ORI SEIT ST ER 2521104 20194F 105-109

NOTES ON G,-SUBSETS OF COMPACT-LIKE SPACES

TOSHIMICHI USUBA

In 1980 Gryzlov ([3], see also Hodel [4]) proved that every compact T} space has
cardinality < 2¥®) where (X)) is the pseudo-character of X, and later Stephenson
generalized Gryzlov’s result as follows:

Theorem 1 (Stephenson [5]). Let X be a 2"-total T\ space with ¢(X) < k. Then
|X| < 2" and X is compact.

A topological space X is k-total if for every subset H of X with |H| < k, every
filter base on H has an adherent point in X.

On the other hand, Gryzlov obtained a similar result for H-closed spaces. Recall
that, a Hausdorff space X is H-closed if X is closed in every Hausdorff space
containing X as a subspace. A subset H C X is a H-set if for every family V of open
sets which covers H, there are finitely many Vj,...,V, € V with H C VoU---UV,,.
It is known that a Hausdorff space X is H-closed if and only if X is an H-set in X.
For a space X, ¢.(X) denotes the closed pseudo-character of X, that is, ¢.(X) is
the minimum infinite cardinal x such that for every € X there is a family V of
open neighborhood of z with |V| < k and {z} = N{V | V € V}. Note that closed
pseduo-character can be defined only for Hausdorff spaces.

Theorem 2 (Gryzlov [3]). Let X be an H-closed set with 1.(X) = w, then | X| <
2¢.

Dow and Porter [2] extended this result as that | X| < 2¥<X) for every H-closed
space X.

In this note we prove slightly general and strong results in term of G-subsets.
Recall that, for a topological space X and an infinite cardinal k, a G, -subset is the
intersection of < k many open subsets in X.

Proposition 3. Let k be an infinite cardinal. Let X be a 2"-total space (no sepa-
ration axiom of assumed), and G a cover of X by Gy-subsets. If for every x € X,
the set {G € G | x € G} has cardinality < 2, then G has a subcover of size < 2.

Proof. Suppose to the contrary that G has no subcover of size < 2%. Let A = |G|,
and {G, | @ < A} be an enumeration of G. Let [k]<“ denote the set of all finite
subsets of k. For a < A, we can take open sets W (a € [£]<%) such that G, =
ﬂae[ﬁ]@ W2 and whenever b O a we have W C W2,

Take a sufficiently large regular cardinal y, and take M < H(x) containing all
relevant objects such that |[M| = 2° C M and [M]® C M. Since [M NA| = 27,
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we have X # Jyermn Gao Fix 2° € X\ Uperiar Ga- For o € M N A, there is
o € [K]°¥ with o* ¢ W .

Now we claim that there are finitely many «y, ..., ar € MNA such that MNX C
Uicx Weti . We can derive a contradiction by this claim; If M N X C J,., W , by
the eleméntarity of M we have that {W2 |i <k} is a cover of X. Hence there is
1 < k with z* € W“l this is a contradiction.

Suppose that M ﬂ Xq UK,C Wo‘ai for every finitely many ag, ..., € M N A
Let F = {(MNX)\Wg | « € MN A} By the assumption, F has the finite
intersection property. In addition if z € (\{F | F € F} then z ¢ W2 for every
a € M N A Take a family 7/ C P(M N X) such that:

(1) F C F" and every element of F' is closed in M N X.

(2) F'is a filter on M N X, hence has the finite intersection property.

(3) F'is a maximal family satisfying (1) and (2).
Since X is 2%-total and |[M N X| < 2%, we can fix y € ({F | F € F'}, and take
B < A with y € Gz. Then we have 5 ¢ M N .

For every a € [k]<¥, we know that the family {(M N X)\ W/} U F’ cannot
have the finite intersection property; Otherwise, by the maximality of F’, we have
(M N X)\WF e F'. This contradicts to the choice of y. Hence there is C, € F’
with C, C Wf . We may assume Cj, C C, for every b O a. Fix z, € C, for each
o e K]

LetH—{zalae[]@} Then H C M NX with |H| < k, so H € M. Put
B, ={z| b2 a} for a € [k]=“. We know that {B, | a € [k]=“} is a filter base on
H. By the 2"-totality of X, we can pick z € ﬂae[h <w Bq. Since H € M, we may
assume z € M N X. Then we have z € ﬂ w<e Cai If 2 ¢ C, for some a, since C,
is closed in M N X, pick an open nelghborhood O of z with O N C, = (). Because
2 € B,, there is b D a with 2, € O. However 2, € C, C C,, this is a contradiction.

We have known 2 € (,cpg<w Ca C Naepu<w Wo' = Gp. The set {a < A\ [ 2 € G}
is definable in M and has cardinality < 2" hence 8 € {a < A |z € Go} C M N A
and § € M N A. This is a contradiction. O

For a topological space X and an infinite cardinal &, let X, be the space X with
topology generated by all G-subsets. Let L(X') denote the Lindelof degree of X.

