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We present how the surface-state correspondence, conjectured by Miyaji and Takayanagi, works in the
setup of AdS;/CFT, by generalizing the formulation of a continuous multiscale entanglement
renormalization group ansatz. The boundary states in conformal field theories play a crucial role in
our formulation and the bulk diffeomorphism is naturally taken into account. We give an identification of
bulk local operators which reproduces correct scalar field solutions on AdS; and bulk scalar propagators.
We also calculate the information metric for a locally excited state and show that it reproduces the time slice

of AdS;.
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Even though the idea of AdS/CFT correspondence [1]
has led to tremendous progress in string theory, we still do
not fully know its basic mechanism. It is obvious that the
AdS/CFT correspondence is regarded as a special example
of the holographic principle [2]; however, our current
understandings of the holographic principle are far from
complete.

The recently proposed duality called surface-state cor-
respondence [3] gives a more detailed structure of the
holographic principle. This duality can, in principle, be
applied to any spacetimes described by Einstein gravity and
even to those without timelike boundaries. This surface-
state correspondence (or simply called SS duality) argues a
correspondence between a codimension two convex sur-
face X and a quantum state described by a density matrix
p(X), which is defined in the Hilbert space of quantum
theory dual to the Einstein gravity. When this surface is
closed and topologically trivial, the state is given by a pure
state p(X) = |Z)(X|. In particular, if we consider Einstein
gravity in an AdS space and take X to be a time slice of the
AdS boundary, then |®(X)) is simply given by the ground
state |0) of the dual conformal field theory (CFT); refer
to Fig. 1.

The SS duality was proposed based on the recently found
connection between the AdS/CFT and the tensor networks.
Such a relation has been first proposed in Ref. [4] for a
multiscale entanglement renormalization ansatz (MERA)
[5] and later developed in Ref. [6] for a continuous
multiscale entanglement renormalization group ansatz
(cMERA) [7]. See also, e.g., Refs. [8-11] for various
refinements and limitations of the connection between
AdS/CFT and tensor networks. In general, a tensor net-
work describes a wave function of a quantum state as a
network diagram which fills a discretized space. The state
|®(X)) dual to a convex closed surface X is constructed by
contracting the indices of tensors which are included in the
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region surrounded by X. For example, in the network found
in Ref. [9] we can explicitly construct the state |P(X))
consistently by the above procedure. If the tensor network
describes correctly a CFT ground state, then we expect the
space described by the network is identical to a hyperbolic
space. We would like to argue that the most direct way to
realize tensor networks for CFTs is to employ the cMERA
as we do not need to worry about lattice artifacts. It is also
important that the Hilbert space structure is not changed
under any smooth deformation of X in the SS duality as we
can always insert a dummy trivial state to keep the total
dimension of Hilbert space the same.

The most elementary object in SS duality is the quantum
state dual to a zero size closed surface, i.e., just a point.
Such a state dual to a point in a gravitational spacetime is
identified with the boundary state |B) [3]. This is because
there is no real space entanglement for the state dual to such
a pointlike surface, according to the idea of holographic
entanglement entropy [12], and because the state with a
vanishing real space entanglement entropy is given by the
boundary state [13].

The latter fact can be naturally understood by turning off
a relevant (e.g., mass) operator in a CFT suddenly at the
(Euclidean) time 7 =0 as in the analysis of quantum
quenches [14]. In terms of quantum states we find that

FIG. 1. A sketch of surface-state correspondence in AdS/CFT.
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the ground state |0) appears only for z > 0 and thus it is
equivalent to putting a sharp boundary at 7 =0 and
restricting the spacetime to the region 7> 0. In 2D
CFTs, such a physical boundary state is called a Cardy
states |C,) [15], where « labels the primary fields ¥,. An
Ishibashi state |/,) [16] is a boundary state which includes
only one sector of primary field ¥, and its descendants. A
Cardy state is given by a specific linear combination of
Ishibashi states.

Let us start with a cMERA description of the CFT
ground state |0). We will employ the rescaled formalism in
Ref. [6], which is obtained from the original construction
[7] by getting rid of the rescaling procedure and which has
an advantage that the Hilbert space does not change even if
we consider a CFT on a compact manifold. The cMERA
formulation is defined by a flow from the UV state given by
the CFT vacuum |0) to the IR state, which has no real space
entanglement.

As we have explained, we can identify such a state with
one of the boundary states [13], denoted by |B). In CFT
for d > 3, there is a conformal mass term in the gauge
theory on R x §¢ dual to a global AdS,,,. Moreover, the
fundamental fields correspond to the internal directions
such as §° in AdSs x S5 related to the R-symmetric
directions. Therefore, it is natural to identify |B,) with
the boundary state for the Dirichlet boundary condition,
which preserves the R symmety. However, in a 2D CFT
on a cylinder, there is no conformal mass and thus it is
subtle whether |Bj) is a Cardy state or Ishibashi state.
Nevertheless, to preserve the R symmetry and other internal
symmetries suggests that the IR state should be the
Ishibashi state |,) for the identity sector. This is because
in typical AdS;/CFT, examples, the fundamental fields
correspond to the other internal direction such as 7# in
AdS; x §* x T* and we cannot impose any Dirichlet
boundary condition for these fields without breaking R
symmetries and other global symmetries.

