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On the global structure of solutions

to the equation
of the minimal curvature energy
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Graduate School of Science and Technology,
Ryukoku University

1 Introduction

This is a joint work with Waichiro Matsumoto and Shoji Yotsutani
(Ryukoku University).

Let ) be a planar domain with smooth boundary I'. M.Kac([1]) showed
that if Spectp(Q) = Spectp(B,), then Q = B,, where Spectp(2) denotes a
Dirichlet spectrum and B, is disk with radius r. K.Watanabe ([2],[3]) showed
the following theorem.

Theorem A.[K.Watanabe] Let L > 0 and M > 0 be given.

1) If 10L%/497 < M < L*/4x, then there exists a non-disk planar domain €}
with boundary I' which has the Dirichlet(Neumann) spectrum of Laplacian
under the condition that ; fOL k(s)?ds takes the minimum, Length(I') = L
and Area(Q) = M. Further it has even number of axes of symmetry.

2) Under the above condition, if M is sufficiency close to L?/47,the domain
is (essentially) unique, and I" is oval with four vertices.

By using the numerical computation, Watanabe suggested the existence
of non-convex curve for suitable M.

To prove Theorem A, K.Watanabe considered the following variational
problem:

For given L and M with L* — 47M > 0, find Q so that

L L
(VP){ the functional %/ k(s)*ds subject to / k(s)ds =2m
0
takes the mim’mu:n,

where s is an arc-length parameter and «(s) is the curvature of T.

He derived the Euler-Lagrange Equation, and investigated properties of so-
lutions of (V P).
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Theorem B.[K.Watanabe] Suppose that x(s) is a solution of (VP), then
k(s) satisfies following three properties:

1) &(s) is C* function.

2) k(s) satisfies the following Euler-Lagrange equation:

( i
{Kus+ 38 +in}, =0, s €[0,L],

k(0) = &(L), £4(0) = ks(L),
/0 " (s)ds = o,
i:= ZTZlTGFM {M‘/(;L k(s)*ds — —211/: K,(S)2d3} .

3) There exists a natural number n such that x(s) is periodic function with
period s = L/n, where n denotes the number of minimum (maximum) points
of k(s). (We call this solution “n — mode solution”.)

(E) 4

\

Our final aim is to investigate the the global structure of existence of
solutions of (E) and the shape of solutions.
The first theorem is a non-existence result.

Theorem 1.1. There does not ezist 1-mode solution of (E).

We prepare notations to show n-mode solution k(s; M,n) of (E). We
define the complete elliptic integral of first, second and third kind by

/2
K(k) = / dp
0 1 —k?sin®
/2
E(k) := / \/1 — k%sin’ ¢ dop,
0

/2 d
(v, k ::/ 14
(k) o (1 +vsin?p)y/1 —kZsin?

We define the amplitude am(u, k) by

am(u,k) d ©

0 l—kzsinzgo’
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and Jacobi’s elliptic function cn(u, k) by
cn(u, k) := cos(am(u, k)).

Let us set a positive number m,, (n =2,3,4---) by

\/Tn? —8n 42— 2(2n — 1)/ Br—D)(n - 1)
= L.
4r(2n —1)(2n—1—+4/(Bn - 1)(n = 1))

My

Now we consider the case n > 2.

Theorem 1.2. For M € [-m,, L?/4r), there exists an n-mode solution
&(s; M, n) with property k(0) = maxocs<r k(s). It is represented by

k(s; M,n) :=

2P\/Q2 + 86+ QVP2+ 64 (P/Q?+ 6 — QVP? + 6)en(*2K(k)s, k)
VP 4+ 384 /Q*+ 58— (VPT+6 — \/Q? + 8)cn(L2 K(k)s, k)
P+Q
B
where (k, H) is the unique solution of Zin(k,H) = 0 and My(k,H) = nM
with0 <k<1and2k®—1< H < 2. Here

Zin(k, H) := {H* + 8k*(1 — k*)(H +2) + H+/(1 — 2k2)2H? + 16k*(1 — k?)} |
((4k2 — 3)H? — 8k*(1 — k?)(H + 8k — 6)

—H+/(T = 2k?)2H? + 16k2(1 = k2)) K(k)

+4 (1-#?) (H2 +16k2(1 — k2)>-

1 2kA(H — 2)? y
(1—2k2)H? 4+ 8k*H + 8k2(1 — 2k?) + H+/(1 — 2k%)2H2 + 16k%(1 — k%)’
_

n

V(1 —2k2)H? 4 8k3(1 — K2)(H + 2 — 4k?) + H/(1 — 2K2)2H2 + 16k2(1 — &) ,

kvl = k2\/H? + 16k2(1 — k2){21/(1 — 2k?)2H? + 16k%(1 — k%) — H?}-
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My(k, H) := /2/H? + 16k2(1 — k?)

