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Abstract

To construct quantum gravity theory is one of the most critical issues in particle physics. While
string theory can describe the graviton, its perturbative formulation has difficulty in treating
the quantum aspects of spacetime. This problem is believed to be solved by constructing the
non-perturbative formulation of string theory, and the IIB matrix model is one of the most
promising candidates. There have been a lot of works pointing out that the IIB matrix model
contains the spacetime and gravity. On the other hand, the physical meaning of the degrees of

freedom in it is not fully understood.

In many works, matrices are interpreted as noncommutative coordinates. There it has
been reported that the matrix model contains the graviton with this interpretation despite
the lack of general covariance. On the other hand, when one regards matrices as derivative
operators on curved spacetimes, gravitational fields can be described more directly. This is
called the operator interpretation. It is in question, however, whether the model with it is
positive-definite, since the model contains infinitely many fields that are massless at tree-level,
and the presence of higher spin gauge symmetries is not trivial. The structure of its effective

field theory remains to be studied as well.

There are many aspects left to be discussed. In this thesis, we study the IIB matrix model
with the focus on the gravitational and higher spin fields. After reviewing the IIB matrix model,
we discuss how the gravitational force should be described by the model in the noncommutative
treatment, which is somewhat unnatural. Next, we move to the operator interpretation. We
see that the naive reduction of the massless fields leads to inconsistency. However, we show
that the model possesses higher spin symmetries for them, and that mass terms for them are
induced when the supersymmetries are broken. These two results are partial evidence for the

positive-definiteness of the matrix model.

We also study possible structures of the effective field theory for the IIB matrix model, by
pursuing the consistent structures within the framework of field theory. It has been known
that the effective action become a function of ordinary actions, which gives a theoretical origin
for degenerate vacua. Since the direct analysis is quite difficult, we instead investigate how
inflation can be realize with that action, and obtain the allowed form of inflaton potential.
As another study, we attempt to construct the Lagrangian for a massive higher spin field in
curved background, which is expected to emerge from the matrix model. There we show that
a field whose spin is higher than 2 cannot be described by a consistent Lagrangian. It is likely
that infinitely many higher spin fields are needed to be introduced. This is consistent with the

analysis of the IIB matrix model.



Contents

1 Introduction 3
2 A Review of the IIB Matrix Model 7
2.1 Large-N reduction of a field theory . . . . . . .. .. ... ... ... 7
2.2 The IIB matrix model and emergence of type-IIB string theory . . . . ... .. 12

3 Graviton Exchange in the Matrix Model with the Noncommutative Inter-

pretation 19
3.1 A brief review of emergent gravity in the NC interpretation . . . . . ... . .. 20
3.2 Does noncommutative U(1) gauge field actually describe gravity 7 . . . . . .. 24
3.3 Summarizing remark . . . . ... Lo 27

4 The Operator Interpretation of the Matrix Model 28
4.1 The operator interpretation . . . . . . . .. ... L L oL 28
4.2 Dressed derivative operators on curved spacetimes . . . . .. .. .. ... ... 31
4.3 Emergence of curved spacetime . . . . ... L L Lo oL 34

5 Stability of the Matrix Model with the Operator Interpretation 39
5.1 Mimimality of the operator interpretation . . . . . . .. .. ... ... ... .. 39
5.1.1 An attempt to construct a further minimal model . . . . . ... .. .. 40

5.1.2 The necessity of the principal bundle . . . . . . . .. .. ... ... ... 43

5.2 Higher spin gauge symmetries in the IIB matrix model . . . . . . . .. .. ... 48
5.2.1 Higher spin symmetries in U(N) . . . . . .. .. ... 49

5.2.2 Equations of motion for higher spin fields . . . . . ... ... ... ... 54

5.3 One-loop corrections and induced mass terms . . . . . . . ... ... ... ... 56
5.3.1 One-loop computation for the bosonic action . . . ... ... ... ... 56

5.3.2 Inclusion of the fermionic sector . . . . . . . ... ... 60

5.4 Summarizing remarks . . ... ... Lo L 62



2 CONTENTS

6 Hill-climbing Saddle Point Inflation

6.1
6.2

a Suggested Low-energy Model from the Matrix Model
Brief review of hill-climbing inflation . . . . . . .. ... ... ... .......

Hill-climbing saddle point inflation . . . . . . ... ... ... ... ... ...

7 Massive Higher Spin Fields in Curved Spacetime

7.1
7.2
7.3
7.4
7.5
7.6

Breakdown of the transverse condition for curved backgrounds . . . .. .. ..
Fierz-Pauli field in general curved backgrounds . . . . .. ... ... ... ...
Analysis based on the Lagrangian . . . . . . .. ... ... ... ... ......
Connection to massive gravity . . . . . . . . ... L Lo oo
Spin 3 case . . . ...

Summarizing remarks . . . . ... oL 0oL L L

8 Summary and Conclusion of the Thesis

Appendix

A

A Note on Proposal for Gauge-invariant Regularization

of Chiral Gauge Theory . . . . . . . . . .. .
A.1 A problems around the regularization of chiral gauge theory . . . . . . .
A.2 A brief review of the domain-wall fermions . . . . .. .. ... ... ..
A3 Chiral anomaly . . . . . . . ...
A.4  Partially dimensional regularization -Example— . . . . . . . ... .. ..
A5  PDR for chiral gauge theory . . . . . . . . .. ... ... ...
A.6  Summarizing remarks . . . .. . ...
Change of effective action and amplitude by diffeomorphism . . . . . . .. . ..

Multi-local action from the matrix model with loop corrections . . . . . .. ..

64
66
68

73
74
7
82
85
86
89

90

93



Chapter 1

Introduction

Nowadays, particle physics at the low-energy region we can access is well-described by the
Standard Model (SM). It appears that, since the discovery of of the Higgs particles, we have
not encountered the essential discrepancy between experimental observable values and the
predictions by the model. Although some anomalies are being reported in several measurements
such as muon g — 2 factor, they tend to be resolved as the experimental data is accumulated.
Therefore it is natural to think that we need no drastic change in SM to describe the low-energy
particle physics.

On the other hand, it is certain as well that SM or its slight extension is not a UV-complete
theory. It has some problem to be solved involving the gravity.

One of the most important and difficult issues of field theory is to construct a theory of
quantum gravity. It is a notorious problem that the general relativity is incompatible with the
quantum field theory, in a sense that the action of graviton, which is obtained by expanding
the Einstein-Hilbert action around a background, is non-renormalizable.

Confronting this fact, there have been two philosophy researchers take. First, one can
assume that there is some UV completion over the quantum field theory and the theory of
classical gravity. It is supposed to consist in Planck scale. In this direction, string theory has
been considered to be such a UV completion and intensively discussed for a couple of decades.
As a second option, one can suspect that the theory of classical gravity can be actually lifted to
a quantum theory when we treat quantum fluctuation non-perturbatively. In such a standpoint,
no theory beyond quantum field theory is needed to describe quantum gravity. While a lot of
progress has been made in the both directions, the question which is the correct way is not

settled as yet.

We take the former philosophy, and assume that quantum gravity should be described by
string theory. So far we have much (but not sufficient) knowledge and understanding on string
theory at the perturbative level. It is certain that string theory includes the massless spin-

two mode that is identified to the graviton on a background target spacetime. On the other
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hand, its non-perturbative behavior is relatively less understood. It is critical to establish a

non-perturbative formulation of string theory for describing quantum gravity.

We would like to stress that it is not sufficient just to take into account some non-perturbative
objects such as D-branes. String-phenomenological models, intersecting D-branes for example,
do not provide the mechanism for them to form. It is closely related to the spacetime geometry
since the branes have basically large energy density. In order to evaluate the exact consistency
of those models, we need a formulation of string theory that treats the dynamics of spacetime as
well. Moreover, since “gravity” means the nontrivial structure of spacetime, a theory of quan-
tum gravity must treat not only the quantum graviton on some classical background spacetime,
but the quantum nature of spacetime itself. If string theory describes that, it goes outside a
perturbative formulation. The above observation forces us to investigate a non-perturbative

formulation of string theory.

It is hardly possible to deduce the appropriate form of the formulation directly from some
least principles. Instead, we can take a more realistic approach, where we study and analyze

the candidates for it.

In this thesis, we focus on one of the the most promising candidates, namely the IIB matriz
model [1,2]. The dynamical valuables in this model are several matrices, and the action is
written only with the trace of their products. The most important feature of the matrix model
is that it does not require the existence of the spacetime at the starting point. Spacetimes
emerge as a result of the dynamics of the matrices. Nevertheless, it contains rich physics, a
part of which reproduces results we have in string theory and field theory. First of all, its
partition function coincides with that of the ordinary Yang-Mills theory at large-IV limit. On
the other hand, it yields the action of type IIB string in a double-scaling limit. Moreover,
there are diverse works reporting many interesting aspects of it. It reproduces the Hamiltonian
of light-cone string field theory [3], or it induces (3+1) expanding universe [4], or it realizes
some special non-commutative spacetimes [5], and so on. Many of those studies suggest that
the IIB matrix model describes gravity and spacetimes at the quantum level, going beyond

perturbative string theory.

However, we still have a fundamental question to be settled. What should we interpret the
physical meanings of matrices as? Up to today, there is no consensus about the answer for
that question. Some works treat the expectation values of them as the coordinates in the flat
spacetime [6-17]. Other works treat them as momenta or its generalization [18-22]. Further
other works treat them as noncommutative coordinates [23-26,43]. The relation among those
interpretations, and whether they are related to each other in the first place, are unclear.
Accordingly, it is still in question how the gravitational degrees of freedom (DoF) are actually

contained in the IIB matrix model.

Among several interpretations, the most sophisticated one is called the operator interpre-



tation [27]. With this interpretation, we regard matrices as derivative operators on curved
spacetimes. There the matrix model can describe the curved spacetime emergent from the
dynamics of matrices, and possesses manifest diffeomorphism (diffeo) invariance. This fact im-
plies that the matrix model directly contains gravitational DoF with this interpretation. While
there has been several works on its DoF and equations of motion (EoM) for them [28-33], the
positivity and symmetries of the model largely remains to be studied. In particular, the matrix
model contains infinitely many fields which are massless at the classical level. While most of
them seem to be higher spin fields,! the existence of their higher spin gauge symmetries is not
trivial. The structure of radiative corrections has to be discussed as well. We see them as an
interesting problem to investigate.

On the other hand, we should pay attention in the study of the matrix model to how it con-
nects to the theory describing our current universe. In principle, the appropriate Planck scale
theory should reproduce SM as the low-energy effective field theory. The connection between
high- and low-energy physics is a challenging problem, which is related to the construction of

a theory of quantum gravity.

Therefore, in this thesis, we will study both the IIB matrix model and aspects of field theory
that can be related to the matrix model as its UV completion.

In the study on the matrix model, before we treat the operator interpretation, we first treat
it with one of the popular interpretation, where matrices represent coordinates for noncommu-
tative geometry. There we investigate how we can describe the gravitational force, and point
out the necessity of taking average of the noncommutativity in order to reproduce ordinary
gravitational interactions. Although it might be possible to treat the gravity in the matrix
model with this interpretation, we see that the formulation is rather awkward.

Then, as one of the main parts of this thesis, we study the matrix model with the operator
interpretation, with an expectation that it is a model of Planck scale to describe quantum grav-
ity. Concretely, we investigate the topics mentioned above. We will see the minimality of the
original operator interpretation, existence of higher spin gauge symmetries, and generation of
mass terms by the radiative correction. The latter two results are partial evidence of positivity
of the matrix model.

As for the study on field theory, we analyze two problems. One is on a possible mechanism
of inflation. The IIB matrix model suggests that its low-energy effective field theory [31,32]
have naturally-tuned coupling constants [33], forcing the Higgs potential to have degenerate
minima. It is related to the principle called the multiple point criticality principle [34]. There
is works [35,36] which claim that this mechanism and Higgs inflation [37] can be compatible
with an introduction of a novel conformal factor and the frame transformation. We generalize

this statement and determine the form of the inflaton (or Higgs) potential allowed by Planck

Lwe refer to spin larger than 2 as higher spin.
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scale physics, the matrix model for example.

Another field-theoretic issue we study is to construct a formulation of massive higher spin
fields (MHSF). In the analysis of the matrix model, the higher spin fields acquire their mass
terms when the supersymmetries get broken. Since there is no signal of supersymmetry at
low-energy scale (concretely TeV scale), it is natural to expect that the effective field theory of
the matrix model contains MHSF in the curved spacetime, although it might be too heavy to
be detected. It is worthwhile to describe them directly in the framework of field theory. In the
flat spacetime, the formulation to describing MHSF is well-known [38,39]. On the other hand,
the analysis for those in curved backgrounds is not enough as yet. Therefore, we attempt to

construct a consistent Lagrangian for MHSF in the curved spacetimes.

In addition to the two studies, we have one more investigation on a field-theoretic problem:
regularization of chiral gauge theory. Although it is rather independent topic in this thesis and
thus we will put it in the appendix, it is indirectly related to the IIB matrix model. There
are several reports [40,41] that the IIB matrix model can yield the chiral gauge theory which
is defined on background branes as a classical solution. It should be connected to the UV
behavior of chiral gauge theory. Therefore, in an attempt to grasp that connection, we propose
a possible gauge-invariant regularization of chiral gauge theory by taking advantage of a lattice
formulation called the domain-wall fermion [42], which can be seen as a fermion on a brane.

This work is in progress.

This thesis is organized as follows. In Chapter 2 we introduce the IIB matrix model, focusing
on how it reproduces results of theories with a spacetime. In Chapter 3, we investigate the
gravitational interaction in the matrix model with the noncommutative interpretation, based
on [43]. As a more promising treatment, in Chapter 4, we explain the operator interpretation
of the matrix model, which is the main approach of our study on the model. Subsequently, we
present one of the main analysis of the thesis in Chapter 5, which is on the stability of the matrix
model with the operator interpretation. This chanter is based on our two papers [44,45]. In
turn, Chapters 6 and 7 are devoted to the other analyses of the thesis, on a model of inflation and
on a construction of a theory of MHSF in the curved background, respectively. These chapters
are based on our papers [46] and [47], respectively. Finally, we summarize and conclude the
thesis in Chapter 8. As an appendix, we also report an ongoing study on a regularization of
chiral gauge theory in Appendix A. This is rather an independent part of the thesis, based on

an ongoing work [48].



Chapter 2

A Review of the IIB Matrix Model

In this chapter, we have a brief review of the IIB matrix model with the focus on how the
spacetime emerges from it. First, we will show the notion of large-N reduction, by which a field
theory gets equivalent to the corresponding matrix model.! Then, we will introduce the IIB
matrix model as a special case. Various aspects of it are discussed, including the reproduction

of type-1IB string theory and emergence of spacetimes.

2.1 Large-N reduction of a field theory

As a simple example, consider a Euclidean self-interacting scalar field theory described with

the following action:

1 1 m?
S = dlzTr | Z(0 24 —
ggAg—d/ T r(2( u(@))” + =

e+ (@) ) (2.)

Here ¢(x) represents a scalar field which takes the value of a N x N hermitian matrix. We
can regard it as a field in the adjoint representation of U(N), although it is unimportant what
DoF the matrix denotes. Ag is the energy scale specific to the theory. gg is the dimensionless
coupling constant. To calculate the physical quantity, we need to extract its Feynman rules:

0i10;
(O(R)ig (ki) = gAY s, (22)

'In this thesis, we use the term “matrix model” to mean the model which is described by matrices without
the space nor time.
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Y

A

Figure 2.1: The propagator and vertex in the double line notation. The arrows lie in the direction from
the row-index toward colomn-index. Indices connected by a line are contracted. In the corresponding
matrix model (Eq.(2.7)), the indices denotes the frow of partial momenta pff).

@z‘j

(rbmn 6jk6lm5ni (23>

= T9A6-d
9o

(bkl

The propagator and vertex can be represented in the double-line notation as Fig.(2.1). By
using them we can calculate amplitudes, green functions or the free energy. The diagrams are
classified into two types: the planer and non-planer diagrams. Examples of them among the

vacuum diagrams are the ones in Fig.(2.2), B; and Bs. Their loop integrations are given by

By = ———9o N Ay~ 24

! / 2m)d 2m) a9 R0 22k 2 (kg + ka)® + m2 (24)
dky doky 1 1 1

By=V | ————g2NAS™ 2.5

2 / (2m)d (271')ng O k24 m2 k2 +m?2 (ky + ko)2 +m?2’ (25)

with V' denoting the volume of the spacetime. Note that the non-planar diagram is suppressed
compared to the planar one by 1/N2. This is because that it consists of one index line while
the planar one has three index lines. Since each line represents the contraction of the indices,

a closed line gives the factor of N. Then we can take the following limit:
N =00, go— 0 with \:=gN fixed. (2.6)

A is called the 't Hooft coupling constant. This is a large-N limit.? In gengeral, vacuum planar

diagrams with n-loops (in the viewpoint of field theory) are O(N2A"~1), while non-planar ones

2There are various variations of the limit where N goes to infinity. They are referred to as large-N limits as
well, according to the context.



2.1. Large-N reduction of a field theory 9

B1 BQ

Figure 2.2: Examples of vacuum diagrams. (B1) A planar diagram. This gives a leading contribution
in the large-N limit. (B2) A non-planar diagram. This is suppressed by the factor 1/N 2 compared
to the planar, hence it drops in the limit.

are O(N*¥\"~1) with k£ < 0. Thus, in the large-N limit, only planar diagrams do contribute to

physical quantities.

Next, we show that the planar diagrams in the above theory can be reproduced from a

matrix model, the action of which is given by

1 1 m? 1
S = —5Tr(—=[P, ®|[P", @]+ — 0>+ - @* ). 2.7
Here, ® is a N x N hermitian matrices and P, is a hermitian matrices which serves like
an external field. We assume that its eigenvalues distribute in R? uniformly. Then we can
diagonalize it by some unitary transformation ® — U®U !

