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ON STRONG SECOND MAIN THEOREM TYPE CONJECTURE IN
HIGHER DIMENSIONAL NEVANLINNA THEORY

KATSUTOSHI YAMANOI

1. iZL®IZ
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T(r, f,[D]) < NO(r, f, D) + o(T(r, f, L))
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ELTVWET, —MITH f(C) c ADY Y AF—[HE X IX A DEH T — NIVEIRMED AT
BENZRZZLHHIONTVET, ®oT, A% X TEEHANE f(C)c AVFIY R
F — (B U TR RIS EEARIZ 2 5 DI T,

RiT, BEOFRICEZTEXT 7 V) VFHROGBIZDOWT, REERIZHHEL 3,
EHMRERIT2TEE TR EZIV, £9. T(r, f,[D]) BLEFT(r, f,L) k. ThThE
MR D) BETLICETLHRf :C - AD " 2W-oTWET, £/, NO(r, f, D)
FRTD iR f:C > ADEHEEEZZELRVEFEBEZR>TVWE T, @HORAM
WTIE, N7 e HROR RBUIBEMEAATHAZ T, X TEMEZ B L 728 15K



ERPSFHET 52 LT, BN TRVWREDOHZ ErSTMEiLES & LTWwET, Bl
g » 6. TOXSBREOFMERNE XV 7 >V v BT = FEE A Ol =X
(Second main theorem type estimate) & ZWVWE Y,

T, ZZETCRISBEMERIZTELFETTY, SBREDLIRHENEZSND T
Liddr, £9. X—7v bERDEREE T —RVERRED S & D —BDOHYLRRIRIZ
THIEDPEALSNET, Zhid, ToLMH»5HLMETT I BRIhTVEEA,
BRI N TWEFHEIZIATOLS 2bDTY,

E_IEFE. X 2BOVREERME, D c X ZEMEHRAERNF, Ky & X OfE%
W, LEXDEELREMRKRLT S, ZorE, EHIE#Hf:C— X T, f(C)c X H¥Y
AFX—MHIZBI U THZ RS DIZR LT,

T(r, f, Kx(D)) < NO(r, f, D) + o(T(r, f, L))
Mr—oollBWVWTC, riZBETI2EXERDOBNESDHTRILT S,
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Cor. 3.24]).
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DE D, BERRDIEHBEZER 7y 1 Y - CIZ—Mfbd % &, B FEFHEOFAMAI,
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352 e%ERUET, Conjecture 1%, 7—RNVERKIZH UTHRMILTT, DED,
EHE1IE, COERRIBEHBEMY PODEMEEL f:Y - AIZiZ, EELWETRE—
BLTETCVERA, CEH1OFPFEZEUER f:Y - AZHEHATI L, HHHEED
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—7T. Conjecture 1 D% (ZNDVEFEETDHLLT) BEMIIERTZ i, 20
R, %bm ETY, MoT, TNMNEHEINNIE, FREN, BEELRRRICRSIET
T,

BBz, AR CRMETT D, EEVERTA T 7 V) VRO R IRD - HE
(1990 AR 224) DEVWHZDUEITEPETWEEE LWL BWE T, EHI3FEERS
EDOTREDTR, 1995 F£0 5 D 5 M2 BB ORPREL UTEILE L,
BWiRT &, EEVPFEEEICESS-E, BEOEMEZHUIL T CH—MWE -85

2, ETHEDITHENPERS LIZEZERATUR, REFIZAZET BERIZ, SBE

1Conjecture 1 IZHEEERI 22 FIDTZEL LT, ] AEIRZE D, [1, Thm 3] &2 5 & > 2AB RO 51 %
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WZEDZ 2 ITHELZLEZ A, FSAEIRHIEIZ, ZNIIRITEIBEET 2 X525 DT,
A —FZ EIFTWHE WOREZBD ONDE, LWHBEDILE2BoLx>TLKE
IWE U7, B, BEPSTHW 2T —TEPETZL00D, HHERIZA-
THRoD 1, 2EBFEASTMET—~2EOT L5220 TH, B2ELD FL VLR VE
DM E £ L7, ZTOYE, FEEELS, [ZNTVOVWALESI D, EMATWRNWT,
INTWVWWARE, EEUTENZEG Z KR, &FLTnWiREZnwEZ ek, §80
L TWE T, EHEORZEBRAERNIL, Vojta DA [8] BHIZHT, 104£L SVWORSHT
Utze FZITRERIEINT W, 2T 7 ) U FHRE T4 47 7 2 b A OREE L
M, LWOIHET— <. FEERZELRNSS, IET - U THELINDDOH D
RESEEBVET, HMEOL IS, TOYURIZELH LA > 7, Siu & Yeung DFER [6]
3T )V FHROMMATERIILT A I L BEEOWEOHRFESR LRV E L, *
O, L WO DHEED L Z A 8GR L IXERO R WERSMOEEIC, FREE LT
RN EG > TLEIVE Lz, ZUNEEHRE., RANY, BIF. L RZERERBADLS
HHOED L 10FELE, AT TEREDBHETZIZLRD E LA, FEEEDOBRT, &
EDSABRHDLLEV-oTHERETIEDDIVA, L THEHHLTEL T,

