed later in Appendix A, the approximate operators (2), (3), and (4)
indicate a wider class of approximate operators of particle methods than those in
the SPH and MPS methods. Therefore, we refer to the approximate operators (2),
(3), and (4) as generalized approximate operators and to a particle method that
uses them as a generalized particle method.
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Fig. 2 Example of the Voronoi decomposition of {2y associated with the particle distribution
XN

3 Truncation error estimates of approximate operators

We first introduce a regularity of discrete parameters. Let {o;} be the Voronoi
decomposition of 27 associated with the particle distribution X, where o; is the
Voronoi region defined as

oii={zx € 2p; |z; —z| <|zj; — x|, Vo € An(j #9)}, i=1,2,...,N.

We define a particle volume decomposition = = {{;} as a decomposition of 2
satisfying

N
Gl=Vi, J&=9u (i=12...,N), &ng&=0(#j).
i=1

An example of the Voronoi decomposition of 2y associated with the particle
distribution X is shown in Figure 2. We define a covering radius ry for particle
distribution Xy as

rN = szg;}x’NIsg}’)l |z — z|. (5)

Moreover, we define a Voronoi deviation dy for the particle distribution X and
the particle volume set Vn as

fd (6)

dN =1

[I]E‘

[n

with

N
dz = _max Z'Uzmgﬂlfmmaﬂmi—mﬂ
1=1,2,..., =1 IO’ll

Then, we define a regularity for a family consisting of a particle distribution Xy,
particle volume set Vy, and influence radius h as follows:

Definition 1 A family {(X~,VnN,hN)}N—oo is said to be regular with order
m (m > 1) if there exists a positive constant co such that

hy > co(rv +dn), VN € N. (7)
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Fig. 3 Two examples of covering radii rny for particle distributions with same number of
particles. The covering radius rx for the uniform particle distribution (left) is smaller than
that for the non-uniform particle distribution (right).

Remark 1 As shown in Figure 3, the covering radius rn becomes large in the
case of a particle distribution with both dense and sparse regions. Therefore, the
covering radius 7y can be considered as an indicator representing the uniformness
of particle distribution Xy .

Remark 2 A Voronoi deviation dy equals zero if and only if the particle volumes
are given as the Voronoi volume (V; = |o;]). Moreover, the Voronoi deviation dy
becomes large if the particle volumes are given as values far from the Voronoi
volumes. Therefore, the Voronoi deviation dy can be regarded as an indicator of
the deviation between the particle volume set and the Voronoi volume set.

Remark 8 For a given family {(Xn, VN, hn)}N— oo and given constant m (m > 1),
it is possible to determine whether or not the family is regular with order m as
the covering radius rny and Voronoi deviation dy are absolutely computable, as
shown in Appendix B.

Next, we introduce two hypotheses of reference weight function w:

Hypothesis 1 Forn € N, the reference weight function w satisfies for all « € A?
with 1 < |a] < n,

/ z%w(|z|)dz = 0.
R

Hypothesis 2 For k € Ny, the reference weight function w satisfies

max<{ sup |w(k+1)(r)|, sup ‘(w<k))'(r)‘ < 00,
re(0,1) re(0,1)

where for j € No, w9 (r) : (0,00) = R is defined as

. i &j) r=0,
w(r) == SJ)E)T § (8)
wir), r>0
rd

and (w™) is dw® /dr.
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Remark 4 All reference functions w € W satisfy Hypothesis 1 with n = 1. More-
over, for all n € N and k& € N, reference weight functions satisfying Hypothesis 1
with n and Hypothesis 2 with k£ can be constructed as shown in Appendix C.

We now state a theorem that defines truncation error estimates of approximate
operators in the generalized particle method with a continuous norm:

Theorem 3 Suppose that a family {(Xn,VN,hN)}N—oo @S Tegular with order
m(m > 1) and that reference weight function w satisfies Hypothesis 1 with n.
Then, there exists a positive constant ¢ independent of N such that

lv = Mnvll oy < k™ 2" )l g g,y v ECTTH(@E). (9)
In addition, if w € W satisfies Hypothesis 2 with k = 0, then we have

Vv = Vavll o) < ch™™ " o)l qin g,y v € CTH(20), (10)
and if w € W satisfies Hypothesis 2 with k = 1, then we have

14 = Apvll gy < eh™M 2 o] guiag,y v e CTFE (@A) (1)

The proof of Theorem 3 is presented in the next section. As shown in the

corollaries in Appendix A, the approximate operators commonly used in the SPH
and MPS methods are valid for Theorem 3 under appropriate settings.

4 Proof of truncation error estimates
The following notation will be used in the subsequent proof of Theorem 3. Here-

after, let ¢ be a generic positive constant independent of N (allowed dependence
on the fixed positive parameter H). For a € A? set I, as

In(x) = Z Vi(z; — z)wp (|2 — x|) —/ y“wp(Jy|)dy, x € f.
i€Ag(x,h) Re

For o € A% and ¢ € N, set In,¢ as

(i — ) / y“
I, = VA ) P R dy, 0.
() EAE( . i " wh(|z: — ) » |y‘zwh(|y|) y, w€

For £ € N, set J; as

Jo(@) = Y Vilw —a|'lwn(jw —2l)],  zER
i€ Ag(z,h)