In this way, the cMERA is formulated as follows:

0
|0) = Pexp <—i/ duk(u)) o), (1)
where K (u) is the disentangling operator at scale u and P
denotes the path ordering. The operation K (u) eliminates
quantum entanglement longer than the length scale ee™,
where € is the UV cutoff or the lattice constant. The UV and
IR limit corresponds to # = 0 and u = —oo, respectively. In
other words, the disentangling operator takes the form
K(u) = [dk‘T(ke~"€)Oy, where O, is a disentangling
operator with momentum k and I'(x) = 1 — 6(x) is a cutoff
function [0(x) is the Heaviside step function].

Once K (u) is given, the state |0(«)) at scale u is defined:

0(u)) = Pexp <—i /_ " duk(u)> ). ()

[58)

Thus, the cMERA is a unitary transformation (or a
generalization of the Bogoliubov transformation) from
the vacuum to the Ishibashi state. As u increases, some
quantum entanglement is added by the K(u) operation.

In AdS/CFT, we expect that the cMERA network
describes the time slice of AdS space, i.e., hyperbolic
space. Consider a 2D holographic CFT on a cylinder,
whose coordinate is given by (z,¢) with the periodicity
¢ ~@¢+2n. The dual AdS; is given by the global
coordinate

ds* = R*(—cosh?pdt* + dp* + sinh’pdg?).  (3)

In SS duality, we can consider the surface X(u) dual to
|0(u)). This surface coincides with a time slice of the AdS
boundary for u = 0 and shrink as u decreases. Eventually,
at u — —oo, it degenerates to a point at the origin of
the AdS space. Therefore, we have |0(0)) =|0) and
|0(=0)) = |I) as in Fig. 1. In the AdS; coordinate (3),
the IR limit # = —oo corresponds to the center p = 0, while
the UV limit u = 0 corresponds to the AdS boundary
p — 0.

The isometry of AdS; is given by SL(2,R); X SL(2,R),
which are generated by (L;,Lq,L_;) and (Zl , 1:0, I:_l)
dual to the (global) Virasoro symmetry of 2d CFT. These
are explicitly given by the following action in AdS; [17]:

Ly =i0., Ly=i0_,
.. |cosh?2p 1 i
L — jptix I — —0 N
e [sinh2p T sinh2pm T2 ”}
~ . |cosh2p 1 i
L. =ie*™ o_———0 ~d,|. 4
e [sinh 2p sinh2p T2 p} “)

In particular, we are interested in a SL(2, R) subgroup of
SL(2,R), x SL(2,R); which does not change the time
slice r = 0. It is generated by (I, 1y, [_;) defined by

lo - LO —Zz() - 1(945,

. [ 14 cosh(2p) .
l—lle_L—l = le ¢|:—Wa¢—lap )
- ... [1 4+ cosh(2p) )
=L  —L, =—jel|— X" 5 _
A -1 1 ie { Sinh(27) 0y —10,|, (5)

which satisfy the SL(2, R) algebra as usual, dual to Killing
symmetry of the hyperbolic space H,.

The SL(2,R) transformation g(p,¢) which takes the
origin p = 0 to a point (p, ) on H, is given by

g(p, ) = ePhelp/2 =10, (©6)

It is obvious that the CFT vacuum |0) is invariant under
this SL(2,R) transformation. Moreover, boundary states
have the same invariance,
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9(p-P)1a) = |). (7)

which comes from the basic property (L, — L_,)|I,) =0
of the boundary states. Thus the quantum states dual to
points on the H, are all given by the same state |/)). This
agrees with the argument of SS duality where all states
whose dual surfaces are related by isometry are the same
[3]. This is also consistent with the tensor network picture
because this quantum state corresponds to the pointlike
state in the network with no entanglement.