(1) - p42) ), (2.8)

P/.L :dla'g( ) p(l)v pu ) pu )

o

Let us calculate the same diagrams as the above ones in this matrix model. With P, diago-

nalized, Eq.(2.7) is written as

1 1 ; : 1
S = T | 5 2 (0 — o)+ m?) @y 55 0wy | (29)
i 1,5,k

The propagator and vertex is given by

0101
N 246 kOl
(@i @11) = goho (p® — p@)2 + m2’
-1
(3-pt Vertex) = Wé‘]k(slménl (210)
0-*0

By comparing the propagator with Eq.(2.2), we can regard that a matrix element ®;; has the

momentum p,(f) — pg). Index lines transfer the partial momenta p,(f). We represent as B; and
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Bs the diagrams corresponding to By and Bs. They are calculated as:

1 1 1
§ : 276
kgoA Z — p(j))Q =+ Tn2 (p(j) — p(k))Q =+ Tn2 (p(k) — p(i))Q —+ 7712 (211>
7]

ZggAG ! ! (2.12)

Om?2 m2 m2’

Note that By contains no momenta because the diagram (the same as By) consists of one line,
hence every propagator has the vanishing momentum p,(f) — p,(f) = 0. Although B, takes a
different form from Bs, they drop in the both theory, in the large-N limit.

As for By, we make a transformation of the variables:
1) = p;(j) _ pl(j)’ 1) = pli) — ka)_ (2.13)

From the assumption of uniform distribution for {pff)}', the values of lﬁ ) and lff) distribute
1

uniformly as well. B is rewritten as

. 1 1 1

By = Y , . : 2.14
R () ERR el (R R (2.14)

There is one summation of the index which keeps l,(f ) and l(j ) fixed. We have represented it as

Y. In the large-N limit, we can replace the summations over l,a) and l(] ) with the integrations

over continuous variables:

Ad— ! Zf (19) / dﬂ"’ f(k), (2.15)

(9

With Ag required to give the quantity the appropriate dimension. Through the replacement we
treat it as the UV cutoff scale. Using Eq.(2.15) and )", 1 = N, the diagram takes the following

form:
N d%%y, d%ksy 1 1 1
B = [ -1 2 3 p\6—2d 2.16
! / (2m)d (27T)dgo O k2 4+ m2k3 +m?2 (ki + k2)2 + m?’ (2.16)
AG
By =g2N 0. (2.17)

By coincides with Eq.(2.4) when we identify the volume of the matrix model (Eq.(2.7)) to
1/ Ag. This coincidence occurs in general planar diagrams of arbitrary loops. In this sense, The
matrix model reproduces the quantities derived from the field theory (Eq.(2.1)) in the large-N

limit.

Generically, the physical quantities of a matrix field theory in the large-N limit can be

reproduced in the corresponding matrix model. It can be shown by focusing on the planar
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diagrams [49]. Thus, the matrix model is referred to as the large-N reduction of the original field
theory. The reduction means that the information of spacetimes can partially be absorbed into
the matrix, which originally takes values in the internal spaces, gauge group for example. Due to
the fact that the spacetime information is included in P,,, whose eigenvalues serve as momenta,
the treatment of the present matrix model is called the momentum interpretation. In this
treatment, the spacetime in the coordinate space emerges as below. In the basis diagonalizing

P,, we can introduce a set of parameters {z*} € RY to rewrite the trace of the commutator as

Tr (=[P, ®]?) = T (e'P7[iP,, ®le~ F7e T [i PF, D)e 1)
= Tr (9u(eF" @ )" (e B P)). (2.18)

By using a parameter-dependent matrix ®(z) = e*®e~F* Eq.(2.7) turns into the following

form:

1

§=
g8AS

1 o m? 2 1 3
Tr 5(8#CI)(SU)) + 7@(1’) + 5@(30) : (2.19)
Here, under the assumption that we can separate the trace over DoF corresponding to P, it
can be replaced to the integration over z* due to the uniformity of eigenvalues of P,. As a

result, we obtain Eq.(2.1).

In the above example, we had to introduce P, as an external matrix. Contrary to this,
the large- N reduction of gauge theory requires no such matrices, and the model contains only
dynamical matrices. This fact can be easily seen in the Pure Yang-Mills theory. Consider the
following action:

S = 921\14—‘1 /ddmiTr(Fﬁ,),
Fu = 0,A, —0,A, +1[A,, A, (2.20)

where A, is a gauge field in the adjoint representation of U(N). The large-N reduction of this

system is represented as

5= ™ (0P A - (P A+ 14,402

g2A4 4
1 1 )
= WTI‘ _Z[PH+AN’PV+AV] . (221)

By redefining the matrix as P, + A, — A,

1 1
S = g2A4Tr <4[AM, Ay]2> . (2.22)

Thus the spacetime information is completely absorbed into the gauge field matrix. It is
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remarkable that Eq.(2.22) is the same form as that obtained from the dimensional reduction
of the original action (Eq.(2.20)). Conversely, starting from the matrix model (Eq.(2.22)), the

equation of motion for A, is
[AY [A,, AL]l =0. (2.23)
As a solution of this, a diagonal momenta matrix exists:

AM = PM = dla‘g( ) pg)7 pfjJrl)? p/(jJrQ)a T ) (224)

When we expand the action around this classical solution, i.e. substituting 4, = P, + flu,
we obtain Eq.(2.21). From this viewpoint, spacetimes emerge from classical solutions of the
matrix model, and the fluctuation around them describes the field theory on the spacetime.

This concept is the standard approach of analyzing the matrix model.

2.2 The IIB matrix model and emergence of type-1IB string
theory

Among various matrix models, we intensively treat the IIB matriz model and its deformation

in this thesis. Its action is given by

1 1-
Srip = —aTr (4[AM,AV]2 + illla(F“)aﬂ[Au, \115]) ,

N

o= (2.25)
g?AY

Here, A, (p=1,---,10) and ¥, (a=1,---,16) are N x N bosonic and fermionic hermitian
matrices, respectively. a is a ten-dimensional vector index, and « is a spinor index. WV, is
assumed to satisfy conditions for a ten-dimensional Majorana-Weyl spinor. Eq.(2.25) is the

large-N reduction of ten-dimensional super Yang-Mills theory:

NA§ 1 1-
Ssym = 920 /dmfﬂ <4Fu2u + 2¢4D¢> : (2.26)

In this section, we re-interpret matrices as DoF which have spacetime information directly
in the form of the coordinates. In other words, we will interpret eigenvalues of matrices as
coordinates of the target spacetime. This interpretation is called the coordinate interpretation.
With this interpretation, we reproduce the action of type-1IB string theory from the IIB matrix
model. First, we show that a form of actions for string theory, namely Schild action can be
obtained from the classical limit of a particular matrix model. Then, we derive the model as

an effective theory of the IIB matrix model.
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Consider the following action for string theory:
1 _ _ _ _
Sne =-T / d*c [,/—222 +ie 9, X* (' T ,0p0" + 0°T ,0p07) + €0 T+0,0' 0T, 0,07 |
(2.27)

where #' and #? are ten-dimensional Majorana-Weyl spinors, and they have the same chirality.

YH is defined as

v _ _ab v
S = OTTATTY,

T4 = 9, X" —if'TH9,0" + i6°T"0,6%. (2.28)

Note that 62 in the above action has been analytically-continued from that in the ordinary GS
action as 62 — i#? This operation is necessary in order to make the path integral well-defined.

Eq.(2.27) has N = 2 super symmetry

Ssusyd' = €',
Ssusyt? = €2,
dusy X* = ie'THol — ieTHp?, (2.29)

and kappa symmetry

6:0" = (14+T)x!,
6:0% = (1 =Tk,

u X* = i TH(1 + T)k! — i (1 — T)k2, (2.30)
1

1
2,/—1x2

Let us gauge-fix the kappa symmetry by imposing the conditions 8" = #? = . The action

Sas = —T/d2a [\/—202 + 2ie“b0aX“@Z_JFH8b1/)] , (2.32)

o = €9, X udph X" . (2.33)

r= IO IS (2.31)

changes its form as

Sgs is equivalent to the following action (up to the normalization of fields) through the intro-

duction of a Poisson bracket:

Seasa = [ o [aVUX" XY = ST, (X4, 0) + 5va. (2.34)
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{f, 9} = \}geab&lf@bg- (2.35)

a and (3 are constants. In this action, the transformation laws for N' = 2 super symmetries are

written as
1
5(1)¢ - _ Ulwpwe(l)7
2 —50'2
S XH = 4V,
5@y = @,
s xH = 0. (2.36)

The quantum string theory based on Eq.(2.35) is formally defined by the following path integral:

Z = / D\/gDX DipeJschita, (2.37)

This system is, in fact, equivalent ro the classical limit of the system whose action and partition

function are given by

1 1.
Spat = oTr (—4[AM, A% - 5\I/rﬂ[A,“ \I/]) + BTrl, (2.38)
Zmat = Y / dAdWeSmat (2.39)
n=0

Here, A, and ¥ are n x n hermitian matrices. The equivalence is shown as below. It is natural
that the contribution of large n configurations is dominant, and that eigenvalues of the matrices
are distributed uniformly. Therefore, it is consistent to consider the classical limit, where we
replace matrices with c-numbers and their commutators with the Poisson brackets, just in the
ordinary quantum mechanics. The trace is converted to the inner-product in the functional
space. In the present case, we take the space of smooth functions on the world-sheet, and

defined their inner-product as the integration over it:

[F,G] — i{f(9),9(0)},

Tef---] — ;ﬂ/d%\/g, (2.40)

Note that the Poisson bracket satisfies the following conditions:

[ #ovatrn o
/d%\/gf{h, k} = /dQU\/gh{k,f}. (2.41)
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These come from the vanishing trace of commutators and cyclicity of tripple products. Ap-
plying the above replacement, Eq.(2.39) turns into Eq.(2.37). The summation over n has been
converted to the functional integral over the volume element [ D,/g. It is remarkable that
Eq.(2.39) is described only the mere matrices and thus well-defined. Indeed, it has been shown

that Eq.(2.38) is a matrix regularization of world-sheet.3

On the other hand, Eq.(2.38) is understood as the effective action of the IIB matrix model
as well. In studying Eq.(2.25), we assume that the eigenvalues of A, are distribured in the

range of
—mA < (the eigen values of A,) < wA. (2.42)

A is the parameter characterizing the energy scale of the system. We have to consider its
interpretation with care as mentioned later. In the approach where the eigenvalues of A, are
the spacetime corrdinates, A is regarded as the IR cutoff. In the model, consider the following
background:

Ay = P, = diag(---,p{, itV ), (2.43)

with {pl(f)} distributed uniformly. In the continuum limit (large-N limit), this background is

interpreted as the flat spacetime.

Before proceeding further, we have more comments on the continuum limit. Since the size
of the matrices IV is a sort of cutoffs, we have to take its limit in the coordination with that
of A, which has been introduced as an explicit energy scale. That simultaneous limit is called
the double scaling limit. The proper way to take it is read off from the original super Yang-
Mills theory. Eq.(2.26) has the classical energy scale m = A/g'/3. The double scaling limit is
required to keep both m and the coefficient o in Eq.(2.25) finite.* From the conditions

6

A
a : fixed, m® = —5  fixed, (2.44)
g

= g2A4

we obtain

N
W . ﬁXed. (245)

3 A matrix regularization is the regularization where the functions defined on a manifold with the Poisson
structure are regularized with the approximation by the matrices. The algebraic structure of the matrices is
determined by demanding that it coincides with that of the original functional space in the large-NN limit.

“In [1], A classical solution of the IIB matrix model is regarded as D-string and the authors identified the
coupling constant as a ~ 1/(gsa’). The motivation of regarding the solution as D-string is based on the fact
that it is a BPS object.
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Eventually, the double scaling limit is defined as below:

A — oo,
N ~AY — o,

g~A — . (2.46)

Returning to the derivation of Eq.(2.38), we operate the path integral defined with Eq.(2.25).
When we integrate around the flat background Eq.(2.43), The bosonic and fermionic contribu-
tions from the non-diagonal components are canceled. On the other hand, nontrivial contribu-
tions from the diagonal components do not exist at least one-loop level. The partition function

is represented as

/ H H dA““ H AW ;idciidby;. (2.47)
=1

=1 pu=0

c and b are the Faddeev-Popov ghost and anti-ghost. The integration over the bosonic part

dA,; symply yields the width of the eigenvalue-distribution:

/ H H dA i o< MOV, (2.48)

i=1 p=0

The integration over the ghosts dbj;;dc;;, and the one over the fermionic part d¥.; gives respec-

tively
N
/H de;iedbi; o< a% (2.49)
=1
N 16
/ ITI] a%yii o o (2.50)
i=1~v=1

It is easily understood through the dimensional analysis. Therefore, we obtain the folowing

partition function:

Zo(N) %(Alooﬂ)N (2.51)

After the above analysis as a preliminary, consider a background below:
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Here flu is an n X n hermitian matrix. The partition function around the background is
represented as Z. The effective action for the n x n block is expected to be obtained by
subtracting the loop correction of totally flat spacetime from the correction around Eq.(2.52).

Therefore we define the effective action as

Spxn eff = — log (ZO(ZN)> : (2.53)

In the path integral of Z, the contribution from the (N —n) x (N —n) block, which lives in the
right-bottom sector in the matrices, is nothing other than Zy(N — n). On the other hand, the
contribution from the non-diagonal block yields correction terms of the same form as those in
the super Yang-Mills theory. Combining them together, the resulting effective action is given

by

San eff = — 1Og (ZO(]V_TL)) —oTr <1[121,u7 AV]2) + -

Zy(N) 4
Aloag 1 ~ .
= const. X nlog ( ~ — oTr <4[A,UJAV]2> 4.
L2 40
= const. x n — oTr Z[A’“ A )+ (2.54)

The explicit terms in the above action is identical to Eq.(2.38). We have trancate in the
dots higher order correction terms of A, Tr(f?’4) for example. They are the divergent terms
which already appear in the super Yang-Mills theory. In the exact treatment, we have to
add to Eq.(2.25) the counterterms for them. Although Eq.(2.26) is non-renormalizable action
perturbatively, we can assume the existence of a nontrivial fixed point of renormalization group
flow, due to the super symmetry. Accordingly, The correction terms included in Eq.(2.54) is

observed to be controllable or ot have no effect in the double scaling limit Eq.(2.46).

We have seen that the effective action of the IIB matrix model is identified to a form of
the action of type-I1IB string theory (Eq.(2.38)). It is necessary to compare them at the level
of partition function. In Eq.(2.39), there is summation over n, the size of the matrices. It
is valid that we have calculate the effective action with n fixed, since the background has a
particular value of n as a classical solution. Yet, the path integral itself includes contributions
from blocks of verious size. In this sense, starting from Eq.(2.25), we have been able to repro-
duce Eq.(2.39).The constant term proportional to n in Eq.(2.54) is understood as a chemical
potential. Since it is natural that the configurations with large n are dominant, it reproduces

the path integral of string theory Eq.(2.37).

As above, we have had a brief introduction of the IIB matrix model and explanation of how
it reproduce string theory. One of the essential points is that the matrix model reproduce the

variety of physics only at the large-N limit, while the original model with finite N is free from
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the UV divergent and the path integral is well-defined. It suggests that the matrix model is
non-pertubatively regularized theory. Another critical point is the emergence of spacetimes. In
the both case of large- N-reducing gauge theory, and of the reproducing string theory, the notion
of spacetime has naturally emerged from the matrix model. These observation leads to the
expectation that the IIB matrix model (or its modification) describes the quantum spacetime
and gravity beyond perturbative string theory.

On the other hand, it should be paid attention that we have re-interpreted the physical
meaning of matrices in order to derive the string action from the large-IN reduction of super
Yang-Mills theory. Here, the change in the interpretation of the dynamical variables leads
to the change of physics they describe. It might imply some profound relationship between
different theories. Otherwise, If we take the pessimistic standpoint, it might be just a problem
of interpretations and some of them be physically senseless or unhealthy.

Although the issue cannot be settled so far, we will attempt in the following to find out the

really appropriate mechanism of emergent spacetime and physics on it.



Chapter 3

Graviton Exchange in the Matrix
Model with the Noncommutative

Interpretation

Before studying the matrix model with the interpretation of our main interest, we first take a
noncommutative version of the momentum interpretation, the noncommutative interpretation.

This is one of the most well-studied interpretation. It is well known that there is a close
relation between the matrix model and noncommutative (NC) field theory [52-54]: The fluc-
tuation of matrices around some noncommutative classical solution is equivalent to the field of
NC field theory, where the product of fields is defined by the star product. Remarkably, the NC
U(1) gauge field is uniformly coupled with all the matters. Such a special behavior of the U(1)
gauge field reminds us the property of gravity [55-57]. In fact, the couplings between the U(1)
gauge field and the matters can be expressed by the effective metric made of the gauge field, at
the leading order with respect to the noncommutativity (see Section 3.1 for the details). Thus,
the U(1) gauge field can be viewed as the fluctuation of the metric. Moreover, it is suggested
that UV/IR mixing emerging at one-loop calculation of the U(1) NC field can be understood

in terms of induced or emergent gravity [5,23,58-60] ! (for a review, see also [24,62]).