We now present the following lemma.
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Lemma 1 Suppose that w € W satisfies Hypothesis 1 with n. Then, there exists
a positive constant ¢ independent of N such that

v = 1wl o(m)

<c Z Hallo@) + 1n+illc@) | 1vloni@y) -
0<|a|<n

ve C"T (Q2y), (12)

Vo — Vh””c(ﬁ)

<c Z ||Ia,2||c(§) + ||Jn+1||c(§) ‘|U||cn+2(§H) )
2<|a|<n+2

ve C"2(Qy), (13)

[|[Av — Ahv”c(ﬁ)

<c Z Ha2llc@) + Intillc@ | Ivllania@,)
1<|a|<n+3

ve C"(2y). (14)

Proof First, we prove (12). We fix # € 2. Then, let B(x,r) be the open ball in R?
with center x and radius r, i.e.,

B(z,r) = {y eRY |y —a| < r}.

From h < H, we have B(z,h) C 2y. Then, for all v € C*T*(2y) (¢ € N) and
x; € B(z, h), we obtain the Taylor expansion of v as

va) = > Da;"(””)(xi—x)w 3> (xi—2)*Ralzi,z),  (15)

0<|a|<e ' lor|=£+1

Ro(zi, @) := %' /01(1 — )T D (e 4+ (1 — t)a;)dt.

From (2) and (15) with ¢ = n, we have

mo@ =Y P S v )t - al)

0<|a|<n " i€Ag(a,h)

+ > Y Ra(zi,a)Vi(w — x)*wn |z — ).

|a|=n+1i€Ag(z,h)
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Moreover, by Hypothesis 1, we have

M) —v@) = 3 Da;)!(x)la(x)

0<|a|<n

+ > Y Ra(wi,@)Vilw — 2)*wn(|lzi — zl). (16)

|a|=n+1i€Ag(z,h)
Because
1 —
|Ra(y, Z)| S a |U|C|a|(ﬁH) ) Yy € 97 S B(ya h)a a € Ad7 (17)
we have
Y Y Relena)Vilei - o) wn (e al)
|a|=n+1i1€Aq(x,h)
< el (@) ol - (19)

Moreover, we have

> P ) <clvlon Y el (19)

0<|a|<n ) 0<|a|<n

Therefore, from (16), (18), and (19), we obtain (12).
Next, we prove (13). From (3) and (15) with £ = n + 1, we have

Vi) =d Y > e e =)

1<|a|<n+1 ! i€A(x,h)

+d Z Z Ro(zi,2)V; (i P — @)@ ;gc)awh(kcz — x|).

—
|a|=n+2i€A(x,h)

Because for 8 € A? with || = 2,

1, all elements of 3 are even

B
Y )
d = dy = 20
/]Rd |y‘2wh(|y|) Y {0, otherwise, (20)

we have

d Z D7 w)/ —wh (ly])dy = Vo(z). (21)

lal=1

Hypothesis 1 with n yields

/ %whﬂybdy —0 aeAlwith2<|a|<n+1. (22)
Rd
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From (21) and (22), we have

{E
Vav(@) - Vo(z) = —d [ s
1<|o¢\<n+1 Y
D*v(x —x
2D by e e (o )
1<|al<n+1 ! i€ A(z,h)

+d Y Y Ra (i, 2)V; & |x)($i_m)awh(|mi—$|). (23)

x|?
|a|=n+2i€A(x,h)

From (17), we have

Y Y Relonay D@D o )

- ‘ |z — x|
|a|=n+2i€A(x,h)

< e dn+1(x)| |U|cn+2(§H) - (29

Moreover, we have

O I R Iy g i

1<|a|<n+1 |i€A(z,h)
<c Y ag(@)|. (25)
2<a|<n+2

Therefore, from (23), (24), and (25), we obtain (13).
Finally, we prove (14). From (4) and (15) with £ = n + 2, we have

A =2 Y DS v (o a)

1<|a|<n+2 ! i€ A(x,h)
Ti —
+2d Y. > Ra(wi,z m(| x)|2 wp(|zi — ).
|a|=n+3i€A(x,h)
From (20), we have

20 3 2 [y = o).

la|=2

Hypothesis 1 with n yields

«
/R: Lzun(ludy =0, o€ a? with o] = Lor 3 <Jo] n+2.

Therefore, we have

Apv(z) — Av(z) =24 » [ La(@)

1<]a|<n+2

+2d Z Z Ra xl,w)V( z)” wp |z, —x

|a|=n+3i€A(x,h) | |

). (26)
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From (17), we have

> Y RV T (o - a)

|la|=n+3i€A(z,h)
< el ns1(@)] V] gnis iz, - (27)

Moreover, we have

Z Da;(x) Tap(z)| <c ||U||cn+2(§) Z [Ia,2(x)] . (28)

1<|af<n+2 ' 1<|al<n+2
Therefore, from (26), (27), and (28), we obtain (14).
Next, we show estimates of In, In ¢, and Jp.
Lemma 2 There exists a positive constant ¢ independent of N such that

rN\% (TN +dN
Iallc @) sc(1+27) (T) ae A’ (29)