Corollary 4. Let x be an infinite cardinal, and X a 2%-total space. Then the
ollowing are equivalent:
following quival
(1) L(X,) < 2~.
or every cover G o «-subsets, there 1s a subcover 0 such that
(2) F Y Gof X by G b , th ) b G of G h th
HG e G |z e G} <28 for every v € X.
or every cover G o x-subsets, there 1s a refinement cover 0
(3) F Y G of X by Gy-sub here i fi G of G
by G-subsets such that |{G € G' | x € G}| < 2% for every x € X.



Note that there is a compact T3 space X such that L(X,,) is much greater than
2¢ e.g., see Usuba [6].

Corollary 5. If X is a 2"-total space and G is a partition of X by G,-subsets,
then |G| < 2.

Note 6. Arhangel’skil [1] proved that if X is a compact Hausdorff space, then
X cannot be partitioned into more than 2“-many closed Gs-subsets. The above
corollary is a generalization of this result.

Now Stephenson’s theorem is immediate from this corollary.
Corollary 7. If X is a 2V -total Ty space, then | X| < 2¥*) and X is compact.
For H-closed spaces, we use the following easy observation:

Lemma 8. For a Hausdorff space X, the following are equivalent:
(1) X is H-closed.
(2) For every upward directed set D = (D, <) and net {z, | a € D} C X, there
is © € X such that for every open neighborhood V of x and every a € D,
there is b > a with xp, € V.

For a space X and A C X, the 0-closure of A, Z€7 istheset {r € X | ANV #£0

for every open neighborhood V' of x}. A subset A C X is 0-closed if A’ = A. Note
that the following:

(1) For every A C X A’ is f-closed.

(2) Every 6-closed set is closed in X, and if X is regular then the converse
holds.

(3) If O C X is open, then O is f-closed.

(4) Even if X is H-closed, every closed subset of X needs not be an H-set, but
every #-closed subset of X is an H-set.

Proposition 9. Let k be an infinite cardinal. Let X be an H-closed space, and G
a cover of X by G-sets such that for every G € G, there is a family {We | £ < k}
of open sets with G = (., We = ﬂg“m. If for every x € X, the set {G € G |
x € G} has cardinality < 2%, then G has a subcover of size < 2%.

Proof. Suppose to the contrary that G has no such a subcover, and let {G, | o <
A} be an enumeration of G. For a < A, take open sets {W¢ | § < x} with
Gy = ﬂg“ W = ﬂfq W

Take a sufficiently large regular cardinal x, and take M < H(x) containing
all relevant objects such that |M| = 2¢ C M and [M]® C M. We have X #
Uaerrnr Ga- Fix 2* € X\ Uyepson Ga- For a € M0\, fix &, < & with 2% ¢ W2

Now we claim that there are finitely many ag, ..., ar € MNA such that MNX C
Ui<n We! . As before, however, this is impossible.
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Suppose that M N X ¢ Uicy W¢ for every finitely many aq,...,ax € M N A
Let 7 = {(MNX)\Wg | a € MNA}. By the assumption, F has the finite
intersection property. Take a family 7 C P(M N X) such that:

(1) FC F.
(2) F'is a filter over M N X, hence has the finite intersection property.
(3) F' is a maximal family satisfying (1) and (2).

For C' € F', take yo € C. Let D = (F’, D), this is an upward directed set. Hence
by Lemma 8, we can find y € X such that for every open neighborhood V of y and
C € F, there is ¢' € F with ¢’ C C and ycr € V.

Choose < X\ with y € G. As before, we have § ¢ M N\, If € M N A,
then (M N X)\ W[ € F/, but y € W7 and W N ((M N X)\ W[) = 0. This is
impossible.

For £ < k, we have that {(M NX)\ Wf} UF’ cannot have the finite intersection

property; If so, then (M N X) \ WE’B € F' by the maximiality of 7. Put C =
(MnNnX)\ I/Vf. By the choice of y, we can find ¢! € F with 2, € C' C C and

Zen € Wf , this is impossible. Hence there is C¢ € F' with C¢ C Wg . For a € []=¥,
let C, = ﬂéea Ce € F'. We have that C, C C, for every b D a. Fix z, € O, for
each a € [k]<¥.

Let H = {2, | a € [k]*¥}. We have H € M. Then H is a net associated with
the directed set [£]<, hence we can find z such that for every open neighborhood
V of z and a € [k]<, there is b D a with 2, € V. Since H € M, we may assume

that z € M N X. Then we have z € ﬂgq Wf = Gj; Suppose z ¢ Wf for some

& < k. Since Wf is open, we have that I/Vf is f-closed. Hence we can pick an open
neighborhood V' of » with V' N Wf = (). On the other hand we can choose b D {¢}
with 2z, € V. 2, € O C Wf , this is impossible.

The set {&« < A | z € G,} is definable in M and has cardinality < 27, hence
fe{a<A|ze€G,} CMnNAand € M N\ This is a contradiction. O

For a -closed set G C X, let 9.(G, X ) denote the minimum infinite cardinal
such that there is an open sets {V, | @ < £} with G = oo, Va = Nacy Va- It is
clear that ¢.(G, X) < x(G, X).

Corollary 10. Let X be an H-closed space, and k an infinite cardinal.

(1) For every partition G of X by 0-closed sets, if w.(G, X) < k for every G € G
then |G| < 2.

(2) (Gryzlov [3], Dow-Porter [2]) Let X be an H-closed space. Then |X| <
oYe(X)
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