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THETA SERIES CONSTRUCTED FROM
INVARIANT Ez-HARMONIC POLYNOMIALS

PNITNESE BT RS Y& 30
FRILHIA] (Tomonori Moriyama)

I COHIC ARETIE. B (=FI) ORED FTEILNARED T — < BT 2ihHGET
KOE TR [Funadal6] DFERZ NS S (82, §§3.1). HHOE T, MEHEAKIZLSHE
S (ZhEEHEORED TIZEINE LRI Katol7) IZEEND) IZOVWTHiR
N2 (§83.2), 728, RIMS TOMHBAIZAH KO RITIZ T A1 > 72 Z L HVHIEA
U, TOBEEPMBRIZL > TiITbhW -2 25l LT (BTERMIZIERT
%), ZNOOFHEOEEIZMA, BEHEOHERENE 2 A THERRIZLZP0E/
MBHo7=DT, ZOFEEORBRDMLFITHEELITW ODRREREILZ2BHOLTEL,
BR

§1 Theta series associated with harmonic polynomials

§2 Ex-1741D%5E DFHRAE R

83 AEFMBHADOEIEL T D /L A

81 Theta series associated with harmonic polynomials

ZOfTIRANLERIIMEL 2T — ZFBIZO>OWTHEET 5,

1.1 AMLERXNDOEME. Clry, 20, , Tp] EEIBEHLHO m BHRLHARET5, ITh
ZHERIZm RITEARZ PVERR™ (MR M2 $3) EOEBRMERKORTESE
f 22 Map(R™, C) O 2EM & A2, Clay, T2, , Tp) DFRIRAD IR E 2
% Clzy, o2, , Tm THRT:

Clzy, g, Tt = {¢ € Clzy, 29, -, Tp) | #laz) = d'p(x), Ya € R,Vz € R™}.

Q = 'Q € M(m, Z) %X m O EEABERANFAITH L L, Q 1wBIT 5 EAE 0Q)
B ORREERE SO(Q) %

0(Q) :={h € GL(m,R) | 'hQh = Q} BL UV SO(Q) := {h € SL(m,R) | *hQh = Q},
TEINTNEDD, 72, QIZHTIITIAEAFE A ERTEDD :

m g 52 -
Ag=) ¢ 0,05’ Q7' = (¢")1<ijzm

i,7=1
Q-FAMLHEADZEM H(Q) %=
H(Q) = {¢ € C[xhx?v e ’xm] l AQQS = O}
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TEEL LS, Z0L EROEMMEIHLT S
Q) =PHQ), H(Q):=HQ)NCloy,za, -, 7m]s

>0

BEREFOQ) D Clzy, x2, -+ , T, LOIERE %

[h-¢)(z) = p(h ™ x), heO(Q),¢ € Clzy, 22, , Tmli-

TEDD, 775 AMEAE g & FROELEE O(Q) DIERIXTHA DT LRFRFNS
R D2 H,(Q) XHAEE O(Q) DIFFTHRANG, Li=nis THER 0(Q) DM EH
0(Q) = GLHI(Q)) 2183, ZDr X, ROEEMKIT S :

Proposition 1. (i) dime H,;(Q) = (ltn":l) - (lfn"i_f)
(i) m >3 DY E IRFRFMSHADER H,(Q) 1FHFRE LR SO(Q) DHHIRBITH
60

(i) m > 1T/ LT H(Q) IFEREEO(Q) DEEERBTH 5,

Proof. Q = I, (BALATH) & L T—MEE2 EDBRVDOTED L5125,
(i) 777 AEMAZE AL, D Clzy,z, -, o)t ~NOFIRIK, 24

C[$1,$2, T 7In1]l — C[xl)x% e 7$m}l-2

EELIEEZFSZAFLV, ZOFHTI<HMENT WS, T OMIHZRGEA [Langd9,
Lecture 6] IZ5-Z 5T W5,
(i) BEE Y A bR MVEEL T, Weyl DRITGARE VL X W,
(iii) i m > 3751 (i) SR>, /2. m=1 0D E, H()=CoCrx, THHI L
MOBGIZDOND, m=20DLE, 1) &DI>0DLEH/(L) Z2RTTHDILIZHE
g,

Hl([g) = C(I1 + \/—_11'2)l b C(xl - \/__1x2)l» >0
THDI BT IMErOOND, TN SATEOBEMIERRB IR S, 0

m =3 DAL, ¢ € H; DERE S? ~DOEIRA, BRifd S2 LD T 75 AEFZEOEAE
-1+ 1) DEAER GREE) LR3I LWREN3, ZOZEns, —fBOm T
FAMZEAZ KRR LTI L35 5,