Proof We arbitrarily fix z € 2, a € A%, and particle volume decomposition = =
{&]i=1,2,...,N} and split I, into

lo(z) = Er(z) + E2(2) + E3(x)
with

Ei(z) := Z Vi(wi — x)%wn(|lzi — z|)

i€Ag(z,h)
N N
=Y oy n&l (@ — 2)“wn (|2 — =),
i=1j=1
N N
Ba(z) =Y (zi—a)" / {wn(lzj — z|) — wally — x[) }dy,
i=1j=1 oiN&;
N N
Ba() =Y. (o= )™ [ wnlly— oy~ [ s wnlly)dy,
i=1j=1 Flaly R
Then, we estimate F1, F2, and Es.
First, we estimate F1. Because
N
D loynél =V, i=1,2,...,N, (30)

we can rewrite F; as

N N

E, = Z Z lo; N&| (zs — ) {wn(|z: — z|) — wr(|z; — x|)}-

i=1j=1
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From
(y — )| < diam(2m)'*!,  y € 2u, (31)

we obtain

|Er(z)] < CZZ loj N &l |wn (o — 2]) — wa(lz; — )] (32)

1=1j5=1

From

lwn(ly — z|) —wn(lz —2))| =0,  Vy,z € R\ B(x,h),
we have

N N
> loi Néilfwn(lzs — al) — wa(lz; — a|)]

i=1j5=1

< > Z loj O &l [wn(|zi — x]) — wn(|z; — )]

1€Ag(x,h) J=1

N
+> 0 Y o né&il [wa(i — 2)) — wa(|z; — )|

i=1j€Ag(z,h)

N
= > D (oingl+loyn&Dlwn(|wi — 2]) — wa(lz; —2[)|.  (33)

1€Ag(z,h) j=1

Because wy, is absolutely continuous, we have

lwn(ly — 2|) — wa(lz — =[)|

=[tw=2)- =2 [ uhttty ol + -0 =5y

1
<ly-=|[ wz<t|y—x|+<1—t>z—x|>dt\
0

h
< |y—z|/ e ()] dr

= hd+1 / |w r)|dr (34)

for all y, z € R%. Here, w’ and w), are dw/dr and dwy,/dr, respectively. Moreover,
we have

Y el <IB@, )| (r+rn)?,  VreRg. (35)
1€ Ao (z,r)
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From (33), (34), and (35), we have

N N
SN oy &l lwn(jzi — 2)) — wa(lz; — )|

i=1j=1
c N
= I > D eingl+ oy né&lla: — 4
ieAO(mvh)jzl

ﬂ£j| + |aj m£l|‘mz —ZL‘j‘

N
c los
PIENDY
|o|

hd-‘,—l
i€ Ag(z,h)

Jj=1

IN

Y ol
(36)

1€ Ao (z,h)

ey

Therefore, from (32) and (36), we obtain
rN\9 d=
< —_— —.

Ex(@)] <e(1+55)" Z

Next, we estimate Ea. Because supp(wyp) = [0, h] and o; C B(zj,rn), we have

A

From (37), we have

i=1j=1

1jeho(m htry) 7108
/ fwn (s — o) — wn(ly — z))|dy.

[wr (|2 = z[) = wr(ly — z[)|dy

lwr(lz; — 2|) — wn(ly — z])|dy

1=

= 2

J€Ao(z,h+7N)

Moreover, from (34) and (35), we have
DS

[wa(lzj — x]) = wn(ly —z|)|dy <

N N
>y
o;N&;
Scpim X
Jj€Ao(z,h+ryN)

i=1j=1

)

TN
<ef142™
—c(+ h

R+
j€Ao(z htry) O
|oj]

o;in

lzj —yldy

(38)
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Therefore, from (31) and (38), we obtain

N N
B < 23 M=) [ s — )~ widly )l dy

i=1j5=1
N N
SCZZ/ lwn(|z; — z[) — wa(ly — =) dy
i=1j=1"95N&

Sc(1+2%N)d%N.

Finally, we estimate E3. Because
[ o wntuhdy = [ (=) wnly ~ al)d.
R i

we can rewrite E3 as
N N
B) = Y [ A=) = (= o) by = s
i=14=1"Y750%&

Because E3 = 0 when |a| = 0, we estimate when |a| > 1. Let 8 (k= 1,2,...,|al)
be d-dimensional multi-indices with satisfying

|

D Br=a,  |Bl=1(k=12,...,]al]).
k=1

Then, we have, for all y, z € RY,

|y0¢ _ Za| S ‘ya _ ya—51251 + ‘ya—,ﬁlzﬁl _ Z‘X‘
<y — 2yl [y =222
<y = 2l '™y — 2yl ]+ [y 0P g2
ol .
- 1
<ly—z Dyl et (39)
k=1

From (31) and (39), we obtain

N N
| Es ()] SZZ/ (i = 2)% = (y — 2)*[|wn(ly — z])|dy

i=1j=1705N&

IN

N N
eSS [ - wllandy - Diay (40)

i=1j=1"95N&

By supp(wr) = [0,h] and o; C B(xj,rn), if j € Ao(z,h + rn), then

[ w-wllenly-shidy =0, i=12...,N. (41)
o;NE;
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Moreover, from w € W C C(R{), we have

1
[y — 2l = 5

ly — 2 1
w(M )| < g lolos . e @
From (35), (41), and (42), we have

N N
ZZ/ ly — zillwn(ly — z])ldy
iN&i

i=1=1"7°

N
-y 3 / ly — zsllwn (ly — 2])|dy
o;NE;

i=1j€Ao(z h+r)