By acting g(p, ¢) transformation, we can rewrite Eq. (1)
as

0) = Pexp <—i/_°o duk ) g (u ))10> (8)

where we defined K, 4 (1) = g(p.¢) - K(u) - glp.¢)7".
This transformation relates two different cMERA networks
related by the conformal transformation by changing the
choices of u slices X(u). We introduce

0 N
Upg) = Pexp< / duK(p.,p)(u)). (9)

We would also like to mention one more important
observation. Since boundary states preserve [, = L_, — L,
even for |n| > 2, we can generalize K, 4 (u) into

Ry(u) = h() R (w)h(u)™" + i0,h(u) - h(u). (10)

where (1) = exp [, 4, (1)1,]. This transformation (10) is
interpreted as the deformation of the intermediate surface
%, dual to the state

1B(S,)) = Pexp <—z/_w duf(g(u)>|lo>, (11)

which allows us to choose any possible foliation
{Z.} _eocu<o Of the time slice H,. Note that as long as
we assume 4,,(0) = 0, we always end with up the vacuum
state |P(%,)) = |0) at u = 0. This confirms the proposed
surface-state correspondence and we find that the diffeo-
morphism gauge symmetry that preserves the time slice is
included in our generalized cMERA formulation.

Now we would like to turn to excitations by bulk fields.
We insert a bulk quantized field ,(p, ¢) dual to a CFT
primary field ¥ ,, on the time slice H, at (p, ¢). We argue
that the locally excited state {r,(p, #)|0)py is dual to the
following CFT excited state |¥,(p, §)):

a(p, §)|0)pu € Houik
<~ |\I/a(p, ¢)> = U(p,¢)|1a> € Hcpr. (12)

Since the metric should not change for the locally excited
state except for the localized region, the state should have
almost vanishing real space entanglement. Therefore, the
IR state of the cMERA for the excited state is also given by
a boundary state. Thus we can argue that the IR state is
given by the Ishibashi state |1,) as in Eq. (12).

By taking this into the time evolution, we identify

(p ¢ ) <> e L0+L0>ZU( (L()J"i‘{l)t’

pt)Ma U(/} #°
where M, is an unitary operation which maps |I,) to |I,).
Refer to, e.g., Ref. [18] for an earlier standard literature of
bulk field construction from CFT operators. We are taking a
different route for the same purpose, as we are restricting on
a specific time slice.

W, (p.¢)). For
convenience, let us define |¥,) = |¥,(0,0)), such that
[T, (p,d)) = g(p,P)|¥,). Remember that |¥,) is a CFT
excited state dual to a local excitation in the bulk AdS at the
origin p = 0 at t = 0. Thus its bulk geometry is excited
only at the origin.

The SL(2,R) subgroup of the original SL(2,R), x
SL(2,R)g, which preserves the point p =t =0, is not
the same as the one generated by [, [, but it is generated
by Ly — ZO, L+ ﬂ_l, and L_; + ﬂl, as can be confirmed
from Eq. (4). Therefore, |¥,) should satisfy

(Lo—Lo)|¥y) = (Luy +L3)|¥,) =0.  (13)

The simplest solution to this condition (13) is given by
(W) o /20Tl 7). (14)

where |J,) is the “Ishibashi state” for the SL(2,R), x
SL(2, R)y subalgebra of the Virasoro algebra. It is explic-
itly defined by |7,) = Y52 o [K), [K) . where [k), (or [K) )
denotes the normalized (unit norm) descendant state
proportional to (L_;)*|a) (or (L_,)*|a)). We can confirm
that this choice (14) is the correct state dual to the bulk local
operator as we explain below. Note that if we, in particular,
choose the primary state |@) to be the vacuum |0), we find
[, (p,d)) =1|0) as expected.

Indeed, by using the property (13), we can reproduce the
correct scalar field solution on the AdS;. The bulk scalar
field expectation value for the state |f) can be computed
from the CFT inner product as follows

Walp. . D)) = (Valp, @)l ot |g). (15)

By using the identity (A, is the dimension of |@)):

1

U |e=(P/2(L=1-1)|g) = S
(Wle |) (cosh o)™

(Tylertr=t-)a) =
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we can confirm that the scalar field expectation value for
the primary state agrees with the known scalar field
solution in AdS; [17,19] as follows:

1

—2iA,t .
(cosh p)?A«

<l/7(1(p’ 4)’ l)>\a> xe (16)

It is also possible to extend the matching of Eq. (15) to
SL(2, R) descendants states. They are obtained by acting
L., and Z,il on the primary state and the scalar field
expectation values are obtained by acting the differential
operators (4) on Eq. (16). These allow us to confirm the
(perturbative) equation of motion for scalar fields,

L2+ 12+ m2 R 2 (1.p.6) = 0. (17)

where L?> = (L_,L; +L,L_;)/2—L3 is the differential
operator corresponding to the Casimir of SL(2, R) and we
have A, = 3 +1+vm?R? + 1. Moreover, we can prove that
our inner product (U, (p, 1, )|V, (p', t,¢')) in the 2D CFT
perfectly matches with the known expression [19,20] of
bulk to bulk propagator of scalar fields.

In this way, we learned that the effect of the disentan-
gling unitary transformation U, 4) is to remove the (higher)
Virasoro generators L, and L, with |n| > 2 and perform a
time translation by /2.