While such successful results are present, it is not yet clear whether the mechanism rigor-
ously reproduces the real gravity. For example, we have not yet obtained the explicit diffeo-
invariance within the degrees of freedom of matrices.? At a first glance, it seemingly does not
work because of the off-shell degrees of freedom; the U(1) gauge field has only four, while a
graviton does ten. However, still there is the possibility because the off-shell degrees of freedom
are unphysical. Therefore, it is quite necessary to check whether the emergent gravity scenario

can actually explain the results of the ordinary gravity. As an important check, it is interesting

'Recently, another mechanism of emergent gravity was also discussed on a specific background [61].
20n the other hand, the diffeomorphism can be explicitly seen in the operator interpretation.
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and meaningful to calculate a two-body scattering amplitude of test particles exchanging the
NC U(1) gauge field, and to compare it with that of the usual graviton exchange. In this
paper, we perform such analysis, and see that the NC U(1) gauge theory correctly reproduces
the usual graviton exchange if the noncommutativity is appropriately averaged and the test
particles are massless. Although this result shows a partial success of the mechanism, it may
also indicate the necessity of considering another framework in order to produce the correct
four-dimensional gravity. If such a new framework is actually found, we can get deep understat-
ing between the matrix model and gravity. As the most promising candidate, we will consider

the operator interpretation in the later chapters.

3.1 A brief review of emergent gravity in the NC interpretation

Before going into the calculation of the scattering amplitude, let us briefly review the emergent
gravity scenario starting from the matrix model with noncommutative interpretation. We

consider the following action:

S =S + S
" <(zzf [Aa,Ab]2> - ;227;\)42% (;[Aa, <I>]2>
- _Tr <(in2 7¢I A | A][A,, Ad]> . %Tr (;5‘”’[Aa, D)[A,, @]) (3.1)
where Sy is the bosonic part of the IIB matrix model, with indices running as a =1, ---,10.3

A represents a cut-off scale, and P, and ® are N x N hermitian matrices. Note that 59 stands
for the ten-dimensional flat metric. In the following discussion, we consider fluctuations around
a specific background P,. We interpret P, as the derivatives with respect to the coordinate.
This is called the momentum interpretation of the matrix model. In this model, P,’s are

determined by the classical equation of motion:
4%, 140, 4,]| + [@,14,, 9] = 0. (3.2)

Among the various solutions, we consider the following one that gives the four dimensional NC

spacetime:

[P;upy] :’LA2NC Xé,ul/l (M?V:L'" 74)7

P,=0 (i=5,---,10), ® =0, (3.3)

where é;w is an antisymmetric dimensionless constant, and Axc is a NC scale. This is the

well-known noncommutative geometry called the 4D Moyal-Weyl plane Rg. By considering the

3From now on, we re-label the vector indices by latin letters.
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fluctuation around the solution as A, — P, + A, and using the well-known correspondence

lLL?
between matrix and function on the NC spacetime [52], the action takes the form

27)2 o B A _ _ _
S =—-Tr ((41&215“ 0 B[PM + A#, P,+ AP, + Aa,Pﬁ + A5]>
(2m)?

g2\ 4

A4NC 15 vy 1 4 /10 v saf
= A4{4N9“ 9;“/—1_4/61 X ‘9’ (6” (5 F;,LaFI/ﬁ)*

+2;2 dh ]5’5/“/((6“@—z‘[AH,CD])(81,@—1'[14,,,(1)]))*}, (3.4)

1o .
Tr (26“ (P, +A,®[P,+A4, <I>]>

where we have neglected the fluctuation of P;’s (i = 5, - - - 10,) for simplicity. Here, 6= det(éul,),
F,. = 8HAV - 8,,14“—1' [Aw AV]*, and * represents the Moyal product defined by

(7 =0)@) = exp (0267000 ) flg(e)| (35)

y=z=x

where 0# = (§~1)*. Furthermore, note that we can always eliminate (Ac JAY|0]'/2 by the
field redefinition ® — (A2/A%)|0]7Y/*® in the last term of Eq.(3.4). The above argument is
the usual interpretation of the matrix model as NC field theory. On the other hand, it was
also argued that A, can be interpreted as the fluctuation of the four dimensional spacetime
metric in the semi-classical limit [55-57]. Here, ‘semi-classical’ means that we should keep
the lowest order terms in AQ%GW, and neglect higher order terms. In this approximation,

noncommutativity gets switched off, and commutator turns into the Poisson bracket as

[f.gle ~i{f. g}, {f 9} = A& x 070, fO,g. (3.6)

Then, Eq.(3.4) now becomes

S| :ﬁf / a4\ 10 (VIGIG")8,.00,5(\/IGIG?) + / e 222\/@6*“”6“@&,@, (3.7)
where
ViGlgr = (5“”+A1§% x (0*"0,A” +0°7 0, AM) + Agé x O(A?), (3.8)
From this we can read the fluctuation of the metric h*” = —(GH — 6H) as

1
R =ARe X (0“a6aA” + V29, A" + QaﬂyeaﬁFaﬁ) + AN x O(A?) (3.9)
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—>

Figure 3.1: One-loop diagrams needed for the computation of the effective action of the NC U(1)
gauge field. (Source: [43], d0i:10.1093/ptep/ptx036)

In the following analysis, we investigate the dynamics of A, which is quadratic in the effec-
tive action. In this sense, the O(A?) terms in h*¥ are not necessarily as long as we expand
the Einstein-Hilbert (EH) action at the linearized level because such terms give higher order
contributions.* From the above equations, one can actually see that ® couples to Au in the
covariant way, and that A, can be interpreted as the fluctuation of the metric. On the other
hand, as for the bosonic part of IIB matrix model, its semi-classical action cannot be written in
a covariant way. (See the first term in Eq.(3.7).) Although this is a big problem in the present
formulation of emergent gravity, we simply drop the term in the following discussion. In other
words, we will focus on the matrix model which does not contain Fp, ~ [P,, P,]* term. Then
as we will see below(3.14), such a term is not induced by the quantum correction due to the

noncommutativity.

Although we have found that the U(1) gauge field can be understood as the fluctuation
of the metric, we have not yet obtained the action for it. It was claimed that it is given by
the induced EH action by considering the one-loop effective action of A, in the semi-classical
limit [23].° By calculating the scalar one-loop diagrams (Fig.3.1), we obtain the effective action

of A, as a NC field theory [23]:°

-l __ -5
e ? —/D@G |1-loop without IIB action’ (311)
1 dp [ 1 A?
Tp=— —Fu(p)F (—p)log | e
? 3%292/ (%)4{ g Fi P)FT (=) log <A2ﬁ>

“On the other hand, the O(A?) terms in h** are necessarily when we expand the cosmological constant term.

SHere, note that there exist two ways of obtaining such a semi-classical limit: One is to take the semi-classical
limit after calculating the one-loop effective action as a NC field theory. The other is to take first the semi-
classical limit at the tree-level action, and calculate the effective action as an ordinary field theory. However, we
have checked that both of the approaches produce the same result.

5Tn this reference, calculation was done by adding the mass term for the scalar as a regulator, and then taking
the massless limit. Furthermore, the following replacement is used as a regularization of the loop integral:

/ (521;4 % - /0°° daa/ (321)74 F(p)e= @@ FAN =1/ (ah?), (3.10)

Therefore, to maintain the consistency, we also use this regularization scheme in the following calculation.
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—l-}H‘“’F (p)0™ Fy,(—p) | AL —1]32./\2 +(p2)2 47 — 301log p—Q
4 AP off 7 gt Zeff T 7800 A2, ’

(3.12)

where A;f? = A2+ p?/(4A%¢), P* = 0"p,, and A is the cutoff momentum for loop integral.
We suppose 5 and p? are the same scale, since #*¥ is dimentionless and expected to be O(1).

When we focus on the IR regime,

272
peA
<1, (3.13)
AXe
Eq.(3.12) can be expanded as
1 dip [ A4 A* A2
Iy~ — 0" E,,, (p)0 Fp(—p) — —— 20" F,,, (p)0 Fy o (—
v~ = g5 | ot | TR w0 () = g PO F 0B )
A (F””(p)Fp (=p)P* + 0" F ()0 F (—p)p2>]
v v p
24A%
1

4 4 2
- 2 2 /d%[ A4 GWFWQAPFM + 7/}1 7/\4 0" Fuu(0 o 8)9APF)\p
32m2g 4A% ¢ Aje 8ANe

2

+
24A%

(F’“’(@ 0 d)F,, + H“VFWDQAPFAPH ,

(3.14)

where 90 9 = grg8 0ap0u0y, and O = 6179,,0,. This result should be compared with the EH

action with the cosmological constant term where the metric is given by Eq.(3.9):

S = — /d4 V]G] —1A4—AZR[G]
¢ q6n2 ) 4 F 2

12

ot / d%[ A M F,, 0N Fy, + A F'9 o dF (3.15)
32m2 g2 ANy P 24A wl

where we have extracted the quadratic part in A, and rescaled it as A, — A,/g. From

Eq.(3.15), one can see that the terms 0# F},,00* F) , and 0" F),,,(00 0)0* F, in Eq.(3.14) are

absent in Eq.(3.15). The latter is, however, a higher-order term in (A/Anc)?*. Here we consider

the effects of the noncommutativity in its lowest order. In other words, we assume that Anc is

larger than the cut-off momentum A and we shall neglect this term in the following discussion.”

The above mismatch between Eqs.(3.14) and (3.15) originates in the path-integral measure: In

the NC theory, it is induced from the flat metric in the functional space of ®.
116|2 = /d% 50 (x)2, (3.16)

and this apparently violates the diffeomorphism invariance. If we use the diffeomorphism

"The following analysis works in parallel and gives qualitatively the same result even if we take this term
into account.
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transformation
at =yt =at -0 Ay, (3.17)

which is not realized in the NC U(1) gauge theory, we can make h*¥ traceless in the leading-
order in A,. In such coordinates, the one-loop effective action indeed matches the EH action.

See Appendix B for the details.

In spite of the mismatch, the similarity between Eq.(3.14) and Eq.(3.15) is impressive, and
it is meaningful to study whether the NC U(1) gauge theory can actually describe the real
gravity. In the following, we in particular consider the amplitude of the graviton exchange

between two scalars.

3.2 Does noncommutative U(1) gauge field actually describe

gravity 7

As a first step, we compute the two-body scattering amplitude of the scalar particles exchanging
the U(1) gauge field whose action is given by Eq.(3.14). In the following discussion, we put
32r2g% = 1 for simplicity, and drop the first term in Eq.(3.14) because it corresponds to the
cosmological constant (CC) term, which we assume to be canceled by some mechanism. Adding

a gauge fixing term and rewriting them in terms of A,, we have

1 dp AZ i v A
I‘(I:"O(A2) without CC term + o (271')4 mp p M(p)p l/(_p)

A2 d*p 1
_ o ~2 (.2 _ - oV 2~ ~v v(_
_12A4NC/(27T)4A (p) {p (p Oy (1 a>pp>+2ppp]x4( p);

(3.18)
where o represents the gauge freedom. From this, one can read off the propagator of A, as

6AL~ 1
Dﬂll(p) = Algc 252]32

Pubv 215;451/
S — (1 — _ ZPubv 3.19
b — (1)l 2] (5,19

Supposing A, to propagate with Eq.(3.19) , the two-body scattering amplitude of the scalar
can be calculated in the semi-classical approximation. In the following discussion, we take the

Feynman gauge oo = 1. From Eqgs.(3.7) and (3.8) we can read the interaction between ® and

Au as
Lint = Aﬁ% X QO‘“BQA”&?M(I)BV(I) (3.20)

from which we can read the vertex as
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p+k q—k
A
k
AVAVAVAVAVAVAV
%
A
D q

Figure 3.2: A scattering of test particles exchanging the U(1) filed or graviton. In the for-
mer case, we read its propagator from the one-loop effective action Eq.(3.14). (Source: [43],
doi:10.1093 /ptep/ptx036)

q
k
I
AVAVAVAVAVAV. =iAgE % [P (g k) +q"(p- k). (3.21)
p

We can now compute the two-body scattering amplitude (see Fig.3.2). Along with on-shell

conditions for the scalar

PP=¢=0, (p+k)?=p> (¢—k?>=¢, (3.22)
we obtain
6 1 (pk)(g-k) o 8(p-k)(g-k)
My = A2 )2 e (4p-q+ k°) 3 e + (s channel) 4+ (u channel). (3.23)

This should be compared with the scattering amplitude calculated from the ordinary gravity

System:
S =S+ ng + Sa, (3.24)
1
=—— [ d'=\/|(6+h)|R[S +h
SG 2GN / v |( + )|R[ + ] quadratic part inh’
1 1 1 1
= / d'z [88Ah,ﬂ,8Ah’“’ — Zaﬂh,waw'f + 50" hyu0h — 8auhaﬂh} , (3.25)
1 4 . 1 Ap i 1
ng :Z dz |0 hy,l/ — iaﬂh o™ h AT Eauh s (326)
1
S :/d4:c (0 + h)| [2(5“” — h“l’)(?#(l)@,,‘l)}
Oth and 1st order of h
1 1 1
_ / d'e [23@0#@ — 0,20, + 4h8M<I>8“<I>] , (3.27)

where the graviton is gauge-fixed in the de Donder gauge (harmonic gauge) which leads to the
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following propagator of graviton:
(h) 2
Dul/)\p(k) = ﬁ(éméy,} + 5,up5u)\ — 5MV5>\P)' (3.28)

From the straightforward calculation, we obtain

2(p- q)?
k;?

MGzQGN< +p-q)+(s<—>t)+(tHu):—GN<w+m+tS>, (3.29)

t S U

where s, ¢ and u are the Mandelstam variables. This does not match Eq.(3.23) although both
of them lead to the inverse-square law. In particular, 0*" explicitly remains in Eq.(3.23), and
we need some mechanism to eliminate it. Because 0¥ is a moduli parameter which specifies
the classical solution, it is natural to take a kind of average over it. For example, let us consider

the average over the direction of *¥ with the ‘absolute value of 8#*” being fixed:
O1G"P 505 = 1. (3.30)
We assume that 6#¥ distributes in the Lorentz covariant manner:
0" — O = MY M50, (3.31)

where M, is an element of SO(4). This is compatible with the assumption (3.30). Then the

average over the direction of *” yields Lorentz covariant quantities:

/ dM 047077 = —("67P — §hP57N) = — AP,
SO(4)

1 1
3 3
/ dM QHMVGJ)\\/IIJHﬁGXj _ _i( AR ACBYS L ApvaB AAYS | A S AApaﬂ)
SO(4) 27
+ é{(a”apaaﬁw‘m + 676G 4 67 50060 601

+ [wllaBlhel ), (332)

where dM denotes the Haar measure of SO(4), and [uv][Ap][aB][7d] represents the antisym-
metrized terms of the first one with respect to the superscripts in each of the brackets. Here the
coefficients in the right hand side (RHS) of Eq.(3.32) are determined so that they are consistent
with Eq.(3.30). After taking such an average, Eq.(3.23) now becomes

2521 ., 14 1,
MA—A2[27k22(p Q)"+ 5P q+36k}+(8<—>t)+(t<—>u)
92 (su tu st
P <t+s+u>’ (3.33)

which correctly reproduces Eq.(3.29).
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Therefore, if O#¥ is appropriately averaged as Eq.(3.32), the scattering amplitude in the
induced gravity scenario coincides with that of the ordinary gravity. The question is the
meaning and validity of averaging 6#”. In the analysis above, we first calculated the amplitude
with a fixed 6 and then averaged over its direction. On the other hand, turning back to the
matrix model, 6" is determined by the commutator of matrices, and the path integral over
them naturally includes the integration over *” as a fundamental variable. In the language of
NC field theory, this implies that #¥ could have independent fluctuation, and that the average

over A*¥ corresponds to the integral over 9*V:

7= /def(e)/DA/chexp(S), (3.34)

where f(0) is some weight function. In order to justify this picture, it is necessary to check
whether the average as Eq.(3.32) can actually produce the correct results in other scattering
processes of gravity.

Further investigation is needed on the treatment of *¥, with the emphasis on its degrees of
freedom. For example, lifting *¥ as an independent field is attractive in the aspect of degrees of
freedom. It is possible to compensate the discrepancy between the off-shell degrees of freedom of
the NC U(1) gauge field and the ordinary gravity, because ##” has six independent components.
We can also consider a new matrix model or novel interpretation of matrix variables in which

gravity does not necessarily come from the noncommutativity [27] [61].

3.3 Summarizing remark

We have investigated the emergent gravity scenario by examining the two-body scattering of
the scalar particles exchanging the NC U(1) gauge field. As long as we take Eq.(3.23) literally,
the fundamental force acting between test particles looks somewhat different from that of the
ordinary gravity, although the NC U(1) gauge field can be viewed as the metric fluctuation.
However, once we take the average over the direction of 8#, the resulting amplitude matches
that of ordinary gravity. The origin of the averaging procedure can be attributed to the path
integral of the matrices in the matrix model.

On the other hand, the mechanism discussed in this chapter is somewhat awkward because
we do not have manifest diffeomorphism invariance in the model. What we have done is that we
break that invariance and Lorentz invariance by introducing the noncommutativity, and then
integrate them out. If such a procedure correctly described gravity, it is natural to expect the
existence of more straightforward description, where the system is seen at least isotropic from
the beginning. In the next Chapter, we will introduce a promising treatment of the matrix

model which meets such a insight.



Chapter 4

The Operator Interpretation of the
Matrix Model

From this chapter, we focus on a special interpretation of the matrix model, namely the op-
erator interpretation. Among the many interpretations, the distinctive feature of the operator
interpretation is that the unitary symmetry of the matrix model is translated into the sym-
metries including the diffeomorphism and local Lorentz symmetries. Because there is a belief
that the two symmetries is closely associated to the off-shell DoF of graviton and is essential
to describing gravity, we can expect that the matrix model with the operator interpretation
reproduces gravitational and spacetime physics. In this chapter, we introduce the interpreta-
tion and briefly review the advantages of it. Note that, in this and subsequent two chapters,

we mainly focus on the bosonic sector of the IIB matrix model.