N
%Z > / ly — xi|dy

i=1j€Ag(,htry) " 7iNE

IN

IA

N
C
7 > > / . (ly — x| + [2j — 2i[)dy
o;MNE&;

i=1j€Ao(z,h+rN)

N
h% TN > loj| + S Y el oy —

jE€EAg(z,h+ryN) jE€Ao(z,h+ry) i=1

N
c , los Nl + oy N&l,
w2 bl {TN MR (Zl o] g = @il

J€Ao(z,h+7N)

IA

Y d
< —_— =).
_c(1+2h) (ry +d=) (43)
Therefore, from (40), (43), and h < H, we obtain

[Bs(a)] < e (1+ 2%)‘1 (rn + d=)

rN\¢ry +d=
<ec(1 2—) Ivras
<c(1+27 h
From the estimates of F1, F2, and E3, we obtain
rN\¢ry +d=
Hallo) < ¢ (1 + 27) ot

Because = is arbitrary, we establish (29).

Lemma 3 Suppose that a reference weight function w satisfies Hypothesis 2 with
k. Then, there exists a positive constant c independent of N such that for all o € A?
and £ € N with 1 <l —k < |a],

dry +dn

TN
Haellc@ < C(1+2*> BRI

: (44)

Proof We arbitrarily fix x € 2, o € A? particle volume decomposition = = {& |
t=1,2,...,N},and £ € N with 1 < ¢ —k < |a| and split I, ¢ into

Io(z) = Ea(x) + Es5(z) + Ee()
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with

Ey(z):= > v ) w (| — )

1€ A(x,h) |

(zi — )" wn(|z; — )
- > ) |Ujm£1|| x|e kwajxix|Z )

1€EA(z,00) JEA(x,00)

Bs(z):= > o oinél (i — Te)akwh(m—wl)

i€A(xz,00) j | |xj N CE'k
jGA(m o)

(zi —z)" wn(ly — z|)
- Z Z‘x — |tk ly — z|F dy,
7 gjﬂgi y

i€EA(z, oo)] 1

(r; — wp(ly — /)
dy
> z| |/ e

i€A(x,00) j=1

yOé
- “—wp(|y|)dy
/Rd |yl w{lsD

Then, we estimate F4, E5, and FEs.

oS!
(=2}
&
I

First, we estimate E4 and set w® as (8) and w,(lk) as

k 3 1 k T +
g)(r).:hd+kw<)(ﬁ), re€Ry.

Then, from (30), we can rewrite E4 as

Eim)= Y Zymmu@ @ume—w—%Wm—w}

i€EA(z,00) j=1

Because
(i — ) la|—t+k _ g la|—t+k
m S |1'Z — .'L'| S dlam(QH) , 1€ A(.’L‘, OO), (45)
P —
we obtain

| B (e |<CZZ\03052 (\xz \)—w}(f)(\a:j—ﬂ) .

i=1j5=1

From supp(w, (k )) = [0, h], we have

wi (Jei — ) —wi (jz; —z) =0, 4,j & Az, h).
Thus, we obtain

|E4(5U|<C( Z Z|Ujﬂfz

i€ A(z,h) j=1

N
Y0 opngl

i=1j€A(x,h)

k
2 (12— af) = wi (2 — al)|

wﬁkm—wb—wﬂ(w—mm>.(%>
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Using an argument similar to (34), if w satisfies Hypothesis 2 with k, then for all
Y,z € RY,

P (ly — 2]) — (|2 — )] < hd+k+1/ [(@®)' ()] dr. (47)

From (46) and (47), we obtain

N
C
|Ea(@)| < 3 g > > (ein&l+ oy né&il) |vi — oy

i€ A(x,h) j=1
c a loi N E;| + oy N &l
<o QL el ]|U.| = —
i€A(z,h) j=1 g

<o (7)) e

(k)

Next, we estimate E5. By using w, ', we can rewrite Es5 as

xl—x k k
B = Y Z| e [ (el —ah - wP g -}
i€A(z,00) j=1 7508
From (45), we obtain

| Es(x |<CZZ/

k k
[0t (125 = al) = wi (y - al)| dy
= 1_7 17 0;N&:

k k
i (ja; — o) = i (ly — )| dy.

By supp(w;, (k )) = [0,h] and o; C B(zj,rn), we have

/,

From (47) and (48), we obtain

Wi (o = al) = wi(y = al)|dy =0, j & Alw,h+ry).  (48)

k k
|Bs(2)] < ¢ wi (|Jzj — x|) — wi |y — )| dy

jEAo(z,htryn) Y9I

C
SomEm D |z — yldy
€A (m,htry) Y Ti

N
= CpdrRT > |1
jE€A(z,h+rN)

rN\¢ TN
<e(l+25) g
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(k)

Finally, we estimate Eg. Using w,, ’, we can rewrite Eg as

Bo(e) = Z / JNE; {|xfif_xg\cz)_k - |?(Jy*_303|3‘“’)_’C } wgk)“y ey

zGA(m oo) Jj=1

(y — ) w®
- Z /U e W (ly — z|)dy,

1=1j5=1

where & (z) is
. &i, T = T4,
i L) = .
& (@ {(Z), otherwize.
For a € A% let B (j = 1,2,...,|a|) be d-dimensional multi-indices satisfying

lo

|8l =1 and Zﬂj =o.

