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Definition 1 ([2]). The von Neumann-Jordan (NJ-) constant of a Banach space X,

denoted by Cnjy(X), is the smallest constant C for which

; 2 P 2
1. Iz + yll 2+ ||z 2yll <C
c 2([lz )1 + lylI?)

holds for all z,y € X not both 0.

Definition 2 ([1, 10]). For A > 1, the Bana$-Fraczek space R3 is the space R* with
the norm | - |, defined by

|(,y)lx = max {Alz], ||(z, )|},

where || - ||2 is the £y-norm on R?.

Yang-Wang [13] 18T FHEE vx(t) ZEAL, TNEHWT lo-f; & (-0, T8
LN EBEFHE L. ZOHELFAMKIZL T Yang [10] iX Banaé-Fraczek space ® NJ
EBEEIR L.

Theorem 3 ([10]) For A > 1,

1
2y

Cna(R}) = 2~ 5.
! Keywords. von Neumann-Jordan constant, Banach-Mazur distance
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AW TIX, Banaé-Fraczek space % & IR D 2 1R 55 /7 )V L2 [H % E A L, Banach-
Mazur distance % FI\WT Z D2/ O NJ @z HE T 5.

Definition 4. Fora >b>1and 1 < p < oo, Ri’b,p is defined as R? with the norm
| |l on R? by

Iz, y)|| = max{alz|,bly|, | (z, y)ll»},

where || - ||, is the £,-norm on R?.

Definition 5. For isomorphic Banach spaces X and Y, the Banach-Mazur distance
between X and Y, denoted by d(X,Y), is defined to be the infimum of ||| - |77}

taken over all bicontinuous linear operators T from X onto Y.

Lemma 6 ([4]). If X and Y are isomorphic Banach spaces, then

% < Cys(Y) < Cna(X)d(X, V)2

In particular, if X and Y are isometric, then Cy;(X) = Cny(Y).

Lemma 7 ([4]). Let X = (X, |-||) be a Banach space and let X; = (X, || - |1), where

| - l1 is an equivalent norm on X satisfying, for «, 8 > 0,

allz| < ||zl < Bz, =z € X.

Then

C¥2 52

@CNJ(X) < Cni(Xh) < JCNJ(X»
Definition 8. A norm || - || on R? is said to be absolute if ||(|z], |y])|| = ||(z,y)]| for
any z,y € R.

Lemma 7 2 F\T, absolute norm ® NJ E#IZE T3 AR 2EF 5. ffED-D
Cna((R%, ] -11) % Ona([l - 1) & 22K

Theorem 9. Let || - ||,]| - ||z be absolute norms on R?. Assume that the following
hold:

(i) (R || - |lg) is an inner product space.
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(1) ofl(z,Y)lg < Iz, 9| < Bll(z,y)|x for any (z,y) € R? (a, are the best con-
stants).
(iii) In (ii) it satisfies either «|/(1,0)||z = ||(1,0)| and «f/(0,1)|z = [|(0,1)]], or

BlI(L,0) 1z = [(1,0)]| and B]|(0, 1) ]|z = [|(0, 1)]].
Then

Ol 1) =25

LEORAERNT, R, ONJEHEEZFTT S, 1/a? + 1/ < 1O LERSHRIC

Cny(R2, V=2 FFca=b=108%|(z,9)] = |(z,y)], TBBPS a > 1,1/a? +
1/ > 1 DS DHE XL S

Definition 10. For a > b > 1, | - || is defined by ||(z, y)||z = ||(az, by)]|2-

p>2 &9 5. Definition 4 & Definition 10 TEZFE L7 || - ||, || - |z I absolute T
D, X512 Theorem 9 D (1), (ii), (iil) DFEM%E AT, Theorem 9 ZHHTHZ & T
RO NS.

1 1
Theorem 11 ([5]) Let a > 1,a >b>1 and p > 2 with - + M > 1.
a
(i) Ifb < a(a? — 1)%, then

2

1
2 _ 2 _ —\°*
Cay(R%, ) =1+b (1 ap) .

(ii) If b > a(a? — 1) , then
2p 1‘3

Crna(RG ) = b7 (1 + (%)ﬁ) :

In particular, Cny (R ) = d(R,,, H)?, where H is a two-dimensional inner product

space.

ZDFERIE Theorem 3 258, 72, p < 2DHEELRAKD HIETEHET LI LA
TZ5.

Theorem 12 Let a > 1,a > b > 1 and p < 2 with aip—ki}z; > 1 and az%—i—b% <1
Then

1\2
2 _ 2 _ P
(R, = 1+0% (1= =)

In particular, Cny(RZ ;) = d(R3,,, H)?, where H is a two-dimensional inner product

space.



Corollary 13 Leta>1,a2b21with%+%>1andal—2+b%§1. Then

Ona(RZp1) =1+ 0 (1 - %)2

In particular,

CN‘] Rz = a2 — 2a + 2.
a,a,l
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