2. NOTATIONS OF HIGHER DIMENSIONAL NEVANLINNA THEORY

We refer the readers to [4] for the detail of higher dimensional Nevanlinna theory. Let Y’
be a Riemann surface with a proper surjective holomorphic map 7y : ¥ — C. For r > 0,
we set Y (r) =, ({2; |2| < r}). We put

1 * dt
Niamry (1) = degﬂ'y/l lz Ordyramm/] T

YyeY (1)

where ram 7y is the ramification divisor of my.
Let X be a smooth projective variety. Let L be a line bundle on X. Let || - || be a
smooth Hermitian metric on L. Let f : Y — X be a holomorphic curve. We set

1640 = g [ | [ rati-n] F+om,
where ¢;(L, || -||) is the curvature form of the metrized line bundle (L, ||-||). This definition
is independent of the choice of || - || up to bounded function O(1). Let D be an effective

divisor of X. Assume that f(Y) ¢ supp D. The pull-back f*D is a divisor on Y. We set

N(r, f,D) = degle /IT [ Z ord, f*D

YEY (1)

dt
t’

and for k € Z~o,

o , o la
N®(r, f, D) = degTry/l [ Z min{k, ord, f D}] n

YEY (t)

Then we have

N(l)(rava) S N(Q)(T,f,D) S S N(T,f,D)-
Denoting by [D] the associated line bundle for D, we have the following
Nevanlinna inequality: N(r, f, D) < T(r, f,[D]) + O(1).
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Proof. Let || - || be a smooth Hermitian metric on [D] and let sp be the associated section
for D. Since X is compact, we may chose sp such that ||sp(z)|| < 1 for all z € X. By the
Poincaé-Lelong formula, we have

2dd°log(1/||sp o fI) = — Y _(ordy f*D)d, + f*es([D], || - 1)),

yey

where 8, is Dirac current suported on y. Integrating over Y (t), we get

1 o D % * )
2/Y(L)dd og(1/||sp o fl]) > ord,f D+/Y(t)f a(DLI- 1D

Y (1)

Hence, we get
2 T dt 1
-N vaaD +T T, DJ]) = / —/ ddclog <—>
LD IO IPD = 5oy b T g oo o 71

oL ev{)
degmy Ji t Joyq [|sp o fl]

zm(r,f,D)—m(l,f,D),

where we set

1 1 dargmy (y)
m(t,f,D)=—— [ Io .
® /. D) degTrY/BY(t) g(HSDOf(y)H) 2

We have m(r, f, D) > 0. Since m(1, f, D) is constant, we conclude the proof. O

3. MAIN RESULT

We introduce the following conjecture in higher dimensional Nevanlinna theory, which
corresponds to a conjecture of Vojta [9, Conj. 2.3] in Diophantine geometry via analogy
between Nevanlinna theory and Diophantine geometry (cf. [8]).

Conjecture 1. Let X be a smooth projective variety. Let D be a simple normal crossing
divisor on X, let L be an ample line bundle on X. LetY be a Riemann surface with a
proper surjective holomorphic map wy : Y — C and f : Y — X be a holomorphic curve
with Zariski dense image. Then we have

T(r, f, Kx(D)) < NO(r, f, D) + Neamny (r) + o(T(r, f, L)) |-

Here the symbol || means that the stated estimate holds for » > 0 outside some excep-
tional interval with finite Lebesgue measure.

In higher dimensional Nevanlinna theory, several authors studied second main theorem
type estimates for varieties which are related to abelian varieties ([2],[3],[5],[7], [10], [11],
etc.). One reason for this seems that the structures of abelian varieties are suitable for the
investigation of higher dimensional Nevanlinna theory. We state the following

Proposition 1. If Conjecture 1 is true for all X which are birationally equivalent to abelian
varieties, then Conjecture 1 is true in general.

Before going to prove this proposition, we prepare several lemmas. For two line bundles
Ly and Ly on a quasi-projective variety V', we denote L, < L, if there exists a non-zero
global section for Ly ® L;*.