j=1
Let 85 (j =0,1,...,|a]) be d-dimensional multi-indices defined as
0, Jj=0,

J
> B, i=12,...,|al
£=1

For all y,z € R%\ {0}, when |a| = ¢ — k, we have
—k—1

D

=0

yo‘ P Blal- 1z yﬁltxlf.iflzﬁ;rl
[y[=F  [zlFF

Yy _
IyI“’“*JIZIJ |yl k=it |z

! yB\“\ JZ’BJ —yﬁ\a\ i— 1253+1
lyl¢=F3 2|7

yB\ﬂ\*jflzBH—l yﬁ\a\*jflzﬁﬂ—l

I Pl

< 2(£—k)|y|;‘z|. (49)

Moreover, from (39) and (49), when |a| > ¢ — k, we have

ya Za < ya yﬁ‘*a‘—l«l»k‘ ZBZ—k
I T RE| S e T e
yBrM—Z-chﬁZ—k 2%
E N FL
ﬂz;k 6;—k
—t+k | Y z ’ : t
< Jylle=tr W | T ’yﬁ‘a‘_m = e

,g k;,
200 — k)|y — z[|y|' 7!
o] —l+k—1

j —l+k—1—j
Fly—2 Y lyllel 7.
Jj=0
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Therefore, when |a] > ¢ — k, we have for all y € 2y \ {z} and i € A(z, 00),

(xi —2)*  (y—=)"

o= a F Tyl

y—fL‘
=l (50)

From (50), we obtain

o (i—2)* (=) || k)
OISO N = i (ly — )| dy
R R B A e

al (y—x)* w®
- k
HNE (ly — =)y
;; SNEr () ly — x|~ e
N N
<o [ el ol - ab]ay
i=1j=179N&
. (y — )" w®
- k
+ / (ly — al)dy
;; o;NEs () ly — x|~ e
Because |a| > ¢ — k, we have
S / =B Oy — 2y
i=1 j=170iN&; () \y—x|
z)® (k+1)
59| [y — )| dy
12;] 1/ o;NEs () |y_x|€ kol
eSS [ el e aw
i=1j=1"9;N& (z)

Therefore, we have

|E6(m\<c22/ -

1131‘71

WiV (Jy — al)| dy.

Because for all y € 2,

k+1 1
[l (ly = o) = e

et [ |y — x| 1 (k+1)
w ( A )‘ S GaTRT lw ey,

by the same procedure as (43), we have

S sl

)dTN+dE
i=1j=1 o;NE&:

hE+1

wi D (Jy — al)|dy < o (1+25F

Therefore, we obtain

rnv\4ry +ds
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From the estimates of E4, F5, and Fs, we obtain

rn\¢ry +ds
Haellom) < e (1 + 27) TR

Because = is arbitrary, we establish (44).
Lemma 4 There exists a positive constant c independent of N such that

)d’l”N-i-dN

; +h‘3}, ¢ €eN. (51)

ellog < e{ (1427
Proof We arbitrarily fix € £2 and particle volume decomposition = = {¢&; | i =
1,2,..., N}, and split Jy into
Je(x) = Er(z) + Es(x) + Eo(z) + Ero(x)
with

N N
Er(z) = Je(a) = ) D log N&il lws —al fwn(jzj — 2],

i=1j=1

N N

Bo@) =Y. Y foi—al’ [ {wnlle; 2] - funlly - =Dl} v

i=1j=1 oiN&i
N N

HOEDSS {lo: — 2|* |y — 2| Hwn(|ly — |)|dy,

i=1j=170iN&
4
Buo(e) == [ Iy al'hon(ly — ) ldy,
R

Then, we estimate Fr, Es, Fg, and E1o.
From (30), we can rewrite E7 as

N N
Er(z) =YY oy n&llwi — 2 {lwn(|zi — 2[)] = [wa(jz; — z])[}-

i=1j=1

For all y € 25, we have
ly — z|* < diam(25)". (52)

From (36) and (52), we obtain

N N
|Br(@)] <D0 Moy Néil lwi — @l [Jwn(lzi — )] = |wn(|z; — a|)]]

i=1j=1
N N
<30S oy &l [lwnllas — )| — lwn(jes — )|
i=1j=1
N N
<ed Y o Néil fwn(les — 2]) — wa(jz; — =)
i=1j=1
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From (38) and (52), we obtain

N N
|Es(z)| < Iﬂci—wle/ |lwn(lz; —2])| = [wn(ly — z])||dy
i=1j=1 ojN&;
N
<3S [ e — el ~ oty ~ oDy
i=1j=1"7;N&
N N
<eY 3 [ twnlle; 2~ wnlly - <hldy
i=1j=1"05N&
TN dT‘N
< =) —.
sc(re29)

For all z; € Xn and y € 2y, we have

¢
s —2|” — |y — wle‘ =|@i—a)=(y—o)| Y (@i —a) y—a)"
k=1
< Cdiam(2g) " |y — x4 . (53)
From (43), (53), and h < H, we obtain

N N
Bo@l <33 [l =l ~ g = o lun(ly - oDy

i=15=1"9N&

N
<e S [ - adlwndly - <hldy

1+ 27) (ry +ds)

Tl)d rN +d=
h h ’

From (1), we obtain

\Elo(w)lé/ \ylelwh(lyl)ldy:hé/ lyl“Jw(|y])|dy.
R4 R4

From the estimates of E7, Es, Fg, and E10, we obtain

d +d=
ITel oy < c{(l +2l) I hf} .