4.1 The operator interpretation

In the momentum interpretation, we assume that matrices contains the information of the
spacetime in the form of momenta. Roughly speaking, there we interpret matrices as first-

order derivative operators:
Ag ~ 10, + aa(l')- (41)

These act on some functional space, the elements of which is defined on the flat spacetime. One
can make such identification in the large-IV limit. We shall generalize this treatment. Consider
the general linear operator acting on the smooth functional space C*°(R?, C), which consists
of functions living in the d— dimensional flat spacetime. When we regard a matrices as such a

operator, it is represented as a integral kernel or a bi-linear field. Furthermore, it is formally
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expanded in terms of local quantity and is written as a infinite-order derivative operator:

Ag: f(2) > (Aa- () = / YK, (z,y) ()

~ aq(x) f(x) + ab(2)0uf () + ab¥ (2)0,0, f(z) + - - (4.2)

Intuitively, the first term in Eq.(4.2) corresponds to the diagonal element of the matrix, and
the terms with higher derivatives can be read as the matrix elements farther from the diagonal
ones. Each coefficient field should be regarded as the field living on the d—dimensional flat

space.

Before lifting the functional space to the one defined on curved spacetimes, we see how the
diffeo-invariance and spacetime emerge in the matrix model. The fundamental DoF in the IIB

matrix model is hermitian operators, a matrix are expanded as

i i2
Aq = aq(z) + §{a’;(x), Ou}t + g{aﬁﬂ”) (), 0u0p} +--- . (4.3)

Here, {-, -} is the anticommutators and a;” " is a tensor field with the Greek indices symmetric.

The original U(N) symmetry in Eq.(2.25) is written as
0As, = [A, Ay, A : hermitian matrix. (4.4)

In the operator interpretation, A is expanded as a derivative operator as well as Ag:

i i?
A= \z)+ 5{»‘(:5), O}t + §{A#”(:c),auay} R (4.5)

In the special case where we take the gauge parameter as A = %{)\“, Ju}, the transformation

law for each coefficient field in Eq.((4.4)) is

daq(x) = =N0,aq(x),
dak(z) = =N0yal(x) + ag(x) 0, N\,

(4.6)

This is nothing but the diffeomorphism transformation. On the other hand, such unitary
transformation has no influence on the ten-dimensional index a, that the matrix originally has.
One can re-treat it as the index associated to the local Lorentz transformation, which emerges

from the Lorentz symmetry of Eq.(2.25). These symmetries imply that a4 (x) is the vielbein.

While we have assumed that the functional space is defined on the flat spacetime, the

spacetime is in turn identified as a classical solution of the model. Consider the following
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solution of the EoM:

/04,0, =1,---.,d
Aa: 10q 0y, (a ) ’ )7 , U — 0. (47)
0 (a=d+1,---,10)

This means that ak(x) =65 (a=1,---,d), and that the fluctuation around it is equivalent to
the large- N reduction of the Yang-Mills theory. Thus the solution represents the d—dimensional
flat spacetime. This situation is similar to the general relativity. the EH action is defined the
integral of the curvature over some curved spacetime, which is determined (at least when one

consider the on-shell structure) through its EoM.

In order to reproduce curved spacetimes in from the matrix model, it might be a natural

generalization to replace the derivatives with the covariant ones in the matrices:

i i2
Au = aa(z) + S {al(2), Vb + 5 {al (@), Vu Vi) + - (4.8)

Vi = 0 + wiOpe. (4.9)

Here wff is the spin connection and Oy, is the Lorentz generator, whose representation depends

on that of the function it acts on.

There are two difficulties in the above naive generalization. One is involved with the defi-
nition of tensor operators, including vectors. A tensor living in the curved manifold is defined
on each local patch, in a way that the locally-defined quantities are glued by the transition
function in the overlap regions of the patches. Since the gluing mixes all the components of
the tensor, we can state that they are simultaneously defined consistently to form a single
object, a tensor. On the other hand, each component of the matrices in the matrix model is
independently well-defined. Thus there is the gap between an operator and a set of matri-
ces. Related to this problem, the second problem is that the discrepancy of the multiplication
rule for matrices and covariant derivatives. For example, the product of the first and second

components of the covariant derivatives gives
ViVy = 01V +wiV,. (4.10)

It contains all the components. As for the matrices, A; - As does not contains As, A4 and so on,
of course. Eq.(4.10) comes from the fact that V, is a vector operators and hence is not closed
on a functional space of a specific representation. This point is discussed in the next section.
These difficulties tell us that we cannot regard a matrices naively as a derivative operator,

A, ~ afV, for example.
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4.2 Dressed derivative operators on curved spacetimes

In fact, the obstacles to generalization mentioned above are resolved by the extending the
functional space.

In general, a field living on the d—dimensional spacetime belongs to the irreducible rep-
resentation of the Lorentz group, Spin(d) or Spin¢(d).! Consider the space that consists of
the whole configurations of fields in the r—representation. This is the set of sections of a fiber
bundle, whose bottom is the spacetime M and whose fiber is the r—representation space V; of
the Lorentz group. The structure group of the fiber is Spin(d). We represent the fiber bundle
and its section as F, and I'(E;), respectively. An action of the covariant derivative on that

space changes the representation:
Vo :T(E) — I(T® EY), (4.11)

where T' is the tangent bundle on the spacetime. Apparently, the action of the covariant
derivative (more generally, any tensor operator) cannot be closed in the space of a specific

representation.
However, this is not the case when we take the regular representation for r.

The regular representation of a group G is defined as action of G over G itself. Its repre-

sentation space is described as the functional space living in the group:

Viee ={f(9)lf : G — C}, (4.12)
he @G, then (h-f)(g9) = f(h'g). (4.13)

This representation contains the entire information of the group. The interesting feature of it
is that its tensor product with an arbitrary irreducible representation is decomposed into the

direct summation of regular representations:
Vi ® Vieg =~ Vieg @ - -+ @ Vieg. (4.14)

Here the number of V¢, in the RHS is equal to dim(V;). This relation means that an element of
Vi ® Vieg can be write with dim(V;) elements of Viee by some diagonalization. More explicitly,
suppose fi(g) € Vi ® Vieg and 4 is the index for r—representation. This element transforms by

the action of h € GG as

filg) = (b~ Pilg) = RE () f;(h "), (4.15)

where R<§>j (h) is the matrix element of h in r—representaion. The isomorphism Eq.(4.14) is

We have to consider Spin(d) in the case the spacetime does not have the spin structure.
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obtained by considering the following element:

fiy(9) = R (a7 Fi(9). (4.16)

This indeed has one-to-one correspondence to f;(g), and transforms as

— fo(h'g). (4.17)

Although the index (i) is for the representation matrix, it gets no influence from the above
transformation. It is merely a label for the diagonalized elements. In the following the paren-
thesis of an index shows that the index is a mere label and does not mix under the Lorentz

transformation.

Such a exceptional feature of the regular representation is equipped to I'(Eieg) as well.
Assuming that the spacetime M is covered by the local patches {U;}, elements of I'(Eyeg) is
first defined locally as a map U; x G — C. Next they are consistently glued together in the

overlapping region:

il xqg—cC fV.u;xG—cC,
HAS UZ' N Uj then f[z] (ZL‘,g) = f[]] (:L',tijg). (4.18)

Here t;;(x) is the transition function. Therefore, There is an isomorphism involving I'( Ereg)

and an arbitrary fiber bundle F, corresponding to Eq.(4.14):
I'(Er ® Ereg) > T'(Ereg) @ -+ - @ I'(Ereg). (4.19)

In terms of elements, This isomorphism is given by

f ([2]) (z,9) = R%lflm (z,9). (4.20)

By combining Eqgs.(4.11), (4.19) and (4.20), one can see that the action of the following operator
is closed (at least locally) on I'( Eeg):

(V) b

Vi) =R () (97" Vs € End(T(Eieg))- (4.21)

1

Here, RQQ) b(g_l) is the matrix element of g7 in the vector representation. V(, is a scalar

operator in a sense. It is seen by checking its definition. First, the ordinary covariant derivative



4.2. Dressed derivative operators on curved spacetimes 33
operator V, is glued on the overlap of the patches x € U; N U; as

Vil = V) b(tij(a;))vgj]. (4.22)

a

Then the gluing of V) is traced as

% V)b, — )
Vio = R 67OV

— (V) b g—l R<V> ¢ tii(x V[CJ]
(a) b J

= v, (4.23)
This tells that each component of V) is independently and globally defined.
As above, we have defined the “dressed” operator V() = RQQ) b(g_l)Vb, which circumvent

the two difficulty mentioned in the previous section. Note that it is defined on I'(E,eg). In fact,

there is a isomorphism between this and the principal fiber bundle Fpiy:
F(Ereg) = COO<Eprin)- (424)

This relation is shown from the fact that Epi, is locally equivalent to U; x G, and that functions
from Epyin to C obey the same gluing rule Eq.(4.18) as elements of I'( Eyeg ). Moreover, one can
show the hermicity of iV, on this space. While we have constructed V ;) on I'(Eyeg), it is
naturally lifted to a dressed operator acting on I'(E; ® Fieg) by Eq.(4.19):

A

Vi) : T(Ex @ Ereg) 3 filw,g) — RV (9)V (0 fj) (2.9) € T(Br © Frey). (4.25)

The above discussion is applicable to any tensor operator. That is, we can always obtain from
a tensor operator the corresponding scalar operator on C*°(Epiy,), by dressing its indices with
the matrix elements. We can interpret the matrices A, in the IIB matrix model as the dressed

operators A(,) on C°°(Epyin) with G = Spin(d). It is expanded as a seriese of V).

The explicit components of V) are

Vi (@, 9) = R (076 (@) (O + wil(2)Oca — i () f . 9). (4.26)

Here, we can identify €} () to the vielbein, wﬁd to the spin connection, and a,(x) to the U(1)

gauge field. The Lorentz gengerator O.4 is defined on C°°(Epin) by the following operation:

i€ Ouf(x,9) = fz, (1 + e M) tg) — f(z,9), (4.27)

wehre My, is the Lorentz generator in the fundamental representation.
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4.3 Emergence of curved spacetime

From the standpoint that the matrices is interpreted as the operator on C*°(Epin) =~ I'(Ereg),

The action of the IIB matrix model should be written as below:

1 1
S =—Tr <_4[A(a)7 A(b)][A(C)7 A(d)](s(a)(C)é(b)(d) -

- ) Dl Bal) (029

M| .

Here (a), (b) = 1,---,10 and («),(8) = 1,---,16. By using the matrix elements of Spin(10)

in the vector and spinor representation, R{Y) and RS), two operators

Ay = RY O (g) A,
Vo = RO (g)W ) (4.29)

are maps from I'(Eyeg) to I'(T' ® Eieg) and froom I'(Ereg) to I'(S ® Ereg) (S is the spin bundle),

respectively.

Since the operation of A,y and V¥, is closed, we can define their products. In particular,
the dressed operators are lifted to elements of End(I'(E; ® Eyeg)) in a way that it commutes
the (un)dressing. In other words, the following equation holds:

“(aHRY Y (gTHRY) (g Aw Ay A - - (4.30)

V)
A Ap A =R ®) (©)

A(qy in the LHS is the lifted one. Ay in the RHS have influence on the indices o', ¢, - - - of the
function, similarly to the ordinary covariant derivative. The same discussion holds on ¥,y and
V.. With this lift and the orthogonality of the representation matrix RWTRE) =1, Eq.(4.28)

is written as the followings:

S = ngTr (—i[Aa, A Ae, AdJo"0¥ 4 ST(T) A, w) : (4.31)

Apparently, its form is completely the same as Eq.(4.28). However, A, and ¥, in Eq.(4.31) is
no longer matrices; they and fields from their expansion do not obey the ordinary multiplication

rule.

As a first step to study Eq.(4.31), we analyze its EoM. For simplicity, we drop the fermionic
DoF or set the classical solution with ¥ = 0. The EoM is then given by

[A) [A (g, Ag)l] = 0. (4.32)
This is equivalent to

[Aav [Aa, Ab“ =0 (4.33)
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due to the definition of the lift. We solve it with the following ansatz:
Ay = iV, = iet(z) (au + Wb (2)Ope — id“(m)) . (4.34)
When we substitute this form to the LHS of Eq.(4.33), it is calculated as

(V% [V, V]l = [V Ry Ocd — i fu)
= [V Ry Oca + Ry [V*, Oca] — i[V, far]

1 . —a
= (VaRade)Ocd - Radei(‘scavd - ‘5daVC) - Z(V fab)
= _2(vdRcb)Ocd - Rbava - Z.(vafab)]' <4'35)

Here, we have used the Bianchi identity V(@R = 0 so as to move from the third line to the

forth line.? The condition for Eq.(4.35) to vanish is
Ry =0, V@ =0. (4.36)

Therefore, the EoM includes the Einstein equation with vanishing energy-momentum tensor,
and the Maxwell equation for the U(1) gauge field. Note that the solutions of the first equation
of Eqs.(4.36) is the vacuum spacetimes. They contains no back-reaction from the gauge field.
The first equation should have contain the energy-momentum tensor of the gauge field. This
mismatch is understood as below. While we have consider the classical solution, the dynamical
variables e, wzc and a, acquire the loop correction in their behavior. The exact EoM is
Egs.(4.36) with such corrections added, and the additional terms are expected to be propotional
to powers of some dimensionfull parameter. For example, If it is the string scale, then the EoM
is expected to take the form of

1 1
Rap = S0a R = o <facfbc - 45abfcdf6d> , Vi =ad (). (4.37)

Recalling that in string theory o/ —expansion is loop expansion in the world-sheet theory, The
above observation might perhaps be a clue to investigate the connection between the matrix

model and string theory.

The treatment we have constructed so far is applicable to general zero-dimensional matrix

model. For example, consider the model with the following action:

1 1 a b m2 a
§=ah <_4[A(a)7A(b)HA( L AP 4+ S A A )> . (4.38)
2Parenthesis for several indices stands for the symmetrization: X(arazan) = (xar-an 4

all permutation terms)/n!. On the other hand, square bracket represents the antismmetrization.
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The EoM from it is
[A) [A ey, Al + m? Ay = 0. (4.39)
By substituting Eq.(4.34), it turns into
Rap = —2m36,, V@fup = 0. (4.40)

As a solution of these eauations, we obtain the maximally-symmetric spacetime with the
cosmological constant A = —(d — 2)m?.  Even though the indices originally run from 0
to 9, we can obtain d-dimensional spacetime with 1 < d < 9 by considering the ansatz
Ay =0 ((a)=d+1,---,10).

When we consider the fluctuation around a spacetime of classical solution, it can be seen as
local fields living on that background. Here we have to be careful in expanding a matrix. Since
it is an operator acting on C'°°(Ejpyin), we have to take into account the expansion with respect
to the derivatives in the fiber-directions, in addition to the spacetime-directions. A derivative
with respect to the fiber coordinates g € GG is a Lorentz generator Og,. The expansion of the

matrix is shown by the following equations: V)

. .2
R T P° . be
Aa = aa(xhg) + §{aab($,g)7 vb} + g{aab (3379)7 vva} + (441)

where

. .2
R 7 . 7 ¢, de
aa(wvg) = a(O)a(xag) + i{a’(l)ab (‘Tag)a Obc} + E{a(g)ab d (IL’,g), Obcode} +-,

b

. .2
N ? c ? cd,e
Qg (fU,g) = a([))ab(wvg) + 5{(1(1)(;}7 d(mag)v Ocd} + 5{0“(2);)7 & f(:n,g)Ochef} AR

(4.42)

As for the indices of each field, those contracted with V, are symmetric. As well, pairs of
indices contracted with O are symmetric. It is easy to see that the expansion Eq.(4.41) is

background-independent, i.e. it is well-defined without specification of the spacetime where

the covariant derivative is defined. When we write the operator as®

Ay =g +aVy+--- (4.43)

Ibe 4

Rewriting the second term on another background, (eﬁ’ ;W

) gives

4PV, = alel (8u + wf’f@bc)

3we neglect hermicity for simplicity.

“Now we take G = Spin(d), and set to zero the U(1) gauge field.
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= &au <aﬂ + wzcobc>
=ar (E)M + wﬁ’c(’)b6> + d;“échObc

= A"V, + dge) 5w O, (4.44)

bc
I

ey ’ be ! be,de
inition of AU1yes )

The operator on the new background written as

with 5wzc =w wﬁ’c. Although there appear some extra term, it can be absorbed into redef-

,- -+, that consists in the expansion with respect to Oy, Eq.(4.42).

Ay =ad, +alVy. + - (4.45)

This represents the background-independence of Eq.(4.41).

In the above expansion Eq.(4.41) and Eq.(4.42), the coefficient fields belong to the regu-

lar representation of the Lorentz group. They are further expanded into all the irreducible

representations according to Peter-Weyl theorem:>

aa(r.9) = . R (9)aly), (2),

r:irr.rep.

(4.46)

To summarize, an operator A, is triply expanded into infinite series, and it contains numerous
DoF of local fields. Since this fact makes analysis difficult, it is required to reduce those DoF
under some assumption. Below we briefly discuss the symmetries of several fields by restricting

them to zero modes in the expansion Eq.(4.46).°

The unitary symmetry of the model is
5A(a) = Z[A, A(a)], 5‘Il(a) = Z[A, \IJ(Q)], (4.47)
or equivalently,
0A, =i[A, Ag], 0T, = i[A, T, (4.48)

We can also expand A as Eqgs.(4.41) and (4.42). In terms of the coeeficient fields, it exhibits
very large symmetry. As a part of it, with the choice of the gauge parameter as A A(x), the

5Peter-Weyl theorem itself is applicable to the case of compact groups. However, its generalization to locally-
compact group is possible.