1.2 AMSZER (=IKHE) IS 27— 9 MEL BHO 7D Q % even integral (i.e.
Q[Z™] C 2Z) T unimodular (ie. det@Q =1) THD &L LS, ZDL E m X8 DIEH
ThaIeFE{RONT VWD, HE EETVHE H THRL, TOERKRE T tE I LI
T2, TDEE, ¢ H(Q) ITHL T,

00.1(d,7) Z o€ exp &), TESH
cezm
TRERINDWE g, (¢, 7) IFMFINH L T, SL(2,Z) BT 2EX k=1+m/2 DIEM
AL XD ZEM My = My(SL(2,Z)) (ZJ&F % (B 2 1 [Miyake, Chapter 4] 2 &&) . Z
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NEFAMSEN ¢ € Hy(Q) 1ABET B theta FELLILR, X5IT1> 0D FiTik, Zh
3 A THRDZER S, = SL(SL(2,Z)) BT %, LEd->T, (>008 %

0q.1 : Hi(Q) = Siym/2(SL(2,Z))

BOMIEEGR BUTFT—REHLITR) PEXD, 08, | BEHOHH I 0y, E¥ 0
BERTHLHZLIZFEELLED, FOMELHIATERORTARD?S

dime H)(Q) ~ 1™, dime Siym/2(SL(2,Z)) ~ 1 1=2 - 00

ERBILIRTEDDB (LT, e b B U= 12— 00 DE X, Hay/by 5% 5 HRO
EDIZIRET DL WS ERE T D), m>4 (mIF8DMEH) THHZ L HbFRINIE
?_&gfg‘]ﬁ QQ‘I Ci*f?&tiéijﬁé‘f&&%%ﬁa
1.3 AERAMZEADLER. ERDO L5127 — X5/ g, OIFKRE VL, 512, ZTOM
Ker(0g,) 13 EIBI 7k % 2 8 2 2 50 2 £ 2 BRBEO RBH 2 AV CRE 5, B
O(Q) DEERUR D 72§ 43 Bk

0(Q,2) :=0(Q)NGL(m,Z)
EEZE D, 0(Q,2) 1Fa 37 MIEE OQ) DR AR L O THREFTH D, L7
2o T, BREEOREGRD S ROEF D ENELT 5:

Hi(Q) = Hi(Q)7?? & Hi(Q)(0(Q, Z)).

(
(
)

Hi(Q)POD ={p e Hi(Q) |7-¢=¢ Vy€O(Q,2)}

H(Q)(O(Q,Z)) :=(p—7-9| b€ H(Q))c
EHW\Wz, T, ZOEERIZEEL XS,

Proposition 2. XROEEFERIKILT S :
H(Q)(O(Q,Z)) C Ker(0g,)-

Proof. fEED v € O(Q,Z) «ZxtL T
bou(v-6:7) = 3 (- 6)(€) exp(sQle]")

5ezm 2
= Z (v- o) fyg)exp QW) = Z¢> exp YE]T)
cezm gezm
= 3 6(6) expl5QLEIT) = faa(9,9)

£ezZm

&b, &Y, IREDORREED, ]
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Proposition 2 & V. 7— XG0, DEXOHKEFTRD & 2ITITFMLEADOZEM H(Q)
D OQ, Z)-AEHD H(Q)P @D IZDAZEHTNEL NI B3 hotz, ¥TAT, 775
AERZE Ag EBIREEO(Q, Z) DIFAEF O AN S Ag DRERIEEClry, 2, - -+, 2] 2 @2
ANOHFIRD F-E2NTHEZ b h b, ITNED, ROGENHKILIT D,

Proposition 3. O(Q, Z)-~"%&7% Q-#AMZEADZEM DT, KA THEZ 5N 5,

dimc 7‘[[ (Q)O(Q’Z)

=dimc Clzy, 22, , T, P@% _ dime C T, T2, Tm 0@.2)
! -2

ZOMEEERIZAND &, RERE Clr), 19, -+, 0|2 @8 IZDWTFHELWZ &A%
N5GEIC, EEO (REFEMZENIHB L) 7F— 2 E64%2 BAANIZHRSE Z 22T
ELTHSH, FEAROHEVPHRMIZHONTWEEHAE L LTQ = Es (Bs 1751) ©
BENDHD, TOHBEIIDWTHARNEREZRGTRARS,