V(- 2k2) B2 + 8K3(1 — k2)(H +2 — 4k2) + H+/(1 — 262 H? + 16K7(1 — )

[{k*H? — 4(1 — k?)(H + 1 — 4k*)}H/(1 — 2k?)2H? + 16k%(1 — k?)K(k)

—{H? — 4(1 — 2k*)H — 4(8k* — 8k? + 1)}H+/(1 — 2k?)2H? + 16k*(1 — k?)E(k)
+(1 — E3){(H +2)? — 8k H}(1 — k?)H? + 4k2H + 4k*(3 — 4k%)} K(k)

—{(H —2)* + 8k*H}{(1 — 2k*)H? + 8k*(1 — k?)(H + 2 — 4k*)} E(k)|L?

/ (166 T= T {2/(T = 2K H? + 16k°(1 — ) — H?}
{(—3k* + 3k* — 1)H* — 8k%(1 — k?)(1 — 2k?)H® — 8k*(1 — k?)(8k* — 8k* + 5)H?
—32k2(1 — k2)(1 — 2k*)H — 16k3(1 — kz)}K(k)Z] ,

P =

8v/2ky/T = k2{8k2(1 — k) + /(T = 2R72H% 1 16F2(1 = k2)}nK(k)
/{\/m T16R(1 = F7)-
/(1= 282) 7 + 8K2(1 — k2)(H +2 — 4k2) + H\/H? + 16k2(1 — KL }

Q=
8v2kv/1 —k2{ — H? — 8k*(1 — k?) + /(1 — 2k?)2H? + 16k%(1 — k?) }nK(k)

SR

\/(1 — 9k?)H2 + 8k2(1 — k2)(H + 2 — 4k?) + H/H? ¥ 16k*(1 — kz)L},

and

§ = 8{(1 — 2k?)H? + 8k%(1 — k?)(H + 2 — 4k?)

+/(T = 2k22H7 1 16k2(1 — k2)}n2K(k)2 / { (H2 +16k%(1 — k?)) L?}.
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Theorem 1.3. For any M € (—L%/4w,—m,), there exists an n-mode solu-
tion k(s; M,n) with property x(0) = maxo<s<r k(8). It is represented by

x(s; M, n)
= {-20 - )4~ B)(A-n)(B-n)}
I[{a-nw - a- B}
{{a= e = (4= B)Yen(R b, K2 + (1 - #)(A - o]
H{2(A— n)BR — 24— Bn}/{(A—mk — (A= B)} - (4+ B)/2,

where (k,R) be the unique solution of Zy,(k,h) =0, and My(k,h) =nM
with0 <k <1and 0 < h<1. Here

-Zzn(k, h) =
{(2 — k)2 — 2(2 + 3K2)A + 8K? — (2 — h)/(Z — h)?k: + 4(1 — R2)A2}K(k)
— 4(1 = h){2K? + hk? — 2h — /(2 — R)PRA + 4(1 — R2)R3}-

12_12_l__l EAYI Y _ L2
H(4kh oK = Sh— V@2 - Rk +4(1 - k), k

- BRI R~ k)h 4 /B R+ AL R),

Ma(k,h) := —VEVT = hy/(2 — k2)h + /2 = B)2K* + 4(1 — K2R

[{(2 = k) + /(2 — R)2k* + 4(1 — k2)h?}(2 — h)*K(k) — 16h(1 — h) E(k)] L?
/[ 2(2 — B){(2 — k*)R? + 4k*(1 — h) + h/(2 — h)2k* + 4(1 — k?)R?}

{(2 — k*)h? — 4k*(1 — h) + h+/(2 — h)?k* + 4(1 — k2)R?} K(k)?],

@ -k)h+ @ RPE T AL - FR (4n
A= 2VAvi—h ('L'K (k)) ’

. v1-— h\ﬂZ — k2)h + \/(2 TRV + 4(1— RDR? /4
. 2k (—L*K(k)> )
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and

n =

k/1—h (4_n K(k)) .
V2~ Bk + /2= RPRE £ 4(1 - )R L

As for the shape of curves, we obtain the following theorem:

Theorem 1.4. There ezist an unique positive constant A,(L) with

0 < An(L) < L?/47 such that , the curve which is generated by the solution
k(s; M,n) appeared in theorem 1.2,1.3, is oval for M € [A,(L), L*/4r) and
it is not oval for M € (—L?/4w, An(L)). Moreover,

A (L) = %Ml (kn, g\/IGk;{ — 16k2 + 1) :

where k, is an unique solution of

Zin (k, gx/lﬁk“ — 16k2 + 1) =0.



We show the curves corresponding to 2-mode solution in the case of
L =2nx.

Curve by 2-mode solution in the case of L = 2.
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2 OQOutline of proof of Theorem1.2.