SIn [27], the authors required that (a), (o) transform as vector and spinor indices under the right action of
Lorentz group. The left and right actions of a group commute. Using this fact and the definition of dressed
operators Eq.(4.29) implies that the undressed coefficient fields must be invariant under the right action, hence
is independent of fiber coordinate g € G.
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lowest spin field transforms as
dag(z) = Ig (). (4.49)

This is just U(1) gauge transform, with the identification of a,(z) to the gauge field. Note that
at (z) is interpreted as the total vielbein: af(z) = eh(x) + deh(x).
As another choice, when we take the gauge parameter as A = £{\*(x), 8, }, this is diffeo-

morphism, the same one as Eq.(4.6):

daq(x) = =N (x)0a(x),
dag (x) = —A"(2)dyag(x) + ag ()9, N (2),
baf (z) = =N (2)dpal” () + 2a[ ()9, (),

(4.50)

A general field af' 7' (z) transforms as a rank-(s — 1) symmetric tensor. It indicates that

the indices contracted with the covariant derivatives are the coordinate indices.
Moreover, the symmetry Eq.(4.48) includes the local Lorentz symmetry. It is realized by
choosing the parameter as A = %{A(l‘;b(m), Ou}. The background vielbein and el and spin

connection wzb transform as

dw(z) = BuA 1 (@) + 20\ (2wl (x). (4.51)

In the same manner, the fluctuating fields around them, the gauge field a,, the total vielbein

a®(z) and spin connection a(l)zc, transform according to the following law:

5aa(I) = 7)\(1)ab($)ab(x)a
dag(x) = =A)e (2)ag(x) = AJ).(x)ag (@),
c c b cld
(50/(1)2 = _A(l)ad(.x)a(l)g +2)\(1g d(x)a(l)a] (ZE’) (452)

We have dealt with the expansion and symmetry of the bosonic matrices A,. We can make
the same discussion on the fermionic matrices ¥,. For example, its lowest spin field xq(z)

transforms under the above local Lorantz transformation as

xal®) = =~ Ay (0 (The) x5 (4.59)



Chapter 5

Stability of the Matrix Model with

the Operator Interpretation

While the matrix model has the advantages mentioned in the last chapter, It has some subtly
or difficulty. The most problematic feature is that the model contains infinitely many fields. It
is a obstacle against making concrete analysis. Furthermore, all of those numerous fields are
massless at the classical level. This might cause instability in the model, especially through the
radiative correction. Existence of gauge symmetries to remove their longitudinal component is

in question as well.

Therefore, in this chapter, we study the matrix model with the operator interpretation with
the focus on such aspects. One desirable prescription is to truncate DoF so that one can control
the theory. We attempt to make it, and find that naive truncation leads to a inconsistency of
the model. Then we analyze the gauge symmetries and radiative corrections. We find evidence

partially for positive-definiteness of the matrix model.

5.1 Mimimality of the operator interpretation

As we have mentioned in the previous chapter, general elements of End(C*°(M)) cannot
be understood as matrices because they are not generally closed as an algebra under the
multiplication nor the commutator [, ]. However, we can actually construct a set of operators
which are closed under those operations by restricting End(C°°(M)). In this section, we
attempt to construct the minimal consistent operator interpretation. As a result, we will find
the necessity of the principal bundle, and the original operator interpretation is indeed the

minimal.
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5.1.1 An attempt to construct a further minimal model

Among various possibilities, the simplest one is the set of the first-order differential operators:

Oh

A, e A= {f”(@)ﬁu +g(2) | #h(z) = 2"h(z), p,h(z) = _i(?ar“

 he COO(M)}. (5.1)

One can easily check that A is closed under the commutator. A can also be understood as a
set of quantum mechanical operators constructed by ## and p,, = —10/9z#. In the following

discussion, we consider the “semi-classical” limit of those operators:

(@,p,) — (@, py) (5.2)

D
F.4] — —z’{f,g}z—z'2<af 99 _ of 69>,

— Op, Ozt Ozt dp,

I
Te(---) — /dD:c/de(-~-). (5.4)
In this limit, the bosonic EoM [A%, [A,;, A,]] = 0 in the matrix model becomes *
{Ab’ {Ab7 Aa}} =0. (56)

The simplest solution of this equation is A, = 04 Py, and this corresponds to the flat spacetime

as does in other interpretations. Now, let us consider the fluctuation around this solution:

Ay = 8p, + Ay (z,p)
=0, + fo(x) + f1(2)p,
= e, (2)p, + [o (), et (x) = ob + f,l' (2). (5.7)

In the semi-classical limit, the bosonic part of the original IIB action becomes

1 . ~ N . ~ 1 o
St = =303 (1 + Au@5). 5+ A DE) = 15 [ P [ ap Gunfap)6 1),

(5.8)

!As a consistency check, we derive it from the action in the semi-classical limit. As long as the Poisson
bracket satisfies the cyclicity condition

[ [ sigmy = [ [ gt 1y, (5.5)
we have
! . 1 .
55 = E/de/de (A%, APV {5A,, A} = £72/d%/d% SA,{ Ay, {A%, AP}

which coincides with the semi-classical limit of Eq.(4.33). We can easily check Eq.(5.5) by assuming that the
integral of the total derivative terms vanish.
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where
Gz, p) = {A,, Ay} = 040, Ay (w,p) — 0)9,A,(2,p) + { Ay, Ay} (5.9)

Furthermore, the original U(N) transformation Eq.(4.48) now becomes 2

0A,(z,p) = {otp, + A,(z,p), Az, p)}
= 7558#1\(1‘7]9) + {/Ta(x,p),A(x,p)}, (511)

which leads to the transformation of each fields as

0fo(x) = e ()0 A(x) — (0, fo ()N (2), (5.12)
5€au(x) = eay(x)au/\u - (81/6@“(112)))\”(.%), (513)

where we have also expanded A(z,p) as A(z) + p,A*(z). Here, the first term in Eq.(5.13) cor-
responds to the gauge transformation, and the other terms correspond to the diffeomorphism.
Note that the action Eq.(5.8) is, of course, invariant under Eq.(5.11), or Egs.(5.13) and (5.12)

up to a total derivative term:

1
5SHB = 892/de/de {Gab,A}Gab. (514)

Therefore, the EoM Eq.(5.6) is also invariant under the transformation.

Let us now consider the dynamics of the fluctuations at the classical level. By substituting

Eq.(5.7) to Eq.(5.6), we obtain

Elabfb + 8#fb (5aeb“ — 5bea“) +p, [Dabeb“ + (8l,eb") (5aeb” — ébea”)} =0, (5.15)
where
Uap = 60 ’ 866{1%) - 6(1 ’ 5(17 (516)
), = e,'0,,. 5.1
0, a“au 7

Note that d,’s do not commute each other because of e,*. Eq.(5.15) holds for arbitrary Pu» SO

it is equivalent to the following two equations

Ijabfb + aufb (5(16’1)” - 51)60,”) = 07 (518)
Oae? + (9,€") (Dey” — Dye,”) = 0. (5.19)

2This gauge symmety does exist as long as the Poisson bracket satisfies the Jacobi identity

{£:{g,h}} + {9, {h, F}} +{h, {f,9}} = 0. (5.10)
The Poisson bracket in this section (Eq.(5.3)) satisfies it.
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Now let us study how many DoF remain at the liberalized (free) level:

(Déab - aaab) fb = 07 5fa = aa)‘ - (ayfa))‘uv

(5.20)
(T8, — 0,8,) [ =0, 6f,1 = (67 + f)O,N — (9, )N,

where 9, = 049, and O = 0/d,, are the ordinary differential and d’Alembert operator, respec-
tively. As for f,, this is completely the same as the ordinary gauge field. Thus, by choosing

the Lorentz gauge, its EoM, gauge condition, and residual symmetry are given by
Of,=0, 0,f*=0, 6f, =09,\, OA=0, (5.21)

from which one can see that only two physical DoF remain. Next, as for f,*, we can also
choose a Lorentz-like gauge
9,f*" =0 (5.22)

by using the diffeomorphism. As a result, we obtain the following EoM, gauge condition and
residual symmetry:

Dfau = 07 8afaﬂ = 07 6fau = (‘—)a)\#, ON =0 (523)

The above gauge conditions for f¢ and f% are summarized with a condition for A,:

{pa,Aa(l‘,p)} =0, (524)

which fixes the original U(N) gauge symmetry.

In order to discuss physical DoF, let us move to the Fourier component fa“(k). In the light
cone coordinate, we can choose k = (k™,0,0,0) without loss of generality. Then, the gauge

fixing condition and the residual symmetry give
fr=o0 fr=o, (5.25)

so the remaining DoF are
PP T i=1,2). (5.26)

The first two are vectors, and the third one coincides with the massless states of bosonic closed
string theory: graviton, Kalb-Ramond field and dilaton. In the presence of both f” and fi_,
the theory violates positivity and is unstable.? However, we can eliminate f = by assuming the
following additional condition:

9, f =0, (5.27)

3 Although we are treating the Euclidean matrix model, the above analysis also applies to the Lorentzian
model straightforwardly. In this sense we refers to the stability here.



5.1. Mimimality of the operator interpretation 43
which leads to a condition for the diffeomorphism:
GM)\“(x) =0 <46f,*=0. (5.28)

The second equation means that the metric fluctuation is traceless, so the above transformation
is the volume-preserving diffeomorphism. Note that the condition Eq.(5.27) is consistent with

the commutator. Consider

{f"2us 96"pu} = 0, (0L F) " — (0,96") fo7] = D F s (5.29)

then F,* also satisfies

8,Fy" =0 (5.30)

if f,/" and g,* satisfy 0, f, = 9,9,/ = 0. The symmetry in this case is the volume-preserving
diffeomorphism, not the general one There are a number of works to discuss the gravitational
system that possesses only the volume-preserving diffeomorphism. It is sometimes called the
unimodular gravity [63]. That theory is equivalent to the general relativity in many aspects
and is a reasonable gravitational system.

With the discussion above, it seems to be the case that the present would-be minimal choice
of operator space Eq.(5.1). However, it has some difficulty. From EoM, Egs.(5.18), (5.19), one
can see that there is no suitable D-dimensional action that produces those EoMs because the
second one has no f, dependence. This fact means that we should not expand ga(x,p) by
p, at the action level, and that we should treat the stationary point of the action Eq.(5.8)
with respect to the matrices Ea(a:, p). Apart from this problem, it is seen as a fault that there
seems to be no way to define the restriction Eq.(5.27) in terms of matrices. Therefore we have
to consider the result of the previous section unsatisfactory in the viewpoint of the matrix
model. Furthermore, the local Lorentz transformation that act on the indices a,b,--- is not
given explicitly. All of the problem suggest that the treatment in the previous section lacks
some piece in order to contain gravitational DoF. The interpretation discussed so far is thus

too-small operator interpretation.

5.1.2 The necessity of the principal bundle

Contrary to the above description, the original one proposed in [27,29], which we have intro-
duced in the previous section, includes the local Lorentz and general diffeo-invariance as a part
of the original U(NN) symmetry Eq.(4.48). When one reduce DoF of the model, we can consider
a slightly restricted version of it. That is, it is possible to interpret matrices as operators on
Eprin which are first-order in spacetime derivative. In the following, we repeat the same anal-
ysis as above taking the original interpretation, and then discuss the restriction of operators

to first-order ones. Although the result itself is trivial, it demonstrates the advantage of the
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principal bundle, that plays an essential role in the description.

In the original operator interpretation, we take as the operator space as

0
Aa€ A= {F(6.0.3.0) | #(0.0) = o 0.0). oS (e.0) = i)
0
9ii.f (@, 9) = gi; f, Oav f (%, 9) = —(Map - g)ijagf'v
ij
fe COO(Eprin)}, (5.31)

where My, is the fundamental representation of @ab. In order to consider the semi-classical
limit, we need to define the Poisson bracket on the phase space of the principal bundle. Note
that we also have the derivative operator O, in addition to p,, and they are replaced with

c-numbers in the semi-classical limit:

For the base space directions (z,p), it is natural that we employ the same Poisson bracket
as Eq.(5.3). Furthermore, it seems reasonable to assume that there is no nontrivial Poisson
structure between the (x,p) and (g, t) directions. For the fiber directions (g,t), we shall define
the Poisson bracket naturally from the algebraic structure of Spin(D). As a result, the nonzero

components of the Poisson bracket are given by

{p,u7 :UV} = 5/,;/)

{tsa gij} = i(Msg)ija {t57 tt} = ifstutu- (5'33)

where g;; is an element of Spin(D) in fundamental representation? and M, is the fundamental
representation of . In these expressions, the subscript s represents antisymmetric double local
Lorentz indices [ab]. For example, the last equation of Eq.(5.33) actually means {tq,tcq} =
i[(Map)ceteat+(Map)detee]. Using Eq.(5.33), we can write the Poisson bracket of general functions

on the principal bundle as

af dh  Of Oh

af oh

of oh  Of oh af oh
Ot, Ot

Ots Dgij  Dgi; Ot

> + i fstuts (5.34)

This Poisson bracket satisfies the cyclicity condition Eq.(5.5) and the Jacobi identity Eq.(5.10).
The important point of the analysis is to take into account the factor R(al)?. For general
functions F, (@) = R(Q)CFc and H) = R(b)dH 4+ their Poisson bracket becomes,
0H; . OF,

{Fla), Hy} = R SR [{Fe, Ha} + i(MsF)caT - iaT(MsH)d : (5.35)

“Even though some constraint is posed on {g;;} so that g € Spin(D), the Poisson bracket (5.33) is well-
defined.
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In particular,

ot
Ot

= R(agR(b)dDCHd. (5.36)

{p(a)a H(b)} = R(agR(bSi O-Hg + i(Msp>c

We have introduced the twisted derivative D. by the above equation.

Let us now consider the fluctuation around the flat background Play = R(a)b(g_l)él’f Py

Afa) = Pa) + Aa)
= R(al))(g_l) |:5lﬁ;liplt + Ab(.%',p,g,t)
= R(al))( _1) [65]9# + fb(xag) =+ flﬁl(l‘ag)pu + wz(xvg)ts]
= RS9 [e) (@, 9)pu + folw,9) + w’(x, 9)ts] - (5.37)

Here, in the third and firth lines, we have restricted ﬁb(x,p, g,t) to be first order in (p,t). This
restriction is algebraically consistent because the Poisson bracket is closed among the first-order

operators in (p,t). The semi-classical limit of the original action then becomes

1 a
St = 152 /dq {Ag), A HA@, A}

=17 dq GG, (5.38)

where

/dqz /de/de/ dg/ dt, (5.39)
Spin(D) Rd(d—1)/2

OA, aﬁ
ot. ot

Gab = DoAy — DyAq + {Aq, A} +i(M,A), ©(M,A)s. (5.40)

Note that indices contracted outside the Poisson bracket can be replaced with ones without
parentheses due to the orthogonality of R(a)b( g~ 1). Of course this action is invariant under the

gauge transformation written as

62((1) = {A(x,p, 9, t)vp(a) + g(a)}a (541)

which is equivalent to the transformation

§Aq = —0,A — i%(M D)o+ {A AL} — ZSA (M,A),. (5.42)

In terms of expanded fields in Eq.(5.37), and the expanded gauge parameters

Az, p,g,t) = M, g) + N (z, 9)pu + A (2, g)ts, (5.43)
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the transformation lows are summarized as follows:

e “U(1)” gauge transformation

0fa = —ed O\ — iw,*(Ms - \),
ded' =0, (5.44)
ow,* =

e “Diffeomorphism” transformation

0fa = MOy fa,
5611# _ _eayay)\,u + )\Vayea.“ _ ,L'was(Ms . /\M)7 (5.45)
ow,” = Aow,’

e “Local Lorentz” transformation

0fa = iX(My f)a+iX*(Ms - fa),

Sed" = iN (Mye M), +MS( red'),

dw,® = —ed" O + N [, w," — IN(Myw ®)a + N (My - w,®) — iw, (M - \*).
(5.46)

Here, we have introduced an operator M s, which is defined as

if(m,p, ektMtg, t) . (5.47)

i(My - [)(w,p,9:1) = 5 e=0

Choosing the specific gauge parameters, which is independent from Yijs these transformations
are the exact U(1) gauge, diffeomorphism and local Lorentz transformations, respectively.

If one expands each field according to Peter-Weyl theorem:

ST R (g)f7 (@), (5.48)

r:irr.rep.

the operation of M, is equivalent to infinitesimal transformation for each representation:

(M- P, pogt)= > MR (g) 17 (), (5.49)

r:irr.rep.

where i, j, k are identified to be local Lorentz indices.
Now we focus on the dynamics of the system which has no g-dependence. Here we identify

w,’ to the spin connection. The EoM are given by

{AY) (A4, Ay} =0. (5.50)
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We shall restrict the space of the operators as much as possible, posing on e/ and w,® the

metricity condition:
Ve =0, (5.51)

and assume that w,® is torsion-free. In other words, we consider the first-order differential
operators which contains only f, and e/ as the independent DoF. The space of such operators
is closed with respect to the ordinary commutator. From these two condition one can deduce

the following formula:
Oay — et + wa'et — wy et = eley (T, —T5,) = 0. (5.52)
The linearized EoM are then

O F% =0,

Oft — 000 f + 00w, (iMy) " — 9w, (iMy)," — (8'w,® — Baw®) (iMy)," = 0, (5.53)

Ouw,® — 8,0w,® = 0.

However, by using Eq.(5.52) and the explicit form of the vector representation matrices (M) Cd =

(iMyp) 2 = 5ac<5bd — 6,204, one can derive an equation:
Oft — 0,08 fi 4 0%wy® (iMy) # — 0w, (iMy)," = 0. (5.54)
Therefore the second equation of Eq.(5.53) falls into a simple equation
8w (e) — D, (e) = 0, (5.55)

and the third equation of Eq.(5.53) is not independent from the second. Consequently, the

EoM for the spacetime fluctuation is given by

1 1 1
Ohd" = 5(aaabh;; + 010 hyg) + 5amawcs”yh,,v =0, (5.56)
hd = f' + fla (5.57)

One can easily see that Eq.(5.56) is equivalent to the usual linearized Einstein equation, through

combining it with its own trace part.