Because = is arbitrary, we establish (51).

Using the lemmas defined above, we now prove Theorem 3.

Proof (Theorem 3) By Lemmas 1, 2, and 4, we have for all v € C" 1 (2p)

d
r ry +d "
v —Ipvllom) < c { (1 + 2%) NTVN + hN+1} [ollenii@gy - (54)



22 Yusuke Imoto

gl
-0.1 0.0 1.0 1.1

Fig. 4 Particle distribution Xn with Az =275 (N = 1,521). The gray area represents {2.

Moreover, by Lemmas 1, 3, and 4, when w satisfies Hypothesis 2 with k = 0, we
have for all v € C"2(24)

)dTN+dN

TN n
||V"U_vhv||c(ﬁ) < C{(1+2 e +hN+1} ||'U||Cn+2(§H) ) (55)

hn
and when w satisfies Hypothesis 2 with k = 1 for all v € C"3(2y),

)dTN+dN

r
[Av — Apvl| o) §c{(1+2N 2
N

n+1
i + hy } [vllgniam,y - (56)

Because the family {(Xn, VN, hn)} N oo is regular, by applying (7) to (54), (55),
and (56), we obtain (9), (10), and (11), respectively. We now conclude the proof
of Theorem 3.

5 Numerical results

Set 2 = (0,1)%> and H = 0.1. Then, 2y = (—0.1,1.1)2. We now compute the
truncation errors of v : 25 — R, which are defined as v(z,y) = sin(2w(z + y)).
Particle distribution X is set as

Ay = {(G+n A, G+ ) Ax) € Qus ij ez},

where Az is taken by 275,276 ... 2712 and ng-c) (i,j € Z,k = 1,2) are random

numbers satisfying |nl(f)| < 1/4. Particle distribution Xy with Az = 275 is shown
in Figure 4. Particle volume set Vy is defined as

N .
VN = {‘/;17' ]\1[{| ’11,2,...,N}.
For m = 1, 3,5, the influence radius hy is set as

hy = 2.6 x 25/™ =5 Agt/™,
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Note that if Az = 275, then h = 2.6 x 27° for all m. Using the discrete param-
eters above, the covering radius ry satisfies rny < v/2(1 + 1/4)Ax/2. Moreover,
the Voronoi deviation dy satisfies dy < 64(1 + \/§)A$/7r‘ Therefore, the family
{(XN,VnN,hn)} is regular with order m.

For the interpolant, we consider the following three cases of reference weight
functions:

3 |1—r 0<r<i1
1 == ' = ’
(I11)  w(r) {0’ L<r
1— 672 + 6r3, 0§r<%,
._ 40 1
(112) w(r):= 1201 -r)?, 5 <<l
0, 1<,
1-m2-3r), 0<r<l,
(I3) w(r) =2
iy

0, 1<

(I11) is the lowest-order polynomial function belonging to W. (I12) is the cubic
B-spline commonly used in the SPH method and belonging to W. (II3) is the

lowest-order polynomial function belonging to W that satisfies Hypothesis 1 with
n = 3.

For the approximate gradient operator, we consider the following three cases
of reference weight functions:

1- <r<i1

(V1) w(r) = 6 Jr(l—r), 0<r<1,
m |0, 1<,

6r2 — 9r3, 0§r<1,

40 1 2

(V2) w(r) =4 3r(1 - r)2, 5 Sr<l,
0, 1<,

<1,

(V3) w(r) = % {r(l —r)(5—Tr), E

(V1) is the lowest-order polynomial function belonging to W that satisfies Hy-
pothesis 2 with & = 0. (V2) is chosen so that the approximate gradient operator
(3) with (V2) coincides with that in the SPH method with the cubic B-spline (see
Appendix A). (V3) is the lowest-order polynomial function belonging to W that
satisfies Hypothesis 1 with n = 3 and Hypothesis 2 with k = 0.
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For the approximate Laplace operator, we consider the following three cases of
reference weight functions:

2
1-— 0< 1
(A1) w(r) =0, =r<b
m™ |0, 1<,
67“2791"3, 0§1"<17
40 1 2
(A2) w(r):= 7\ 3r(1— r)?, 5 <r<l1,
0, 1<,
2
1—r)(3—4 0< 1
™ |0, 1<

(A1) is the lowest-order polynomial function belonging to W that satisfies Hy-
pothesis 2 with & = 1. (A2) is chosen so that approximate Laplace operator (4)
with (A2) coincides with that in the SPH method with the cubic B-spline (see
Appendix A). (A3) is the lowest-order polynomial function belonging to W that
satisfies Hypothesis 1 with n = 3 and Hypothesis 2 with k = 1.

The above settings were used in the computation of the following relative errors

flv— Hhv”eoo(n) Vv — vh””zoc(n) | Av — Ah”Hzoo(Q)
Vol e 1 Av]lc(m)

’ )

||U||c(ﬁ)

Here, the discrete norm ||-|,o () is defined as

vl g () = e [v ()]

Figure 5 shows graphs of the relative errors of (a) interpolant I1j, (b) approxi-
mate gradient operator Vp, and (c) approximate Laplace operator Ay versus the
influence radius hy with regular orders m = 1, 3,5. In Figure 5, the slopes of the
triangles show the theoretical convergence rates obtained via Theorem 3. Table 1
lists the numerical and theoretical convergence rates obtained from the cases of
Az =271 and 2712, where the theoretical convergence rates correspond to The-
orem 3. In the case of m = 1, as the settings could not be applied to Theorem 3,
only numerical results without convergence were obtained. In contrast, the settings
in cases m = 3 and 5 could be applied Theorem 3; thus, the numerical results with
convergence were obtained. Moreover, the approximate operators with reference
weight functions satisfying Hypothesis 1 with n = 3 became higher convergence
orders in the cases where m = 5 as per Theorem 3.