We show the idea of proof of Theorem 1.2, since the essential ideas already
appear in this case.
To prove theorem 1.2, we rewrite the original problem to the following
problem:

{n,,+§n3+;m} —0, se,L,
(B :

£(0) = k(L), &,(0) = x4(L),
with conditions'

L
/ k(s)ds — 2r =0,
0

and LoD
pL?+ 7 [ k(s)’ds

drp+n foL K(s)3ds

where p is constant. By noting theorem C, we can rewrite the above problem
to the following equivalent problem:

( 1 4 . L
{mss + é-h) + ,u/c}s =0, s € [O, 2_n]
L
(E.){ &s(0) =k, (5;;) =0,

L
k EQ(S)<0 s € (0,5‘7—{)

’

with conditions

Lf2n
2.1) / k(s)ds = /n,
0
and
(2.2) pL? +nL fOL/zn k(s)’ds
. 4mp + 2n folen k(s)3ds

For L > 0 given, we will represent all solution (k(s),x) of (E,) and adjust
¢ so that (2.1) and (2.2) are satisfied. This kind of method was first pro-
posed by Lou-Ni-Yotsutani[6]. Later, Ikeda-Kondo-Okamoto-Yotsutani [4]
and Kosugi-Morita-Yotsutani [5] developed the method. In our problem, the



nonlinear term &2 is included. Thus the arguments become terribly compli-
cated and new devices are needed.
Integrating (E,), we get

14 _ L
n,,+§n + ux + Cy =0, sé[O,zn],

where C) is constant. Multiplying 2x,, we have

-;—S {hz.,,(s)2 + iﬁ:(s)4 + uk(s)? + 2C1rc(s)} =0,

which implies
(2.3) n4@2+%qg4+ﬂq@2+zcm@)+cg=u

where (), 1s constant.
Let us set p := x(0), ¢ :== k(L/2n). By the Neumann boundary condition
of (E,), we can rewrite (2.3) as follows:

(2.4) %§=—%J@-wxﬂ—@{(n+ﬁgﬁ)-ww}

where 4 is constant.
We note that § > 0 and § < 0 corresponding to Theorem 1.2 and 1.3
respectively. Now we assume ¢ > 0.

1
Let us set £ := 5 n+g—;ﬁ>, P :=

3
3”:",Q = .’l%ﬂ. (2.4) is
rewritten as follows:
dk
s

&= —/(P= )~ QF +5).

Thus we get

o= ’ &«
2 V(P =E(E-Q)E+9)
We introduce change of variables from ¢ to ¢ in the right hand side of (2.5):

(2.5)

£==Q+l
n

(2.6) i 1 [PP+s. ,¢
1= gt roq\ s ™ 2

17
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Then we have

(2.7)

4

= /W) i se [0 £J
V(P18 (Q*+6) Jo +/1—kisinlg’ " 4n

1 _ T—o(R) d¢ : £ }:j_]
[ 4V(P?+8)(Q% +9) (QK(k) 0 1-k2sin2¢)’ € [4n’2n ’

where

2 d(k) P—k [Q7F6 21 _ FQ+9
tan® 5% = =2\ ’“‘2(1 \/(P2+6)(Q2+5))'

At s = 2£—, we see from (2.7) that
n

4n
L

(2.8) V(P +6)(@* + 8) = —K(k).

Now we introduce change of variables from (k, k) to (P, Q) by

[ 2 1(,___ PQ+s
2\ V@)’

< n
VFTFO@ 1 5) = TK(R),

L Q=(-1P,  (h>0),

which implies

(p_ 8nv2vEvT = KK(k)
LVRy/(1 — 263 + /AT — AL — )@ - R
2.9 <
9 Q= 8nv2(1 — h)vVkv1 — FPK(k)
LVAy/(1 — 2k2)h + /T — B (L - B)(2 — B

in {(k,h)|0 <k<1/V2, D(k)<h<?2}
U{(k,Rr)|1/V2<k<1, 2k -1<h<?2}



and

( P 8nv2vEVT — k2K (k)
LAy - 2600 — R — 4RI = P E - h)?

_ 8nv/2(1 — h)VkV1 — k2K (k)
LVAy/(1 -2k — VR — 2R (1 - )2 - A

(2.10) ¢

\

in {(k,h)| 0 <k<1/v2, D(k) <h<1},

D(k) = 4k+/1 — k2
142V -k

Further, we introduce change of variables from (k, k) to (k, H) by

where

Vh? —4k3(1 — k2)(2 — h)?, for the case (2.9),
= { S/ v gy gy ) G puy 3] for the case (2.10).
Consequently, we obtain
(2.11)
( p—

8v2kv1 — K2{8Kk*(1 — k?) + /(1 — 2k2)2H? + 16k*(1 — k2) }nK(k)
/\V/H? + 16k2(1 — k?)