Looking over the above equations, we find that the crucial point is that the dynamics of the
vielbein f,/" emerges only through the spin connection w,® in contrast to the previous section,

where there is no cancellation in the explicit kinetic terms for f,".

Furthermore, Eq.(5.56) shows no dynamics of the antisymmetric part of f,*'. This is not a
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problem since the local Lorentz transformation should be used to make the local Lorentz frame
parallel to the coordinate system, which means f,” is made symmetric.

Once we set e’ = €', we need not pose further extra conditions, because the condition
to eliminate the unstable mode Eq.(5.27) is automatically satisfied through gauge-fixing con-
dition for the diffeomorphism Eq.(5.22). In this case, the theory is stable and the dynamical
variables independent of the fiber coordinates g are the U(1) gauge field and the pure vielbein,
only. Therefore we have showed that the theory is stable without any additional condition, as
expected in the previous work. This feature suggest that the principal bundle is essential for
equipping general diffeomorphism in the operator interpretation.

Another essential point is that we have set the metricity condition. We will encounter in
spin connection a part of longitudinal components propagating. They are the torsion and so-
called non-metricity. While the dynamics of the torsion was discussed in [28], it remains to be
settled whether all of those propagating components observe the positivity. On the other hand,
it is welcome that the metricity condition can be imposed with no conflict with dynamics. We
will push this structure forward in order to analyze symmetries for fields that are coefficients

of higher derivatives, in the next section.

5.2 Higher spin gauge symmetries in the IIB matrix model

We have analyzed the symmetries and dynamics of lower spin fields. On the other hand, we
must treat more physics than that of gravity and U(1) gauge field in the matrix model. Since
string theory or its strong tension limit contains higher spin fields, the matrix model should
be. Therefore, we do not truncate operators to be first-order. However, it is still meaningful
that we focus only on a coefficient field of specific order derivatives. In this section, we take
such an approach.

U(N) symmetry of the matrices are translated into a lot of symmetries of local fields,
in addition to diffeomorphism and local Lorentz symmetry. On the other hand, one has to
introduce many DoF, which, written in terms of local fields, formally appears to be massless
higher spin fields. It is not clear whether these fields are actually physical DoF, and whether
there are gauge symmetries which eliminate their potentially dangerous components, such as
the longitudinal components of a vector field. In this section, we investigate the symmetry of
higher spin fields in some class, and see that the auxiliary fields need to be introduced in order
to close the gauge transformation® There are gauge symmetries to remove the longitudinal
components of the would-be spin s field and parts of the auxiliary fields. In addition, we pose
some generalization of torsion-free conditions, which enable us to rewrite the rest parts of the

auxiliary fields in terms of the physical field. As a result, we see that when we focus on the spin

SWith another interpretation, where one regards matrices as noncommutative coordinates, a higher spin
structure has recently been found as well [64,65]. It has similarity to that discussed in this section.



5.2. Higher spin gauge symmetries in the IIB matrix model 49

s fields, the gauge symmetries and the torsion-free conditions leave the transverse components

of the fields in the totally symmetric representation.

5.2.1 Higher spin symmetries in U(N)

In this subsection, we investigate such aspect of the matrix model. We focus on a restricted
class of the fields, namely the bosonic fields that are independent of group coordinates g. Thus
they are not in the product representation of the tensor one and the regular one.

In the ordinary field theory, a massless spin s field is described by a rank-s symmetric
double-traceless tensor field [66] :

aus) () st a? vap(s—a) = 05 (5.58)

6

where u(s) denotes the symmetrized indices (uq - --us).” The gauge transformation of it is

written as
5%(5) = (%AH(S_I) (5.59)

with A, s—1) is a rank-(s — 1) symmetric traceless tensor parameter. We formally express the
symmetrized indices the same letter.

Turning back the matrix model, again we take the sami-classical limit. This limit enables us
to ignore the order of the derivatives and coordinates in the expansion of A,(x, g), and simplifies
the analysis. Naively, it seems natural that a spin s field in the flat spacetime background is

described in the operator interpretation as
A% = p® + a®C D (@)p s, (5.60)

where ps_1) = P(u, " *Pu,_,)- The first term in Eq.(5.60) is for the background. We at-
tempt to find the appropriate gauge transformation for the field. First, the most simple gauge

parameter we have is the following form:
A= )‘M(s_l)(x)pu(s—l)a (561)
which realizes the transformation

SA@ = {A@ A}
o §q(s—1) — gayu(s—1) 4 O(a x A). (5.62)

In the analysis, we will ignore the second term in the RHS of Eq.(5.62). Although the validity

SIn the spin-3 case, any tracelessness is not imposed.
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s—1 5 s—1
i1 f ! L. | |
oD - [T T ~ S
@& (trace rep.) @ (trace rep.) (IT(tr;u:(‘, rep.)

Figure 5.1: The representational structure of the field. The bar between the indices in the field denotes
the tensor product, as mentioned below. The field is of a tensor product of vector representation
and rank-(s — 1) symmetric one. It is decomposed into rank-s symmetric representation and the rest
“hook-type” one. Note that all the representations contain the trace part, and they are reducible.
(Source: [45], doi:10.1016/j.nuclphysb.2019.114801)

of it needs to be analyzed, in this section we assume that the discussion around the elimination
of the DoF can be held focusing only on the inhomogeneous term. Of course, Eq.(5.62) is not
sufficient for the elimination of the longitudinal components of a®(s=1)  hecause it includes
non-totally symmetric tensor components. It comes from the fact that a®“5~1) behave as the
product representation of the vector one (having the index a) and rank-(s — 1) symmetric
tensor one (u(s — 1)). The representation is decomposed into two representations and their
traces (Fig.(5.1)). The extra components are the two-row representation tensor, characterized
by the second tableaux in Fig.(5.1).

In terms of the field, we rewrite a1 as q®#(5=1) and the decomposition as
q@u(s=1) — pap(s—1) 4 pau(s—1) (5.63)

From now on, we separate the indices for tensor products by bars, and for different rows in the
Young tableaux by commas. The sequence of indices without commas or bars are symmetric.
The problem is whether there is any gauge transformation to remove b»#5=1) We take a

new gauge parameter in the following form:
A=XENp oy + XM D). (5.64)
With this parameter we get the transformation law as below:
SA® = gONHp %(/\a,u(sq) L man(s=2)), g gaedns=2 o (5.65)
In terms of the fields this is written as

6hap,(8*1) 8((1AM(5*1))7 (566)

S

T TR G EE (5.67)

5ba,,u(s—1) _
2(s —

In the above equations, P(m, n) represents the projection into the representation for the Young

tableaux which consists of an m-boxes row and an n-boxes row. The coefficient s/(s—1) appears
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from the normalization of the projection, ()\“’“(5_1))1@(3,171) = \»#(s~1) | Eq.(5.67) indicates that
we can remove all the components of 5*#(5=1 by this transformation. Furthermore, we can
remove the longitudinal components of totally symmetric tensor a®“5=1) with p%#(=1) kept

zero by choosing \@#(s=1) appropriately.

However, Eq.(5.65) includes the extra change of A%, i.e. the third term in the RHS. In
order to close the transformation law, it is necessary to introduce new DoF. Therefore we are

forced to consider the operator of the following form:

A% = po + eI (@)p oy + @O E Dt g p oy, (5.68)

ale,dpu(s—2) ale,dpu(s—2)

where w is an additional field. Then we have again the problem of whether w

can be removed by any gauge transformation.

Before discussing the gauge transformation, note that w®“#(=1) is seen as a higher spin

alb,c

counterpart for the spin connection. In the spin-2 case, the spin connection w is written in

terms of vielbein through the torsion-free condition
Ta|bc _ 8bec|a o 8c€b\a + wc|d,aed|b - wb|d,a€d‘c —0. (569)

Keeping this fact in mind, we shall pose the generalized torsion-free condition:

2(s—1)

(abaclu(s—l) o acab\,u(s—l)) _|_wb\c,u(s—l) o wc\b,,u(s—l) —0. (570)
S

In spin 2 case, this coincides with Eq.(5.69) with the vielbein being small fluctuation around

the flat space. The general solution of Eq.(5.70) is written as

s—1

wlop(s=1) _ <abaa\u(s—1) — gagblr(s=1) | gbgulan(s=2) _ g blau(s—2)

s
+ 9%qHlon(s=2) _ 3uaa|bu(s—2)> + Cab,u(s—l)’ (5.71)

where ¢®:#(s=1) ig an arbitrary tensor corresponding to the Young tableaux whose two rows

s—1)

consist of (s — 1) and 2 boxes, respectively. Therefore the additional field w®:#( is written

with galn(s—1) through the above equation, except for components of (abvu(S*l).

Fortunately, it is possible to eliminate ab,u(s=1) by another gauge transformation. we choose

a gauge parameter of the form below:
A= )\M(S_l)pu(s—l) + )\C7du(s_2)tcdpu(s—2) + )‘0(2)7d(2)u(8_3)t2d Pu(s—3)s (572)
with the notations are defined as

?d = tcldl T tcndn' (573)
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The gauge transformation of A% is then

- 1 a,u(s— ap(s— ayc s—
JA” :8(1)‘”(8 1)pp(8—l) - §(A wls=) A ul 2))pu(s—l) + 0\ odnd 1)tcdp,u(s—2)

o E(Aac,du(s—Z) - Auc,adu(s—?)) + )\ca,du(s—Q) o )\cu,dau(s—S))tcdpM( %)
2 5
oA 2 (5.74)
hence
alu(s—1) _ gaxpls—1) _ __ 5 yau(s—1)
Sa 99\ R , (5.75)
ale,du(s—2) _ gaye,du(s—2) _ 8 ac,dp(s—2)
Jw 9%\ Tk . (5.76)

Eq.(5.75) is equivalent to Eqgs.(5.67), while Eq.(5.76) is consistent with the imposed condition
Eq.(5.70). As a result, a part of w®“#(=2) can be removed by the second term in Eq.(5.76),
and the rest part is written in terms of a®#(=1)  Therefore, there is no independent DoF in
wa|C,dﬂ(3—2).

Due to the last term in Eq.(5.74), we have to introduce further additional field in order
to close the gauge transformation. Remarkably, the present discussion is somewhat similar to
that of the higher spin gauge theory in form language [67].”7 In the viewpoint of the gauge
transformation, we find that the present analysis can be done almost in parallel with the study
in [69], although the generalized torsion-free conditions are different. Therefore, we state the
discussion briefly. In order to close gauge transformation completely, we have to consider the

operator of the following form:
s—1
A% — pa + aa|,u(s—1)pu(s_1) + Zwa\c(n),d(n)u(s—l—n)tglpu(s_l_n) (577)
n=1

Appropriate gauge parameter is given by

s—1
A= )\M(S_l)pu(s—l) + Z )\c(n),d(n)u(s—l—n) tcnél Pu(s—1-n)> (578)

n=1

which leads to the transformation laws
Salr(s=1) — gap(s—1) _ 2(38— 1))\0,,#(5—1)’ (5.79)
6wa\c(n),d(n),u(sflfn) _ 8a)\c(n),d(n)u(sflfn)

ST — _31 — n)A“(”)vdWW(S—l—”). (1<n<s—2), (5.80)
(5wa\c(371),d(371) — aa)\c(n),d(n). (581)

"For a review see [68].



5.2. Higher spin gauge symmetries in the IIB matrix model 53

Now we impose a set of generalized torsion-free conditions

2"(s—1—n)

a lem)dmu(s—1-n) _ gb ale(n),d(n)u(s—1-n)
(0w 0w )
s

+ wa\bc(n),d(n),u(sflfn) - wb|ac(n),d(n),u(sflfn) —0. (1 <n<s— 2) (582)

Due to this equations, a part of each extra fields w®c(®)-d()u(s—1-n) g written in terms of the
“lower” extra fields recursively. At the same time, the rest part of w®c(m-dmu(s=1-n) cap phe
removed with the gauge transformation, in particular with the second term in Eq.(5.80). As for
the highest extra field w®l¢(s=1):d(s=1) "there is no gauge parameter with which we can eliminate
the DoF of the field. However, the generalized torsion-free condition for it can be solved and

ale(s—2),d(s—2)

the whole part of it is expressed with w # without ambiguity:

wa|bc(s—2),d(s—1) _ _% [8awb|c(s—2),d(s—1) - abwa|c(s—2),d(s—1)
o (8 - 1) (adwa|c(572),bd(572) o aawd|c(572),bd(572)
_ 8bwd\c(s—2),ad(s—2) _ 8dwb\c(s—2),ad(s—2)

+ 6dwa|bc(s—3),cd(s—2) - aawd|bc(s—3),cd(s—2)):| (583)
In the derivation of the above equation, we have made use of the Bianchi identity

wa\c(s—l),cd(s—Q) _ wa|dc(s—2),d(s—l) =0, (584)

and a relation which is derived from it,

wa|dc(sf2),bd(sf2) - _ 1 wa\bc(sf2),d(sfl) (5 85)
s—1 ’ '
The fact that the w®c(s=1):d(s=1) can be solved is on the same foot as that the spin connection

can be solved in terms of the vielbein.

According to these discussion, we can conclude that b®#(5=1) and all the extra fields
wale(n).d(n)u(s=1-n) are eliminated either with gauge transformation or with generalized torsion-
free condition. In this sense, the extra fields are auxiliary fields. Furthermore, we can still
remove the longitudinal component of h®{5~1) by an appropriate gauge transformation. It is
driven both by the parameter M5~ and the higher rank parameters \¢("-d(mu(s—1-n) = The
former removes the longitudinal components directly, while the latter compensate the change

in wale().dm)u(s—1-n) 4nd keep them zero. Therefore, we are left the transverse component of

h(s=1) as the only physical DoF.

After gauge-fixing and eliminating fields except h®(5~1) the matrices take the following
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form:

s—1
a a 1 c(n n)apu(s—1l—n)n
A% =p +Zﬁa( Jpdmen(s=1=myn p (1. (5.86)
n=0
On the other hand, the explicit form of the residual gauge degrees of freedom which remove

the longitudinal components of h*(~1) is written as

s—1
S— 1N oe(n n)u(s—1—n)n
A= Z n! 8( )Ad( Ju(e—l )tcd Pu(s—1—n)- (587)
n=0

Then we find that the unitary transformation of matrices is equivalent of a higher spin gauge

transformation:
§A® = {A% A} o JhtmD = glayu(s=1), (5.88)

Here h*(5=1) does not belong to an irreducible representation, since it contains the trace
part. In this respect, there is some difference between the field and the ordinary higher spin
fields, which satisfies the double-traceless condition Eq.(5.58). In the ordinary case, the condi-
tion is required to make the theory gauge-invariant, with the gauge parameter being traceless.
As for our case, we already have gauge invariance with the traceful field h®(~1) and the
parameter M(~D_ Thus we need no further condition. The longitudinal traceless part is
removed by gauge transformation, since M(5~1 is traceful. Therefore, we have no positivity-
violating component, though it is unclear whether the lower spin fields as the trace parts can

be eliminated.

5.2.2 Equations of motion for higher spin fields

In the previous section, we have discussed the higher spin symmetry in the kinematical aspect.
In other words, what we have shown is that the unitary transformation of the matrices, when
translated into terms of derivative operators, includes gauge transformations, and that they

remove components of fields except the transverse ones of totally symmetric part.

However, the transformation law for the totally symmetric field is somewhat different from
the Fronsdal theory, due to absence of traceless conditions both for the field and for gauge
parameter. Therefore there emerges one question: in what form the equations of motion
are. Even in the free part, we do not expect it to be the Fronsdal operator. Apparently it
conflicts with the existence of higher spin symmetry. In this section we explicitly write down

the equations of motions for the field and discuss their structure.

In this part we truncate the interaction part. It is still worth analyzing since the ordinary

higher spin field theory is established rigorously as free field theory.
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We shall expand the equations of motion for matrices by substituting Eq.(5.86):

0 ={pp + Ap, {p* + A", p® + A°}}

~{pp, (1", A"}}
- {ac@a) (Dhaud(sﬂ) — 29bgap, WA 4 ga aﬂﬁd(sq))} 552 p,

+ |:ac(s—1) (6baahb d(s—1) _ Dhad(s—l))} 1 (5.89)

where h4s=2) = hy, b5(s=2) 1t is remarkable that the coefficients of teaPu(s—1—n) (0 <n < s-3)

vanish, leaving the two equations (neglecting the interaction):

§e(s—2) (mhwd@*?) — 2009\, M) 4 aaaﬂhd@*”) =0, (5.90)

ac(s—l) (abaahb d(s—1) _ Dhad(s_l)) =0. (591)

Here we emphasize that the indices of ¢’s and d’s are symmetrized respectively, while the two
types of indices are antisymmetrized. Note that Eq.(5.91) is obtained from Eq.(5.90) by taking
a derivative 0¥ and antisymmetrizing p and v. Therefore, we have derived a single equation of

motion for the higher spion field.

Eq.(5.90) is different from the Fronsdal equation, or equivalently, from the vanishing con-

dition of the Fronsdal operator:
Cped(s=2) _ gphglap, #=D) 4 plagupdi-2) — g (5.92)

Rather, Eq.(5.90) can be understood as a vanishing condition of a kind of curvature. the

equation can be written as
UccRc(S)’d(s) =0, Re(8):d(s) — gels) pdls) (5.93)

In the viewpoint of symmetry, R*)4(*) corresponds to the Young tableaux of two rows, both
of which consist of s boxes. This quantity is the generalization of the (linearized) Riemann
curvature, that was discussed in [70]. It is the only gauge-invariant quantity without the trace-
less conditions. Thus the appearance of the generalized curvature in the equations of motion
is consistent, since we have higher spin symmetry without traceless conditions. Moreover, in
s = 2 case, the above equation is nothing but the Rich-flat condition obtained in Eq.(4.33).
This coincidence is reasonable because we need neither double-tracelessness for the field, nor
the tracelessness for the gauge parameter. in the higher spin case, we conclude that the higher

spin field is not the Fronsdal field, but the generalized curvature field.