82 Ex THIDHE DETERER

DT, Q = Es (Bs BL— MR D Cartan 1751) £ 95, ZOHBAEDT—REH 05,
DD (L 72285 THREDRIT) 12 DWW T Theorem 4 DEIFESND, TDED <20
¥ T, MK [Funadal6] 2 & - TEFE#E VT 2 (E) P2 0REERDZ 20D
B KO ERE Nz, & 2 A0 Gk, SHRMOI 2 U IcERNIC Z o R %2585
ZENTELIELDHIHL, MEEZHES LEDLDETAD L, | = 18,20 DIGFEIZHMAK
DEIRIZRO D H D L ibhorz, TIZ T, MEREAKICHEKTHEIRL TS5
P, TOMERIIERNLHELBANTH D Z LRI N,

2.1 theta BIRDIR EKDIRTT. Q = B DFHIZT — R EHIZE LU TROENESNS,

Theorem 4. (Y.Funada, corrected by Y.Kato and T.Moriyama) k :=1+4 RO

I = dime Clay, -+, 2] ™, ™ = dime Hy(Bs)°?, Sy = Si(SL(2,Z))

Otra = Im(Op, . - Hi(Es) = Spea) = Im(0p,, : Hi(Es)? %) — Sp14)
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CEZD, TDLERORVPHKLT S,

| k|| dime Hy(Es) | I | hinv | dime 444 | dime Spag
26 35 1| o0 0 0
48 294 1|0 0 0
6 |10 1386 10 0 0
8 |12 4719 2 [ 1 1 1
1014 13013 |2 0 0 0
12[16] 30940 |3 1 1 1
1418 65892 |4 | 1 1 1
1620 128877 |5 1 1 1
1822 235543 |6 | 1 1 1
20 [24] 407330 |8 2 2 2
22(26] 672750 |9 ] 1 1 1
2428 851760 |[12] 3 2 2

ZDRERL 12O DHERNLEHEGEOMBEIIRDOEE D TH D, £7 dime Hy(Fs) 1&
i TR R72EY K<HIONTWD, KIZ22HiTHRARS X 512, REFRLIEAD KT
I, = dim¢ Clzy, - - - ,xg}?(ES’Z)

\&, O(Fs,Z) H FEg B Weyl # W (Eg) \CRABITH 2 Z 225, Weyl BEDORERBED I
\ZB8F % Chevalley DA A ZIERITIFE SN D, KIZFREFNSER D 2R 1, (Eg)C 2
DRFE%E KDL S WM, T Proposition 325 h 0%, S, OXTIZ L SH
TWBHDT, T—RELRDOBRDRIT dimc O VEEL 725, & ZAH, BIXLRVETHIS
Ok =5k (k>0)THdIEMHOSNT Wz, ZTDI L, RIMS TOEHOHEHEZEDE
SEIGE T Boecherer [ & R D S TEHRWZ W, T2 U TEE L2, B
T, TOMGRNARFFEIZDOWTIEIZSE 5D LFE L RR S,

2.2 O(E)-AERE. £9, —fMZ D Hilbert OFARIERIZ L 0, ARBEOARLERBITAE
BRAERTH S Z L ITIERL LD, T 51T By B Weyl B W(FEg) 2 SEREE O(Fs, Z) ~H
REBERDH LD, CHRAMTH S Z L BHBIEGIIRINDG, W(Es) AR
HThh, TOLRERBROME X C. Chevalley IZ &> THISNT WS, BARMIZIZ RO
DTHhd,

Proposition 5. (Chevalley,1955) RERE Clay, 19, -+, 1)V ) 13 8 BHZIHARRIZF
BTH5, J0FEL < E SEDOREMNINLRFAREIHA P,y (2) (1 < a < 30, ged(a, 30) =
1) T

deg(Puy1) = a+1, Clzy,zo, - ,xm]W(ES) = C[P41 |1 <a <30,gcd(a,30) = 1]

iz DONRGFET 5,
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Z DN S, FR W(E) RERDRKITTIZDWTRE D5,

Z dimc(Clzy, 2, - - - ,xm];/v(ES))tl
1=0

1
(1—2)(1 —t3)(1 — t12)(1 — t14)(1 — ¢18)(1 — ¢20)(1 — t24)(1 — 30)°
FRZIA P, 1 (z) 1% Weyl B W (Eg) @ basic invariants (FEARZER) 2IEEN2. Zh
& W(Eg) DALEA basic invariants DREOFEIZE L W Z &