6 Conclusions

We analyzed truncation errors in a generalized particle method, which is a wider
class of particle methods that includes commonly used methods such as the SPH
and MPS methods. In our analysis, we introduced two indicators: the first was the
covering radius, which represents the maximum radius of the Voronoi region asso-
ciated with the particle distribution, while the second was the Voronoi deviation,
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Fig. 5 Graphs of the relative errors of (a) the interpolant, (b) approximate gradient operator,
and (c) approximate Laplace operator versus the influence radius with regular orders m =

1,3,5.

which indicates the deviation between particle volumes and Voronoi volumes. With
the covering radius and Voronoi deviation, we introduced a regularity of a family
of discrete parameters, which includes the particle distribution, particle volume
set, and influence radius associated with the number of particles. Moreover, we
introduced two hypotheses of reference weight functions. With the regularity and
hypotheses of reference weight functions, we established truncation error estimates
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Table 1 Numerical and theoretical convergence rates of (a) the interpolant, (b) approximate
gradient operator, and (c) approximate Laplace operator with regular orders m = 1,3,5. The
numerical convergence rates were obtained for the cases of Az = 2711 and 2712,

m=1 m=3 m=25

Numer. Theor. Numer. Theor. Numer. Theor.
(a) Interpolant
(I11) 010  N/A 2.02 2 2.00 2
(112) 0.05  N/A 2.13 2 2.01 2
(I13) 0.00  N/A 4.20 2 7.41 4
(b) Gradient
(V1) 2005  N/A 2.11 2 2.02 2
(V2) 002  N/A 2.08 2 2.03 2
(V3) -0.06 N/A 3.56 2 7.69 4
(c) Laplacian
(A1) 114 N/A 2.91 1 2.05 2
(A2) -1.09  N/A 2.39 1 2.23 2
(A3) -1.02 N/A 2.76 1 7.50 3

for the continuous norm. The convergence rates are dependent on the regular order
and order of the reference weight functions appearing in a hypothesis. Moreover, as
it was possible to validate the conditions by calculation, we showed the numerical
convergence orders were in good agreement with the theoretical ones.

In a forthcoming paper, we plan to establish error estimates of the generalized

particle method for the Poisson and heat equations.
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A Description of conventional particle methods by the generalized

particle method

This appendix provides a description of conventional particle methods, such as the smoothed
particle hydrodynamics (SPH) [18,24] and the moving particle semi-implicit (MPS) methods
[16], in the context of the generalized particle method. In the SPH method, upon using the
reference weight function wS™™ € W and parameters m;,p; € Rt (i = 1,2,...,N), for v €
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C(Q5), the approximate operators are defined as

m
IP(e) =Y —v(z)wp™ (e —zil), =€ Qn, (57)
=1

)
S

L {o(@) — (@)} Vit (o — zi]), @ € Qp, (58)

M=
|3

hs)
&

VEFHy(z) =

i=1

ASPH —9 ﬁv(z)*”(xi) T VS (|z — z4)), c Q. (59
R =R AR UL

By setting w = wSP" and Vy = {V; = m;/pi; i = 1,2,..., N}, the generalized interpolant (2)
coincides with (57). Moreover, because

—/ E~VwSPH(|x\)dx:/ wSPH(|z))dz = 1,
R4 d R4

by setting
w(r) = —d~ (@S (7),

and Vy ={V; =m;/p;; i =1,2,...,N}, (3) and (4) coincide with (58) and (59), respectively.
From Theorem 3, we obtain the following corollary that is a truncation error estimate of
approximate operators (58) and (59).

Corollary 1 Suppose that parameters p;, m; satisfy
N
> - =l
i=1 Pi

and that {(XN, VN, hN)}N—oco 18 regular with order m, where Vy = {p;/mi; i =1,2,...,N}.
Moreover, suppose that wSTH satisfies the following conditions;

1
W e CARY), T <0 O <r<1), lim| <@ (s) <o (60)
s S
Then, there exists a positive constant ¢ independent of N such that
HU _ HEPHU||C(ﬁ) < ¢ pmin{2,m—1} ”v“cz(ﬁH) , ve C«Q(ﬁH)7
||Vv _ ViPHv”c(ﬁ) < ¢ pmin{2,m—1} ||v||c3(ﬁH) , ve Cg(ﬁH)7
||Av _ AiPHv”C(ﬁ) < ¢ pmin{2,m—2} ||v||c4(ﬁH) , ve 04(§H)-

Remark 5 Note that representative reference weight functions employed in the SPH method,
such as the cubic B-spline, quintic B-spline, and Wendland function (5-order positive definite
function) [8,18], satisfy (60).