Q=

| [VEZ + 16R2(1 — k2)

(k,H) € {(k, H)J0 < k< 1,2k* -1 < H < 2}.
We write (2.1),(2.2) by (P, @, 6):

o SRR
k(s)ds = d
[T Y S GED

| {(1— 26" H? + 8K3(1 — k2)(H + 2 - 4k?) + Hy/H? + 16K (1 — %)} /L ] :
8v2kv/1 — k*{—H? — 8k*(1 — k?) + /(1 — 2k?)2H? + 16k*(1 — k?)}nK(k)

| {(1 - 2k*)H? + 8k*(1 — k*)(H + 2 — 4k*) + H+/H? + 16K?(1 — k*)}'/L ],

18
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(2.12)

_ 4(PQ + 8){2/(P* + 8)(Q*+ &) + P? + Q% + 26}
- (P-Q)3(P+Q)

2V/PTEH@ T+ PP+ QP+ 25}2] K(k)
(P-Q)3(P+Q) +/(P* +8)(Q? + 9))
{2\/(P2 +6)(@2+9) + P2+ Q* + 28}
(P+Q)4/(P*+5)(Q*+9)

1 P24 Q?+26
i (_Z (2 (P 1o Qe ¢ 5)) ’k) ’

Vi s = [F A5y
/0 Sl My o e ey

_ (1P +@*-6PQ -85
24 /(PP 0)@ +0)

+

d¢

4%/ (P*+6)(Q* + 6)) K(k)

+84/(PZ+ 0)(QZ + O)E(k),

L/2n £ea

| wteras = —<3P2—2PQ+3Q2“85/ = g(ﬁ Q)2€2+5)£
P+ Q){(P- 46} / 1 d€
+1(P+QUP-@* + VP-OE-QE+o -

We see from (2.1) and (2.8) that

L/2n . L
/ 5(s)Pds = J=(3P" —2PQ +3Q7 — 88) + (P + Q}{(P — Q)" + 44},
0 n 8n

On the other hand, it follows from (2.3), (2.4) that

§= -%(3132 _2PQ +3Q? — 83).
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Thus (2.2) can be expressed
pL? +nl | L/(n) ¢ (5)2ds
4Ty + 2n fLm ™ k(s)3ds

- [ 4n(P* — 6PQ + Q* — 85 — 8./(P? + 8)(Q? + 9))
(2.13) ~(3P? —2PQ +3Q* - 85) /(P2 + 8)(QZ+ )L

+64n./(P? + 8)(Q? + 6)E(k)]

/ [2P+ QP - Q) + 48} V(PTF @+ 9)]
Substituting (2.11) to (2.12)and (2.13), we obtain Zi,(k, H) and M,(k, H).

Next we express «(s) with P,Q and 4. By (2.7), we have
. 4n L
é(k) = am (—L—K(k)s, k) s € [O, E:I

Hence we get

cn (£K(k)s, k) = cos$(k)

1 — tan® #&)
1 + tan? ﬂz'-‘l

S S E ET CCL N (WA
VP8 — Q)+ @ T 3k ’
In the same way, we have
n (4—"K(k)s k) _ VPR -Q) -y HIR-P) [—-L— i] .
L7 VPP - Q) +v/Q +3(A— P)
Therefore we obtain

P
=218

o PYPHE+QVPTES + (PY/GEF Q\/P2+ 5)cn(22K(k)s, k)
VP2 43 +/Q*+ 86— (VP? + 6 — /Q? + )en(£K(k)s, k)

<)

]
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We show the level curves of M;(k, H) = 0 and Zy,(k, H) = 0 withn =2
in the following figure.

G~ - -

N
4

t W=22

|

L] // M. \% R) >0 // VR W) b, !f
] |

|

|

Let us set

= {(k,H)|0<k<1,2k’-1<H<2}.

Let k* be the unique solution of 2E(k) — K(k) = 0 in (0, 1).
The following Propositions hold.

Proposition 2.1. There ezists the unigue smooth function H(k) such that
M, (k,H(k)) =0 in (0,k*].
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We see that there exists unique k, € (0, k*) such that Z,(k, H(k)) = 0.

Proposition 2.2. There ezist the unique smooth function Hy(k) such that
Z]_.n(k,Hl(k)) =0 in (0, kn)-

Proposition 2.3. M,(k, H(k)) is a decreasing function in (0,k,).
2
FEspecially ;ll-Ml(O, 0) = g—r and M, (kn, Hi(k,)) = 0.
Proposition 2.4. There exists the unique smooth function Hy(k) such that
Z1n(k, Hy(k)) =0 in (0,k,)

Proposition 2.5. M,(k, Hy(k)) is a increasing function in (0, k.) and
Hg(kn) = Hl(kn)

By using Proposition 2.1 - 2.5, we complete Theorem1.2.
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