W (Eg) = 11 (a4+1)=2"x 3 x5>x7
1<a<30,ged(a,30)=1
MEEH I NS (BREBIEHZ DO WTHAMZZ EAIE X 5, Hl2IE, NHEEORE R B
ARHATERT N, BEAGIFR 725 RN TH L Z 2 h 5, A, B Weyl BEIZ
B2 HHLER (W (A,) =S = (n+ 1) 282), ZOMEDE KO E L O Bk
HEVER 4 72319213 [Humphreys90, Chapter 2] IZE 2 H 65N T W3,

2.3 H(Es)°F#%) MRIT. Proposition 3 & Proposition 5 #* & O(Fg, Z)-FZE L HA
DZE Hy(Es)OFs) ORITCIZDNTRDB DN B,

Corollary 6. H,(Fg)"W(Es) 725 DRIz DWNWT

> (dime Hy(Bg) O 2!
) =0 .
(1= e8)(1— 12)(1 — 1) (1 — ¢16)(1 — £18) (1 — ¢20)(1 — ¢30)
NEAVAC IR

24 T—Y9BROK. TTIZIOHOFDITHERZE ST, 6 = S (k > 0) AKX
T3, ZAREANSHERNBT 2255 =2 24 b O Sp(n, Z) LT Siegel 727
BRI DWT D — A 722553 ([Boecherer89, Theorem 5]) OFFH R HETH 2, KB,
Boecherer KDOFRXIZIE, BB D I A7 D% Theorem 5 232 DH B, 15 R—JITH B
Ji® Theorem 5 TH b, I TERINTWVS L 512, HMHAREEROBHEITIE, 2Ok
HRiZ [Waldspurger79 IZL > TERHOENTWZED I L TH D, S, DRTIELLHSNT
WA %5, Theorem 4 DEMTEKT D, TORE2ISIZKRER I FTIEMIEZLTWL Z
LHLBEHTHD,

83 AERAMZIBRNDEEEZD /LA

Theorem 4 DF % | < 20 FTHER L2 & &, MHIE Hy(E:)OP*% oXxtr 522
Proposition 3 J UV 2.4 TR X7z Boecherer 72\ U 1 Waldspurger OFEHRIZ DWW TEA N
TWihotz, TDo, FEFMSER M (Bs)°F*% O3 ERE AV TRDT, &
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SIZXEDT—REHIZEHHBD T —) TEBEGR TS Z & TREMFKL 7z ([Funadal6)),
UA U, 2 TR & D12, ELAEPERBOIIT 72 UIZHEGRINIZ Theorem 4 O 7 —
TUBERTED Z DAL ZDITH S,

LI AT, MHEEAHRE L7z H ()% (8 <1< 16) DEEIZOWT, Thi AR
BIFETIERELIZ2 DD TV L] OFFEDPINEZEAK [Katol7] IZ &> Tfibhiz, T
DEITIXZ DFIHAMRERRD, Zhid, (F0&Z5) HE@RIIZIERD SN WD T,
R KA AR 2 W TRO 7= R EFAM L HR D BRI OIGHBI L WX 5,

3.1. AEHRNZIRADEEDERY. £37 -2 54OE&L 22 EMEEERIZHET S
RFEZEDTHEI I, L<HoNTVWELDIC

®r>05k = AC[Gy, Gg]

THb., ZIZT. Alg) =q[[2,(1—¢")*" € S) {Z Ramanujan D7)V X EH T, Gy € My
(k> 4,k € 2Z) I3EZ k D Eisenstein 7 CEHIEHE 1 L2 L IZEHLLZd DL
T3, ZOkxE

A=A, Alq):=A(q) x Grora(q) (k€ {16,18,20,22,26})
txﬁb‘li, S = CA (k € {12, 16, 18, 20, 22, 26}) & 7%, Theorem 4 DFEKIZ J:*Hf,
9E3,k74(¢AkaT) = Ak(T)

Zi723 O(Es, Z) REFAMZIERN ¢, (v) € Hi_g(Es)OF?) 23— FET D, £
T, ¢p, ZEERINTRDD L WO RIEAEZ THD, HIFLRER

H[(Eg)O(EB"Z) = C[{L’l, s ,Zg]O(ES’Z) N Hl(Eg)