On the other hand, once we take the interaction into account, the analysis will get far

complicated. In the free part of the equations of motion, we obtained the vanishing condition
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of a derivative operator of degree-(s — 1). However, in the presence of the interaction terms
coming from products of the second term in Eq.(5.86), the degree of the derivative operator
increases, to 2s — 3 at most. In that case, we have many independent equations since all
the coefficients of a degree-(2s — 3) derivative operator must vanish. Moreover, as long as
we consider a single field of spin s only, most of those equations should be regarded as some
constraints on the interaction terms. One way to avoid it is to introduce new fields and to
make each equation contain free kinetic terms for the field. It is likely that a true consistent
description is obtained only when we take into account fields of all spin at the same time. it is
equivalent to considering the most general derivative operators of infinite degree, without any
truncation.

Such formulation is too complicated to study by directly expanding matrices as derivative
operators. A new method to investigate needs to be established. Related to this issue, it is
remarkable that the higher spin gauge transformation in the matrix model includes both homo-
geneous and inhomogeneous terms. Our study has focused on the inhomogeneous term only,
since we have examined whether there are sufficient gauge parameters to eliminate unwanted
components. The exact gauge symmetries are far complicated, and it enables the model to
include interaction terms. The relationship to the various no-go theorems that prohibit the
existence of interacting higher-spin particles needs to be analyzed as well. Further investigation
is required. The analysis of higher spin symmetries for a general class of fields is another open
question. As reviewed in the previous section, the essential part of the operator interpretation
is actually the introduction of the principal bundle. Although we have dealt with the zero
modes in the fiber direction, a®*(s=1(z,y), the study on symmetries of general fields are a
future work. The stability, which seems to be put in danger by higher derivative term in the
equations of motions (5.93), also requires further investigation. The study will be reported

elsewhere.

5.3 One-loop corrections and induced mass terms

We have confirmed that the original description with the principal bundle is minimal possibility
to contain gravity in the operator interpretation. Then it is necessary to study quantum
correction to that model. In this section, we investigate some mass term induced by loop
diagrams and see that the theory is still stable. We compute one-loop corrections to the action

Eq.(5.38) and its supersymmetrized version, and read off the mass term for each field.

5.3.1 One-loop computation for the bosonic action

In order to compute one-loop corrections, one should confront a problem of constructing the
propagator. It is unclear whether one can define the propagator 1/D? with Eq.(5.36), because
D, has the explicit dependence on the coordinates (x,p). Instead of directly define 1/D2, we



5.3. One-loop corrections and induced mass terms 57
transform the coordinates and redefine functions as

ts — ts = tg —izHo® ( s) b5b Dy,

X(z,p,g,t) > X(2,p,9,t).

For the redefined functions with indices, the Poisson bracket Eq.(5.34) changes to the following

form:
{Flay Hy} — {Flo), Hpy '
[ o (0 8
+ i fstuts %l; %ifd
— (M, )@i %Hd i(st)uaaff:ng
+z‘<M8F>c%§? - zﬁf(MsH)d (5.96)

In particular, D.Hy — 0.Hy, and thus we can define the propagator for A,(z,p,g,t). For

convenience, we will write the new coordinates ts as ts in the following.

Now let us compute the loop corrections to the action Eq.(5.38) with the background field
method. We consider the quantum fluctuation of A,. Expanding Eq.(5.38) as

Ay — Ay + bas (5.97)

and adding the gauge-fixing terms, we obtain

Ay Y {A@, ALY
1
- 8a¢ba“¢b+R §R0S (0cba — 0abe) {9V, AP + SR (SR (0cAd — DaA) {6, 6®Y

1
+ §{¢(a)7 Ap Y {8, AP} — §{¢(a)7 Ap Y {s®, A@} + §{¢( ) {AW
—bOc + R,50:.6{A® ¢}/

1 1 1
S = / dg {aaAbaaAb = 50" A0 Ay + R SR 0 A{ AW, AV + - {A(),
,A®Y

(5.98)

Here we have taken the Feynman gauge, and introduced the Faddeev-Popov ghost ¢ and anti-
ghost b. Because we are interested in the induced mass terms for A,, we calculate loop correc-

tions with a condition

94 Ap = 0. (5.99)
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It is convenient to introduce the "momentum variables” (k,r, h,u), which are dual to (z,p, g, 1),

and an operator (M), which is defined as

(ZMS . A)a(p,g,t) _ (efietMtA)a(e'ie”Mvp’ 6i€wag, 62%6“’//\/133%)}

: (5.100)

e=0

des

where M?dj is the adjoint representation of O,. With these preparation, one can read off the

propagators and the vertices from Eq.(5.98). The factors needed for the calculation are bellows:

<¢a(kv T, h7 u)¢b(_k7 -, _h‘a —’LL)> = %7 (5101)
<b(ka r, hv U)C(_ka ) _ha _u)> = %, (5102)

=i | (k- P){kP6 + k6 — 2k°6°} — {KPus(ML) 0% + K us (M) 50" — 2(k - ML)“6%
(G- 7)1 : ‘ :
(5.103)

— _ (]{2 . f)2(25ab50d . 5ad5l)c . 5a05bd)

— ugue {20%°6°7 (M) (M) 1 — 6%6%T (M) * (M) £ — 6%6°T (M) (M) fd}] . (5.104)
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Figure 5.2: One-loop diagrams needed for the calculation of induced mass terms. (Source: [44],
doi:10.1016/j.nuclphysb.2017.10.011)

=i [~ (k- P)kC + us(k - M) (5.105)

By calculating the one-loop diagrams (Fig.5.2), we obtain the mass terms induced in the
effective action:
1d-2
r =————1/d
mass g2d+2 / 4

o (24 ‘.
Opa
1d—2

:—g—Qm dq [a{x( ,p(b +Ab)} — - {x )+A( )}
( 2)

() (3]
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/ d?kdrdhdd(d—1/2)y, / dkddr dhd¥(d—1/2)q; 42
o = —

1
d
(2m)d+d+d(d=1)/2 ~ (2m)dtdtd(d-1)/2 |2 70(/d kﬁTr(MsMs)

(5.107)

The second equality holds up to unimportant constant. Since «, S and v are divergent, we
need to take the cutoff regularization. Also note that the meaning of «y is somewhat ambiguous
and its numerical factor is not determined. However, Ml,’s can be regarded as a sort of angular
momentum operators. It is then natural to consider v as the sum of the eigenvalues of their
Casimir operator, along with the momentum integral.

The EoM with gauge condition is now changed as

04, +a28=2 <a>2Aa—a8(d_2) 0 <8Ab) —7< 0 >2Aa

d+2 \Op d(d+2) dpa \ Opy Oty
4(d — 2)? B
p Tp) (MM, - A), =0,  (5.108)

9. A*=0.  (5.109)

To derive the above equation, one has to be careful to take variation of ((Mj - A)y)%. As

b

mentioned above, (Mj),

is equivalent to angular momentum operator, and its operation is
multiplying the corresponding generator to all the indices of the field. Therefore it should be
identified to be the derivative with respect to fiber direction, and one obtains in the action
(M - A)y)% = —AY(MM; - A), by partial integration.

One can analyze Eq.(5.108) by expanding A,. Note that the three terms in the first line in
Eq.(5.108) vanish since we have restricted A, to be first order in p and ¢s. From the last term
in Eq.(5.108), we get mass terms for each field component. While M, can be interpreted as the
derivative with respect to the fiber coordinates, it is the generators of Spin(D) and (Mj;)? is
the Casimir operator. Consequently, each field arising from P-W expansion Eq.(5.48) gets the
positive mass squared, the value of which is the eigenvalue of the Casimir operator according
to the representation. The important point here is that a field of any nontrivial representation
of Lorentz group, which has implicit g-dependence, acquires a mass term. This means that

vielbein fluctuation f,'(z) get massive as well, even though it has no explicit g-dependence.

5.3.2 Inclusion of the fermionic sector

The above result seems to be quite bad news for us, since there is no gravitational field when
one take into account the quantum correction. However, the original IIB matrix model has
the fermionic sector as well, and it is possible that its quantum correction drastically changes
the result, as is the case in most supersymmetric theories. Therefore, we shall repeat the same
analysis as above on the action obtained from the full IIB matrix model. In this subsection,

we write the essence of the analysis briefly.
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Figure 5.3: The additional loop diagram. The loop is of Majorana fermion. (Source: [44],
doi:10.1016/j.nuclphysb.2017.10.011)

The action corresponding Eq.(5.98) is now

S = S|pos + chraaanr (chr@) (@) {A @) Yoy }s (5.110)

where S|pos is the bosonic part Eq.(5.98), I'* is the d-dimensional gamma matrix and C' is the
charge conjugation matrix. One can easily check that the Eq. (5.110) is obtained as the semi-

classical limit of the IIB matrix model. The new parts needed for computing loop diagrams is

bellow:

(5.111)

=i | (k- P){kP6° + k6" — 2k6®} — {KPug(My) 0% + kus (M) 50" — 2(k - M)“6*°
(k- ) e e )
(5.112)

Using them, we compute the loop diagrams containing a fermion loop (Fig.5.3) , and obtain

the induced mass terms in this case:

r| = %—2(@1 2) — 24/2+)

B B s S At
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(for the Majorana fermion) (5.114)

1
K =
2 (for the Majorana-Weyl fermion)

From this induced mass term, we conclude that all of the fields, including the vielbein, remain
massless in the IIB matrix model (d=10). On the other hand, if a matrix model contains more
DoF in the fermionic sector than in the bosonic one, then the the effective action has tachyonic

field and violates stability.

5.4 Summarizing remarks

In this section, we have analyzed the stability of the matrix model in the operator interpretation,
which is originally proposed in [27,29]. We have shown that the principal bundle is essential for
both the general diffeo-invariance and stability. Therefore, the original interpretation is indeed
the minimal description of the operator interpretation. We have also seen how the metricity

condition works to describe the curvature in EoM.

Next, we have confirmed that coefficient fields in higher derivative operators do transform
as higher spin fields under the appropriate gauge transformation in the U(N) symmetry. The
coeeficient fields include as well redundant components that are eliminated either by gauge
transformations or by generalized torsion-free conditions. Note that, however, the existence
of the higher spin symmetries have been addressed only for simple sector, namely bosonic

fiber-zero modes in the flat spacetime background.

We have computed the mass terms induced by loop corrections. While the IIB matrix model
is protected from the corrections and remains massless theory, its bosonic version acquires mass
terms with the appropriate sign. On the other hand, if we consider a matrix model which has
more fermionic DoF than bosonic ones, fields in the effective action get tachyonic and therefore
violate the stability. The important observation is that the vielbein and spin connection are
massless only in the IIB matrix model. This implies the uniqueness of it as a model describing
gravity. In the original description of the IIB matrix model [1], the correct gravitational
interaction is realized due to supersymmetry. Our result has the same feature as that work,

from the viewpoint that supersymmetry realizes gravity.

There still remain some open questions, parts of which we have already mentioned. Amongst
them the most critical and central is the definition of the trace in the action and the interaction

terms.
We have studied the higher spin symmetries at the level of transformation laws and of EoM.

It should be that the symmetries can be seen explicitly in the action as well. However, we have

no way so far to write down the action directly in terms of derivative operators. FOr example,
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consider the following action:

1 1 5 m? o,

In the operator interpretation, it possesses a U(1) gauge field and the gauge symmetry for it:

Ay =10, + ag(x) + -+, (5.116)
0A, =i[AAu], A=Xz) < dag(z) = —0,\(x). (5.117)

It suggests the existence of U(1) gauge symmetry for massive vector field without the Stueck-
elberg field in Eq.(5.115), if we can convert the action in terms of operators. It appears to
conflict with our understanding on ordinary field theory. Although the question will be settled
once we make the well-defined trace in the action, it is a very difficult issue. At least, the
truncation of operators to first-order should not be performed. It is because the following trace

diverges:

Tr(A2) = Tr(9?) + - -

d
N/(gﬂf)’dp2+---. (5.118)

Therefore we must regard matrices, at the starting point, as infinite-order derivative operators
without the truncation, as was claimed repeatedly. Still, the definition of the trace remains
to be determined. While the EoM for higher spin fields contain higher derivative, it is in fact
unclear whether it really shows Ostrogradsky instability of the theory, because we do not have
the action and hence the Hamiltonian for the fields. Related to this problem, the structure of
interaction terms in terms of the local fields need to be analyzed.

If we can define an appropriate trace for infinite-order derivative operators, then we will
eventually obtain a higher spin field theory which includes infinitely many fields with infinitely
many interactions. It seems to have a deep relationship to a high energy description of string
theory, presenting its importance as a nonperturbative formulation of string theory. Therefore,

we will tackle this issue as the most crucial future work.



Chapter 6

Hill-climbing Saddle Point Inflation
—— a Suggested Low-energy Model
from the Matrix Model

In the previous chapters, we have studied the IIB matrix model as a candidate for the theory
of quantum gravity. Since it is supposed to be a non-perturbative formulation of string theory,
it describes physics at very high energy region, namely Planck scale (or the string scale). The
reason for our interest to it was its simple structure in the action and its rich dynamics implying
its inclusion of gravitational physics.

On the other hand, the connection between the matrix model and low-energy physics has
yet to be revealed. The latter is described in terms of local field theory. As we have mentioned
in Chapter 1, our eventual objective is not only to construct a quantum theory including gravity
but also to theoretically connect it to low-energy effective theory which describes our current
universe. More concretely, we should make an effort to reproduce SM from the IIB matrix
model.

For this direction of study, A possible key is the inflation. There is a robust belief that an
inflaton physics is responsible the exponential expansion of early universe, and that the origin
of it consists in high-energy physics, typically at Planck scale. At the same time, the inflaton
decays to SM particle after the inflation explain the reheating. It can be a bridge between the
theories for the two different energy scale physics.

In the IIB matrix model, as has been stated in the previous section, bosonic DoF acquire
mass terms with supersymmetries broken. Therefore, it should have at least one massive scalar
at low energy region where the supersymmetries are broken, and the scalar behaves as an

inflaton.

The crucial questions are the following two: what the true color of an inflaton is, and

what the structure of its potential comes from. While string theory often suggests an axion
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playing an role of the inflaton, it is another reasonable philosophy that the inflaton is identified
to a particle discovered already. Therefore, we are attracted to identify Higgs particle as
inflation [37].

Assuming it, an inflaton potential is of course that of Higgs field. For its structure, there is
some suggestion from the IIB matrix model with the operator interpretation. It was reported
in [31] that its low-energy effective field theory should be with an action of an unusual form.
1 Tt could be an answer for fine-tuning problems for various coupling constants, including the
Higgs coupling constant. In particular, it favors the Higgs effective potential to have a critical
structure, which has two degenerate vacua at electro-weak and near-Planck scales. Related to
this suggestion, there has been a proposed principle that coupling constants are naturally tuned
so that the universe can have degenerate vacua. This is called the Multiple Point criticality
Principle (MPP). The low-energy effective theory of IIB matrix model, thus, gives some validity
for MPP.

Furthermore, when one focuses on Higgs potential from phenomenological point of view,
there is a good basis to believe it has degenerate two minima. The observed Higgs mass
~ 125GeV indicates that the SM can be safely interpolated up to the Planck scale without
any divergence or instability. The observed Higgs quartic coupling A ~ 0.12 also shows an
interesting behavior of the Higgs potential around the Planck scale M,; The potential can
have another degenerate minimum around that scale. The origin of this behavior comes from
the fact that A and its beta function 3, can simultaneously vanish around M, This is the
very suggested structure from MPP or the IIB matrix model. It is surprising that the Higgs
mass was predicted to be around 130GeV about 20 years ago based on MPP [34].

Various phenomenological and theoretical studies of such a degenerate vacuum have been
done so far [71-75]. One of them is the Higgs inflation with a non minimal coupling §¢2R/Mp2l
[37]. When this scenario was proposed, it was argued that we need large & ~ 10° in order
to obtain the successful inflationary predictions of the cosmic microwave background (CMB).
However, the criticality of the Higgs potential makes it possible to realize the inflation even if
¢ is relatively small ~ O(10) by using small but nonzero A ~ 1075 around M. See [76] for the

detailed analyses.

Although the SM criticality can help the realization of the Higgs inflation, it is difficult to
realize the MPP simultaneously because the latter requires A = 0 around the Planck scale and
we can no longer maintain the monotonicity of the Higgs potential above the scale ~ M, /VE.
Recently, a new inflationary scenario was proposed in [35] which enables an inflation even if
the inflaton potential has multiple degenerate vacua. Then, the authors applied it to the SM
Higgs and showed that it is actually possible to obtain a successful inflation while satisfying

the MPP [36]. In those papers, the authors studied a few cases such that the inflaton potential

1See Appendix C for the detail.
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behaves as a quadratic potential around another potential minimum. Although the inflationary
predictions of this scenario does not strongly depend on the details of the inflaton potential
such as the coefficients of the Taylor expansion, they can depend on the leading exponent of
the (Jordan-frame) potential and the choice of the conformal factor. In this part, we generalize
their works to the cases where the inflaton potential has a saddle point around the Planck
scale. Our study is meaningful from the point of view of the MPP because this situation can
be understood as a natural generalization of this principle, and therefore it can associated to
the high-energy physics as the IIB matrix model, in principle. Although some fine-tunings are
needed in order to realize a saddle point, some theoretical studies [33,77-79] suggest that we

can naturally archive such fine-tunings by considering physics beyond ordinary field theory.