Lemma 1. Let V and W be smooth projective varieties, and letp : V — W be a generically
finite, surjective morphism. Let E C W be a simple normal crossing divisor. Then

p*Kw(E) < Kv(p~'(E)),
where we denote by p~*(E) a reduced divisor (p*F)req-

Proof of Lemma 1. We take a Zariski open set U C V such that the restriction p~!(E)|y
of p™}(E) on U is simple normal crossing and that the codimension of V — U is greater
than 1. By

LU, Kv(p™(E)) ® p"Kw(E)™") = T(V, Kv(p~(E)) @ p"Kw(E) ™),
it is enough to show p*Kw(E)|ly < Ky(p *(E))|y. This follows from the logarithmic
ramification formula. O
Lemma 2. Let V,W,p, E be the same as in Lemma 1. Assume that p~*(E) is simple nor-
mal crossing and that p is finite étale outside E. Then there exists a birational modification

Vot

.
(3.1) l l
W o

such that the following three conditions hold:

o W is smooth.
e ¢ Y(E) is simple normal crossing.
o V*Ky(p~(E)) < p*Kyy (97 (E)).
Moreover we may choose V to be smooth.
Proof of Lemma 2. We take a birational modification (3.1) such that (1) p is finite, (2) W
is smooth and ¢~!(E) is simple normal crossing, (3) ¢ is isomorphism outside F, and (4) V 1%
is normal. We take a Zariski open set U C V such that U is smooth and the codimension

of V — U is greater than 1. Then the restriction Pl : U — W is quasi-finite, and étale
outside ¢~ !(E). Hence we have

7Ky (¢ (E))lv = Ku(3~ (97 (E))[v)-

On the other hand, since p~'(E) is simple normal crossing, the logarithmic ramification
formula yields

v Ky(p(E))|v < Ku(@ ™ (07 (E))|v) = Ku(3 (¢ (E))lv)-
Hence we get
P*Ev(p (E)lv <5 Ky (¢ (E))|u-
Since V is normal, we have
LU, 7" Ky (¢ (E)) @ ™Ky (p7(E)) ") = T(V, 5" Ky (¢ (E)) @ " Kv (p™ (E)) 7).

Hence ¢* Ky (p~ YE)) < P Ky (o~ Y(E)). Finally we replace V by its desingularization
V' — V, if necessary. Then V is smooth. [J
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Lemma 3. Let X be a smooth projective variety. Let f : Y — X be a holomorphic
curve with Zariski dense image, where Y is a Riemann surface with a proper surjective
holomorphic map wy : Y — C. Let Ly and Ly be line bundles on X.

(1) Assume that Ly < Ly. Then

T(T7 f7 Ll) S T(Ta fa LZ) + O(l)
(2) Assume that Lo is big. Then
T(n f7 Ll) = O(T(Ta fa L2)) + 0(1)

Proof of Lemma 3. We first prove (1). Let D be an effective divisor which corresponds
to a non-zero global section for L, ® L7*. Then [D] = L, ® L;'. By f(Y) ¢ supp D,
Nevanlinna inequality yields

0< N(r,f,D) <T(r, f,[D]) + O) =T(r, f, L2) — T(r, f, L1) + O(1)

for r > 1.
Next we prove (2). By Kodaira’s lemma, there exists a positive integer n such that
Ly < L§™. Hence by (1), we have T'(r, f, L1) < nT'(r, f, Ly) + O(1). This proves (2). O

Remark. If Conjecture 1 is true for ample line bundles L, then the same is true for any
big line bundle L. This follows from Lemma 3 (2).

Now we prove Proposition 1. In the following, we assume that Conjecture 1 is true for
smooth projective varieties which are birationally equivalent to abelian varieties.

Step 1. We first consider the special case that X is a smooth projective variety with a
generically finite, surjective morphism p : X — A onto an abelian variety A. Let G C A
be a reduced divisor such that D C p~*(G) and p : X — A is finite étale outside G. We
take a birational modification

X ¥ X
|l
A(TA

such that (1) both X and A are smooth, (2) both ¢~!(p~1(G)) and ¢~ '(G) are simple
normal crossing, (3) the modification is isomorphism outside G. We apply Lemma 2 for
a generically finite, surjective morphism p : X — A and a simple normal crossing divisor
¢ 1(@) C A to get a birational modification

T

Y <—x ><1
:Lzz(T ><jzz

:

such that both A and X are smooth, (¢ ~!(G)) is simple normal crossing, and
(3-2) VEz (7 (p7NG)) S P67 (0 7HG))).