IZEHT S e, RFERBROER T TH DL ZAHADEATREROWPURELLLNIT LWV,
ARFRHFOEALZE RO RA 2B 2MBIZE L TIkA RITENH 2 & 5 TH B
HALHIIZ [Mehta88] 12 &k o TR X 7z, Mehta D5 2 72 W(FEg) ICMT 2 AT E A%
Poi(z) (1 < a < 30,ged(a,30) = 1) &9 5, b5 Clay, -, zs)0 % OEEEAK
DBLIENTED, TNHIZT T I AMEAHRERERL CEHRT 5 Z & TROMEOFERIE
BfE2RWTHEOND, ZNODRERMSEHADED LT — 2O 7 —Y) TEHED
q=exp(2ryV/—17) ORBAEFHHET L2 2T, HHIERE I E > TROEREE S,
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Proposition 7. ([Funadal6])

1
=———— x ¢ —Py(z)* + 54,0007
933,120,000 {~n@)+ 0,008},

13 847 11

-2 ip ——_Py(2) — ——Pys(z)Py(z)? },

Pauel®) = 535 510 { 2+ 5z 400,000 2 T Toapt AP J
5,863 .

Pa1s(®) = 5375 X {}14(z)_'311,040,ooo,000 ()

143 91
+ mpg(Z)PQ(I)S - @Plz(I)PQ(Z')},
344,520, 000

4,837
= ! Po(z)8 —
322,486,272, 000, 000,000 { 2(2) 4,837
10,905, 840,000,000 _, ., 48,729,600,000
B+ =5

33, 859
114(x)f3(x)}.

¢A12(x)

P (T) Py(x) Py(z)*

Pry(z) Py(z)?

2,115,072, 000, 000
33,859

[Funadal6] T, & 51T [H5(Eg)OEe2) = Hoo(FR)OFeZ) = (0} TH D | RSN
TWBD, ZHUT 2 Hi TR R 7B A ER L FFE LAY TH D, ZOHED X, RIMS TD%E
F OFHBITHIIA U 7228, PRI & > TIBEEI N T, Hig(Es)OF2) TN Moy (Es)OEs2)
DEELF/ONTWVWD, ZN6OREOHRNLZFIZZ ZTIIKT 5,

3.2. AEFMBIBEADEKED / IV L. 8EHEHAIE Clzy, 10, - -, 1] 1 reductive dual
pair (O(Es), SL(2,R)) {Zx9 % oscillator READRBLZEH L2(RE) DA

¢(z) = ¢(x) exp(—7 Es(z])

IZ &> THRICHDAL Z B TE S, 72T EMSHR ¢(v) € Cley, oo, 78] D/
WA |p(x)]| %

0@ = [ 16(a)exp(—rEala) Pz

TEDD, ETRDZ, ¢, (z) (k€ {12,16,18,20}) IZDWTE D/ NV LA%ZFHET 5 &K
DEDiT B,

Proposition 8. (/Katol17, §4])

. 7
2 _
l|pa,, (z)|]* = T %3 w78’
33 x5x11x13
2 _
l[as(2)]] T % T A2
. P x5xT7*x%x13
||¢A18(l‘)||2 = 226 % 7_[_14 )
3 x 52 x7x11x17
|[paz(@)* =

229 » 716
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3.3. MEWRRCEE (i) =K [Miczakil3) 1, Q — ;? T
BIOBA D TR TV D, ZDEAICIET — R BARD FE RIS FR O 2R~ O FlF %
HTHDZ EBREINTND

(i) Q = Eg DEGEITIX, O(Ee, Z) 1% Eg B Weyl B W (Eg) (Z B E 2B A fef 2 T&
T (B BV — PRIFAH2 OHCAB 2D Z LITER). Q = B, DBAITIE, O(E;, Z)
B B Weyl BEW (F7) WHEITH D, Zh52DD5EILE, 7 — X ELEOARETHLIH
ANOHIRDE LA, | AN WGE TR Z F W TR A BRI T W2 (Q = g

D54, [Katol7] ¢ Theorem 4 1ZHX4 T 2 RAMER SN TW3),

(i) T, Theorem 4 DEEZRLLEI k=28 IZLTHD T, T— X EHRDOREFHM
ZHANDHIRPE R DI LR b, ZOTF—XEHO

Ker(0p,; : Hi(Es)°F? — S1,y)

DRTIFT ZRES LTV L DA =X —TKRES D, ZOMOWEERBELE O(F)
£ “full modular” & O(Fs, Z) (2B $ 2 REJE XD~ v 7 BER OB & TR 5 0 1 i
kp2HEEEbNs, ZOHMATIE (ARORRIFE L IEDUER DY) Hkd 2%
[Thara64] Hid 2 Z & #ERELTE Z I,
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