In the MPS method [14], upon using reference weight function wMFS € W and parameters
A, A € R for v € C1(2f), approximate differential operators can be defined as

d v(x;) —v(z) ; —x
ViPSu(z) == > (i) _( ) — w5 (|x — z51), x € Qy, (61)
ne |lz—wz;) |z—ax
£
2d
AMPSy(z) 1= = Z {v(z:) —v(@)} w5 (|z — z4]), T € Q. (62)
iA]

Note that an interpolant is not defined in the MPS method. By setting w = wMFPS and

Vn = {V; = 7a~Y;i = 1,2,...,N}, the approximate gradient operator (3) coincides with
(61). Moreover, by setting w(r) = A" r2wMFPS(r) and Vy = {V; = n~1;i = 1,2,...,N},
approximate Laplace operator (4) coincides with (62).
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Corollary 2 Suppose that

- N ~
n=—, A= / || 2w™MPS (|z|)da, wMPS e W,
1925 Rd
Moreover, suppose that {(Xn,VN,hN)}N—oo @8 Tegular with order m, where Vy = {V; =
ali=1,2,..., N}. Then, there exists a positive constant ¢ independent of N such that
s in{2,m—2 405
[Av — ANFSo|| g5y < k™2 ol pa gy, v € CH(S2h).

Furthermore, when wMFS satisfies Hypothesis 2 with k = 0,

|Vo — vies e e veC¥(R2y).

”HC(ﬁ) )

Remark 6 Note that the reference weight function, which is commonly used in the MPS
method and defined as

-1, 0<r<1i,

S | =

wMPS (1) :=

o

. 1<,

does not satisfy wMPS € W. In contrast, the continuous reference weight function as introduced
in [28] satisfies wMFS € W. However, as far as we know, no reference weight functions that
also satisfy Hypothesis 2 with k£ = 0 are proposed in the MPS method.

B Computational procedure of the indicators

This appendix introduces the procedures for computing the indicators introduced in this paper,
namely, the covering radius (5) and Voronoi deviation (6).

The covering radius 7y can be computed as follows. As per the methods used to construct
Voronoi decompositions, such as the increment method [6], we first draw the boundaries of
the Voronoi region in 2f. Next, for each particle, we compute the maximum distance from
particle z; to the boundary of its Voronoi region o; (i.e., maxyes; |¢; —y|). Finally, we obtain
the covering radius ry by computing the maximum of these distances.

Next, we consider the Voronoi deviation dy. Let ¢ € R3N be

¢i=(loul, o2l s |on] Vi, Vay o, Vi, 0,0, 0) T
Using parameters g, s;, a;; € Rt (i,7=1,2,...,N), weset z € RNZ+N+1 as
z:=(a11,012,...,aNN, 51,52, -, 5N, )" .

2
Moreover, we set M € R3NVX(N"+N+1) g4 that equation Mz = ( represents

N N
E aij = |og|, E aj; =V, 1=1,2,...,N
=1 j=1
and
N
a;j + aj; B
q:8i+g ﬁ\xi—xﬂ, i=1,2,...,N.
=1 1%

Then, by considering a;; to be |o; N¢;|, we find that the minimum value of ¢ with condition
Mz = ( coincides with the Voronoi deviation dy. We therefore consider the linear problem:

Minimize %z subject to Mz =¢, z > 0. (63)
Here, b := (0,0,...,0,1)T ¢ RN’+N+1, The solution b7z of (63) is equivalent to the Voronoi

deviation dy. Because Mz = ( is unique for (Xn, VN, hy), the linear problem is computable
via numerical methods for linear programming problems, such as the simplex method [7].
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C Construction of reference weight functions

For alln € N (n > 2), it is possible to construct a reference weight function satisfying Hypoth-
esis 1 with n as the condition of Hypothesis 1 can be rewritten to include a finite number of
conditions

1 .
/ rdt2i—Lly(r)dr = 0, i=12,...,|n/2].
0

Here, the Gauss symbol |a| denotes the largest integer that is less than or equal to a. For
example, function w is set as the pth polynomial function:

P
Ya | 1+ agrl , 0<r<1,
oy = o1 o)
0, r > 1.

Then, if coefficients a, satisfy the linear equations

i)

=1
p
d+2j .
1+Zd+€+23 ay =0, j:1,2,.4.,l_7‘b/2j,

then w satisfies w € W and Hypothesis 1 with n. Therefore, to construct reference functions
with Hypothesis 1 with n represented by polynomial functions, the degree of the polynomial
functions must be at least |n/2] + 2.

Moreover, for all k € N, reference weight functions satisfying Hypothesis 2 with k can be
constructed based on the following proposition.

Proposition 1 Assume that reference the weight function w defined in ]R(J)r satisfies w €
CI(RSF) and is represented by a polynomial function in [0,s] for s € (0,1]. Let po be the
minimum degree of w in [0,s]. Then, if po —k > 1, w satisfies Hypothesis 2 with k.

Proof From the assumption, w can be represented by

P
w(r) = Z agr?, 0<r<s,
L=po

where p € Nand ag € R (¢ =po,po +1,...,p). Set w) as (8). Since

sup |wFHD(r) < Z lag|s* ™+ < oo,
re(0,s) t=po
lwlle s

s 1) - o

(k+1)
sup w0 () <

r€(s,00)
and

sup
r€(0,s)

p
< 3 (0= B)lagls" "t < oo,

£=pg

k||w
iwm(r)‘g I chif[s’”) e
S

iw(k)(T)
T

sup
r€(s,00)

if po — k > 1, we have w satisfies Hypothesis 2 with k.
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This proposition means that the regularity of the reference functions around zero is important.
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