Now let f: Y — X and f .Y = X be the lifting of f. Then by (3.2), Lemma 3 (1)
yields

@) < T(rpo f K @ eTHG))) + o).
f Y — A, we get (cf. Remark after Lemma 3)
T(T,ﬁ°f7K=( He™(@)) <N

O(r, 50 f, 6™ (G)) + Neammy () +0(T(r, £, 1)) ||

Using NO(r,p o £,¢7(¢™(@))) = NO(r, 47 (p7(G))), we get
T(r, f, Kz~ (07(@)))) < NO(r, £,97 (07H(®))) + Neamy (r) + o(T(r, £, L)) ||
We write =1 (p~}(G)) = v~ }(D) + F. Then we have
T(r, f. Kx(0~(D))) < T(r, f, Kx (¥~ (07 (G)))) = T(r, £, [F]) + O(1).
Hence we get

T(r, f, Kx(¥ (D)) < NO(r, {97 (07 (@) = T(r, f, [F))
+ Neammy (1) +0(T(r, f, L)) ||

T(r, f, Kx (¥~

'
Applying Conjecture 1 for p o

We have

r, f,97Y(D)) + NO(r, f, F)
< NO(r, f,v7(D)) + N f f, F)
r, f,D

By Nevanlinna inequality, we get

T(r, f, Kx (v~ (D)) < NO(r, f, D) + Neamny (r) +o(T(r, £, L)) |-

Since D is simple normal crossing, Lemmas 1 and 3 (1) yield

T(Ta fa KX(D)) < T(Ta f: K)”(("P_l(D))) + O(l)

Hence we have

T(r, f, Kx(D)) < NO(r, f, D) + Nrammy (r) + o(T(r, £, L)) ||
We get the estimate of Conjecture 1 for f: Y — X.

Step 2. Next we prove the general case. Let A be an abelian variety such that dim A =
dim X. Then by considering a subvariety of X x A and taking a resolution of singularities,
we conclude that there exists a smooth projective variety V such that there exist generically
finite, surjective morphisms p: V — A and ¢ : V — X. We take a birational modification

Vv

|l

X +— X
(7]

such that (1) both V and X are smooth, (2) there exists G C X such that G is simple
normal crossing and (D) C G, (3) ¢ *(G) is simple normal crossing, (4) g is finite étale
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outside G. Let f : Y — X be the lifting of f. We take a lifting f' : Y/ — V from a
Riemann surface Y’ with a proper surjective map 7 : Y’ — Y such that

f/

y L5 v

WJ, J:tj

Y — X

f

Then we claim
(3:3) N(l)(ra f/a q_l(G)) + Neamayor (1) — Nrammy (1) = N(l)(ra f: G)
Indeed for each y € Y, we have
(3.4) min(1, ord,7*(f*G)) + ord, (ram ) = (deg,m) min(1, ord,r(y)f*G)),

where deg, 7 is the local degree around y, hence deg,m = ordy(ram 7) + 1. This is trivial
if y ¢ ram 7. Suppose y € ram m. Then since ¢ is unramified outside G, we have
f'(y) € G"}(G). Hence letting z = 7(y), we get

min(1, ord,7*(x)) + ord,(ram 7) = ord,7*(z)
from which we obtain (3.4). From (3.4), we get

NO@, f7YaG)) + ogr) 1deg7ry / Z ord, (ram 7r)d =NO, f,Q)

yeY' ()
We have
ram (my o w) = 7" (ram 7my) + ram ,
hence
1 dt
Nram7ryo7r(’f') = N]‘amﬂ’y( ) (degﬂ) (degﬂ'y / Z OI'd ram 7T) t

yeY'(t)
Thus we get (3.3).
Now we apply the result of step 1. Then we get (cf. Remark after Lemma 3)
T(r, ', Ky (@) < NV, f/,771(G)) + Neammyon(r) + o(T(r, f, L)) |-
Since G is simple normal crossing, Lemmas 1 and 3 (1) yield
T(r, f,Kx(G)) < T(r, [', K37 (G))) + O(1).
By (3.3), we get
By ¢1(D) C G, a similar argument as in step 1 implies
T(r, f, Kx(¢™(D))) < NO(r, £,¢7(D)) + Neamny + o(T(r, £, L)) |-
Since D is simple normal crossing, Lemmas 1 and 3 (1) yield
T(r, f, Kx(D)) < T(r, f, Kx(¢~(D))) + O(1).
Hence by
NO(r, f,97/(D)) = NO(r, f, D),

we get our assertion. [



Example. Let X be a smooth projective variety which is birationally equivalent to an
abelian variety. Then Conjecture 1 holds for X in the special case that f is an entire
holomorphic curve f : C — X with Zariski dense image (cf. [10], [12, Cor. 3.24]). In this
case, the following estimate holds:

T(r, f,Kx(D)) < NO(r, £, D) +o(T(r, f, L)) |-
A generalization of this estimate for the setting f : Y — X is discussed in [11].
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