Now, we can estimate how much the locality of bulk
local operators persists when the separation (p' — p, ¢' — @)
gets larger by looking at the inner product
<Irx‘U(_,;l,(/)) U(p’.¢’)|1a> = <\Ija(p’ ¢)|\I/a(p/’ ¢/)>’ where we
used the symmetry (7). If this inner product is much
smaller than 1, then we expect that bulk fields behave
locally for that length scale as they look independent.

To see the behavior of the inner product, it is useful to
employ the Fisher information metric G;, defined by

L= [(Wo(p. 9)[Walp +dp.¢ + d))|
= G,,dp* 4+ 2G ,4dpdp + Gyudg® + O(dg*).  (18)

This measures the distance between the two states
(W, (p.#)) and |V, (p + dp. ¢ + de)).

However, for our purpose, we do not want to have a
literally delta functionally localized excitation, but want to
smear over a length of the order of the Planck length.
Indeed the state (14) is singular in that it has an infinite
norm and thus we need a UV regularization. We expect that
the energy of local excitation should not exceed the Planck
energy. In AdS/CFT, the energy E is related to the
conformal dimension A via E = A/R. If we substitute
E<1/l,~1/Gy, then we have the bound A < c.
Therefore, we would like to argue the identification,

1W,) o e=dLotlo)ilx/2)(LotLo)| g ), (19)

where 6 provided the UV cutoff and, therefore, we should
take 6 ~ (1/c). Notice that even in the presence of this
cutoff, we can maintain the basic properties of dual scalar
field in AdS such as Egs. (16) and (17), since we have
0 — 0 in the large c limit.

We evaluate the inner product up to quadratic terms

1= [(Walp, §)[Valp + dp, d + dp))]
= g (57 + Spdd?) (V|11 1y + 11|,

Here we employed Eq. (7) and the identity
I

e‘(ﬂ/z)(ll_l—l)log(ﬂ/z)(ll_l—l) — COSh/)lO - Sinhp ll —;

After some algebra, we obtain the estimation
(Ul 1| ,) = 4(V,|L_L|¥,) = (1/26%). Thus, the
information metric for |¥,(p,¢)) is given by that of a
hyperbolic space H,:

dst. = % (dp? + sinh?pd¢?). (20)
It is natural to expect that this corresponds to the time slice
of the global AdS;, to which our 2D CFT is dual. Indeed,
the radius of this H, coincides [up to an O(1) numerical
factor] with that in the AdS; metric with the Planck unit as
we chose 6~ 1/c.

Actually, it is not difficult to imagine how to get the full
AdS; metric including time components. As we argued, the
two point function (®(p, 1, 9)|P(p,1,¢')) coincides with
the bulk to bulk propagator. Even more generally, when two
points X and Y are close to each other, any two point
function of a d+ 1 dimensional free scalar field gets
proportional to D(X, YY)~ where D(X,Y) is the geo-
desic distance between X and Y. If we regularize this with a
cutoff 8, then we naturally have the normalized expression

5(1—1
[D(X,Y)* + 87412

(@(X)[2(Y)) = (21)
This leads to the Fisher information metric ds?; o«
(1/6%)g;;dX'dX’, where g;; is precisely the metric of the
bulk spacetime. Since it is natural to choose 6 to be the
Planck scale, the information metric ds?; coincides with
the bulk metric in the Planck unit.

In this Letter, we gave an explicit construction of the
conjectured surface-state correspondence in the setup of
AdS;/CFT, by generalizing the formulation of cMERA.
Our formalism naturally takes into account the bulk diffeo-
morphism as a gauge symmetry of cMERA formalism. We
found an identification of bulk local operators that repro-
duces solutions of scalar field equations of motion on AdS;
and the bulk to bulk propagator. We also computed the
information metric for a locally excited state and showed
that it is given by that of a 2D hyperbolic manifold, which is
argued to describe the time slice of AdS;.
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Even though it is an important future problem to find an
analytical expression of disentangler K (u) for holographic
CFTs, we can at least show how it looks schematically. It is
natural to expect that in the UV region u = 0, K(u) gets
qualitatively similar to that for free CFTs, where K (u) is a
bilinear of creation and annihilation operators of funda-
mental fields, which add O(c) entanglement, as in
Refs. [6,7]. On the other hand, we expect that in the IR
region |u| < 1, the disentangler K(u) should be a linear
combination of products of particular singlet operators
(Virasoro operator s) as K (1) ~ 3, ¢, (u)[(ne™“e)L_,L_,,
which add only O(1) entanglement in the IR, motivated by
the confinement-deconfinement transition in holographic
CFTs. It is curious to note that this IR behavior owing to the
large ¢ limit may suggest cMERA can have a sub-AdS
scale locality, as opposed to (discrete) MERA.
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Note added—After we finished this work, we noticed the
interesting paper [21], which gave an identification of bulk
local operator using boundary states in a different way.
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