6.1 Brief review of hill-climbing inflation

Let us briefly review the hill-climbing inflation. We consider the following action of an inflaton

¢ ; in the Jordan-frame:

2
5= [dioy=a,( "2 ar, - 5 200,7 - Vit6n), (61)

where (8¢J)2 = gf;”au%ayqu. If we identify ¢; as the Higgs, the usual Higgs potential

corresponds to V(¢ ;) in this framework. Then, by doing the Weyl transformation

g/u/ = QgJ;uN (62)
we have
M 1/K, 3 dln\? V,(¢))
_ 4, = plp 1 J . ° 2 YJ\¥g
s— [ :E\/ig[2 R 2< S (Mpla : ) )(a¢J) el ey

where R is the Ricci scalar in the Einstein-frame and we have neglected the total derivative
term. Let us now assume that the second term of the kinetic terms dominates. In this case,
we can regard xy = Mpl\/S/anQ or —Mpl\/3/2 In(2 as a fundamental field instead of ¢ ;. 2
For example, in the case of the ordinary Higgs inflation, we have

4

V(o) = W (6.4)

00, = 14600
J) — Mglv

which leads to the following potential in the Einstein-frame:

Aph /\Mgl
Ve(x) = 02 e

(1-071)?

2The choice of the sign depends on the region we consider; When we consider Q > 1 (< 1), we take

X = (_)Mplmlng'
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AMA 3 2
~ pl . - X
~ e (1 exp ( 3 —Mpl ) ) , (6.5)

from which we can see that Vj(x) becomes exponentially flat when x > M, < Q> 1. See

also Ref. [76] for more detailed analyses.

On the other hand, a new possibility has been proposed in Ref. [35], where it is shown that
we can also consider the €2 < 1 region instead of {2 > 1. In this case, because V}, is given by

Vi =V,;/Q2, V, needs to behave as
V,=VoQ*(1+---) (6.6)

around = 0 in order to realize the inflationary era, i.e. H = a/a = const. Because the
conformal factor €2 should approaches one after inflation, the inflaton climbs up the Jordan-
frame potential. This is the reason why the authors of Ref. [35] call this scenario ” Hill-climbing
(Higgs) inflation”. Let us briefly summarize the inflationary predictions of this scenario. By

expanding the Jordan-frame potential V; as a function of {2

m>n

we obtain
M2l V/ 2 1 2
€= 2p <V> ~ g NymQ™ | (6.8)
v’ 2 m
n= Mp217 =73 anWQQ , (6.9)

where the prime represents the derivative with respect to x and we have used the relation

X = /3/2In Q. Furthermore, we can relate the initial value of €2 to the e-folding number N:

1 14 3 1
N = /dtH I N R (6.10)
M]?l %‘; 2n,n% Q.

From those equations, we obtain the following inflationary predictions:

2 12
ng=1-6e+2n~1—-—, r=16c =

5 - (6.11)

Note that both of them do not depend on the details of the inflaton potential such as its
coefficients 7,’s. This is the similar behavior of the { or a attractor [80-82]. However, the
leading exponent n depends on a specific model we consider and the choice of the conformal
factor. In the following, we consider the hill-climbing inflation around a (UV) saddle point of

an inflaton potential.
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Figure 6.1: Upper (Lower): A schematic behavior of the Jordan (Einstein)-frame potential around
the saddle point ¢, (x = o0). Here, the solid (dashed) contour corresponds to k =odd (even).
(Source: [46], doi:10.1016/j.physletb.2018.01.007)

6.2 Hill-climbing saddle point inflation

Let us now consider a general situation where the Jordan-frame potential has a saddle point

¢ around the Planck scale:

Vi(do) = 0, V() =0, V2 (gg) =0, -+, V¥ (g5) =0 (6.12)

with VJ(i) denoting the i-th derivative of V;. In the following, we assume

VJ(kH)(qu) >0 for odd k,
V}kﬂ)(qﬁo) <0 for even k, (6.13)

VI (g0) #0

in order to realize a positive vacuum energy in ¢; < ¢0.3 This is schematically shown in the

upper panel of Fig.6.1. In this case, we can expand V; around ¢, as

) 1 (E2)
V(o)) = m&% — ¢o)F ! + mwﬁ — )"t
’V}k+1)|¢§+1 é, k41
RRCERI @_¢J

3The third assumption is not necessary for our present set up. We can also consider a more general situation
h that V(" 0, VI¥ 3 (gg) =0, -+, V™ (¢g) = 0, v FFmHD 0
such that V; (¢0) #0, V; (¢0) =0, » Vg (¢o) =0,V (¢0) # 0.
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¢ o\
X (1 + ngH) (‘] — 1> + U§k+3) (J - 1> >> (6.14)
@bo ¢O
where
k+2 k+3
vt = VY gt = L (6.15)
(k +2)v*+D (k + 2)(k + 3)VF )

As for the conformal factor €2, we can consider various possibilities:*

Q(¢;)? = AN 1+ w 1% i (6.16)
J ¢0 e 7 ¢0 ) .
> w =0, (6.17)
>0

where the second equation guarantees 2(0) = 1. In this letter, in order to give some concrete

inflationary predictions, we consider the following two models:

k+1

AN
0 ( ¢§)+1 (Model 1), 6.1
( —%{) > (Model 2),
0

which correspond to Model 1 and Model 2 presented in Ref. [36], respectively. In the case of

Model 1, the Einstein-frame potential becomes

(k+1) |  k+1
Vi~ Ve <1 " (k +1 U§k+2)> (1 _ ¢J>

(k + 1)125+1 2 9,
2
ht3) k41 w2y (KA DR+ (0 ¢y
+ (v2 5 (N + 3 .
~V, <1+n2mil +n4m11>, (6.19)
k+1 k+1

where

k
Ve — |VJ( +1)|¢IS+1 _ 1 kE+1 B U(k+2)
0T ke T T T2 T )

1 k+1 kE+1)(k+2
1= (0B )

2 ! 8
(Model 1) (6.20)

k+1

4In this letter, we assume that the conformal factor € also becomes zero at a saddle point of V;. This
fine-tuning might also be explained by some new physics [33,77-79].
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from which we can see that the resultant leading exponent depends on the coefficients of the
Jordan-frame potential. 5 In the lower panel of Fig.6.1, we schematically show the Einstein-
frame potential V. Here note that the saddle point ¢, corresponds to x = oo because of the
relation x = —M,;1/3/2In€2. Here, the solid (dashed) contour corresponds to k =odd (even).

In the case of Model 2, we have

2 —

07 e+ 220 T =g\ 7 2 1

1 k+3)  3(k+1) (k2 . (K4 1)(9k+ 10)

(Model 2) (6.21)

_ |V}k+1)|¢lg+1 1 <3(l<:+1) v(k”))

k41

Thus, both of the models typically give the leading exponent n = ﬁ as long as we do
not require a fine-tuning of the coefficients.® As a result, the tensor-to-scalar ratio becomes
larger when we increase k. Note that, in this framework, the coefficient of the leading term in
the potential must be negative, n =2 < 0, which enables x to roll down it. Furthermore, the

potential height V|, is also constrained by the curvature perturbation

V(k’-i-l) k+1
As:%:z.zxm*gm < (‘z}’)o :
2472 M}, M

(6.22)

In Fig.6.2, we plot the parameter regions obtained from Eq.(6.22). Here, the (k+1)-th derivative
VJ(kH)(qu) is normalized by @53, and each bands corresponds to each k’s. The solid (dashed)

contours represent N = 50 (60).

In Fig.6.3, we also show the inflationary predictions obtained from the analytic formulas
Eq.(6.11). Here, the different color lines represent different k’s and the small (large) dots
correspond to N = 50 (60). Note that n, does not change within this analytic formula because
it only depends on the e-folding N. As is already mentioned in Ref. [36], the higher order terms
of the inflaton potential can have slightly large contributions to the inflationary dynamics, and
numerical studies are necessary in order to give more precise predictions. This is left for future

investigations.

we have applied the idea of the hill-climbing inflation to the models where the inflaton
potential has a saddle point around the Planck scale and shown that it is possible to archive
a successful inflation. A notable feature of this class of models is that the leading exponent of

the Jordan-frame potential as a function of the conformal factor is typically given by 2/(k+1),

5For example, in the case of the Higgs potential, we have k = 17v§k+2) = 3, which lead to n; = —1. This
agrees with the previous study Ref. [36].

51f we consider general V; and €, the coefficients M2i/(k+1) S are simple polynomials of (kaHH),wi), and it
is possible to eliminate some of the first 72;/(x41)’s by choosing specific values of those parameters. Then, the
leading exponent can be n = 2. with arbitrary I. The Model 2 of the hill-climbing Higgs inflation Ref. [36] is

E+1
such a case.
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Model 1

0.05 010 0.15 020 025 030 035 040

Po/ My,
Model 2
0.001¢
EC:'
X 10l
107°¢
10°° : : : : :
0.1 0.2 0.3 0.4 0.5
Po/Mp

Figure 6.2: The parameter regions that produce the observed value of the scalar perturbation A, =
2.2 x 107%. The upper (lower) panel corresponds to Model 1 (2). Here, the different color bands
represent different k’s respectively, and the solid (dashed) lines corresponds to N = 50 (60). (Source:
[46], doi:10.1016/j.physletb.2018.01.007)
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which leads to a large tensor-to-scalar ratio. Although we have just concentrated on a saddle
point of the inflaton potential, we can also consider various realizations of the hill-climbing
inflation by using a variety of V; and 2. So it might be interesting to investigate such possibil-
ities and construct a phenomenological model that can realize a successful inflation. From the
point that such a inflation model should be induced from high-energy physics, it is a tempting
future work to study the effective theory of the IIB matrix model in comparison with these

generalized hill-climbing structure.

0.100

0.050 k=5

5/

k=3

/

k=2
~ 0.010 N=50 * N=60

0.005 k=1

/

(10 %89) dmol+L L oueld
(10 %G6) dmOl+L L doueld

0015 :
0004 o5 0.96 0.97 0.98

S

S

Figure 6.3: The inflationary predictions of the hill-climbing saddle point inflation. Here, the different
color lines represent different k’s and the small (large) dots correspond to N = 50 (60). (Source: [46],
doi:10.1016/j.physletb.2018.01.007)



Chapter 7

Massive Higher Spin Fields in

Curved Spacetime

Another implication of the IIB matrix model is that many massive higher spin fields (MHSF)
should exist in our universe. It is a resulting observation of Chapter 5. It is now no doubt
that the IIB matrix model contains higher spin fields, and with the supersymmetries broken at
some energy scale, they get massive through radiative corrections. Although the mechanism of
breaking supersymmetries is yet to be studied, the breaking did occur in our universe since the
experiments tell us the absence of low-energy supersymmetry. Therefore, even if real MHSF
are so heavy that the current experiments and observations do not confirm its existence, it is
important to describe them in terms of field theory. One may think that it is sufficient to treat
them within the framework of string theory. However, it is still a reasonable expectation as
well that we can describe them when we do not take into account their UV behavior, including
UV divergence. !

Attempts to construct MHSF theories showed up with the papers written by Fierz and Pauli,
who formulated a free field theory of massive spin 2 particles in the Minkowski space [83,84]. In
general, the natural object to describe a spin s particle is a rank-s traceless symmetric tensor
field, but this has more independent components than necessary, because a spin s particle has
only 2s + 1 DoF. Therefore, the Lagrangian should give the EoM that yield necessary and
sufficient constraints to eliminate the redundant DoF. In fact, for the s = 2 case, Fierz and
Pauli showed that an appropriate Lagrangian can be obtained if one introduces an auxiliary
scalar field in addition to a rank-2 traceless tensor. These fields can actually be combined to
form a single traceful symmetric tensor hy,,, which we call the Fierz-Pauli (FP) field.? For the

case s > 2, the Lagrangian with the desired property was given by Singh-Hagen [38,39], which

! Apart from the connection of string theory or the IIB matrix model with low-energy theories, MHSF is of
interest from the phenomenological viewpoint since the excited hadrons are indeed such objects. The analysis
of this chapter can also be seen as an attempt to describe them coupled with gravity.

In [85] it was shown that the FP theory is the unique formulation of a spin 2 particle without ghosts or
tachyons.
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consist of traceless symmetric tensors of ranks s, s —2, s —3, s—4,..., 0. These fields can be
combined to form two traceful symmetric tensors of ranks s and s — 3.3

All the works above only consider the case where the background spacetime is flat. However,
for curved backgrounds, it is non-trivial to formulate MHSF theories.* In fact, as we will see
in section 7.1, the mechanism to derive the constraints from the EoM breaks down because
covariant derivatives do not commute with each other. There was also an argument that the
transverse condition is not compatible with the wave equation for arbitrary backgrounds [92].
Although verious works have been made in this direction [93-107], It seems that currently there
are no consistent massive higher spin theories for general backgrounds that reduces to the flat
case smoothly.

In this chapter, as a first step to investigate higher spin theories, we give the quadratic
Lagrangian for spin 2 particles in general gravitational backgrounds, and discuss a fundamental
problem occurs with particles of spin larger than 3.

The analysis of spin 2 particles is essentially related to [108,109]. First, we have an analysis
in Hamiltonian formalism which is motivated by the canonical analysis of ordinary gravity with
ADM decomposition. This makes the points clear. Then we give the Lagrangian and the direct
analysis. The connection to massive gravity theory [110-113] is presented as well.

On the other hand, we show that a spin 3 particle fails to couple to gravity in the subsequent
section. The EoM for it do not contain enough constraints in the general background. The
same breakdown is likely to occur with arbitrary spin higher than 2. This result implies that
we cannot describe single MHSF in curved spacetime. The way to overcome this problem is
probably to introduce infinitely many fields of different spin. The situation is consistent to
the operator interpretation of the IIB matrix model, where we have to consider infinity-order

derivative operators with higher spin fields being its coefficients.

7.1 Breakdown of the transverse condition for curved back-
grounds

In this section, we demonstrate that FP’s original mechanism to eliminate the redundant DoF

of a massive higher rank tensor field does not work for generic curved backgrounds.

We start by arguing that there is no such issue for massive spin 1 field A* (Proca field).

The action of the Proca field in the flat Minkowski spacetime is given by

S = /d% [—% FME,, — %mz AFA,L, (7.1)

where F},, = 0,A, — 0, A, and the metric is chosen to be 7, = diag[—1,+1,+1, +1]. Its EoM

3The massless limit of that Lagrangian was studied by Fronsdal [66] [86].
“For specific types of background, consistent EoM are obtained for massless fields by using the spacetime
symmetry [87-90]. An attempt to generalize the theory to the massive case was made in [91].
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are given by
OFM +m? AP = 0. (7.2)

The divergence of Eq.(7.2) gives the transverse condition 0,A" = 0, and the substitution of
this to the EoM in turn gives the wave equation, (O —m?) A* = 0. Thus, the action (Eq.(7.1))
gives the EoM which automatically include the constraint that eliminates the redundant DoF
correctly. It is easy to see that this mechanism also works in general curved backgrounds. In

fact, if we covariantize the action as

S = / A2 /g [~ P F — 5 m? AV A, (7.3)

with F,, = V,A, —V, A, , then the EoM are given by
V,F*" +m?At =0, (7.4)
whose divergence again gives the transverse condition, V,A* = 0, because V,V, FM =

Vu, VU] F* = Ry P FY+ Ry o FP = 2R, F* = 0. Note that one could have added cur-
vature terms to the action of the form [ d*z \/—g [a R, AFA” +bR A“AN} , where the coupling
constants a and b are not determined only by requiring the action to become Eq.(7.1) in the
flat limit. Such non-minimal couplings can be used to absorb the discrepancy that may arise
when kinematic terms are covariantized in a different manner [e.g., a kinetic term 0,A" 9, A"
(up to total derivatives) can be covariantized in two ways: V,A* V,A” or VA"V, AH].

Now we discuss the FP field. The Lagrangian in the flat spacetime is given by

2

L=y EP Dy — % (huh? — h2) (7.5)
where £/ is the Lichnerowicz operator for the flat spacetime:®
1 1
EMP Ny = 5 (DR =0 Bh) + = (90" h + 0" 00" hyy) - PICEN 2 (7.6)

The kinetic term Lg, = hyy E4""" hyy can be formally obtained from the EH action®
. 1 =B
Senld] = 5 [ dtov/ =5k (17)
by setting g, = 1., + 2h,,, and taking quadratic terms in h,,, . The EoM take the form

0=2&""hpy —m*(K* — 1" h)

5We normalize the symmetrization as X #*) = (1/2) (X*¥ + XVH).
SThroughout this chapter quantities with turret should be understood to represent those associated with

G -
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= (T = m®) (B — " h) + " 0PI hpy — 20HONRN + 91OV R . (7.8)

A rank-2 symmetric tensor A, has ten independent components, while a massive spin 2 particle
has five DoF. In the flat background, the extra DoF are actually eliminated from the EoM as
the Proca field. In fact, the divergence, double divergence, and trace of Eq.(7.8) respectively

give

—m?2(9,h" — 9"h) =0, (7.9)
—m?(9,0,h" —Oh) =0, (7.10)
2(89,0,h*™ — Oh) + 3m*h = 0. (7.11)

Thus, when m # 0, we obtain the traceless condition, h = 0, from Eqs.(7.10) and (7.11). Then,
substituting it to Eq.(7.9), we get the transverse condition, d,h*” = 0. Consequently, h,,, is
a rank-2 traceless symmetric, divergence-free tensor, which has five independent components.

Note that the EoM (Eq.(7.8)) are then reduced to the Klein Gordon equations:
(O —m?)hH = 0. (7.12)

We thus see that the reduction mechanism works for a massive spin 2 field as long as the
background is flat.

Next we show the breakdown of the reduction mechanism when the flat theory is naively
lifted to curved backgrounds. A natural extension of Eq.(7.5) is obtained (a) by replacing
the derivatives with covariant derivatives, or (b) by substituting ., = gu + 2hu to Eq.(7.7)
and taking only quadratic terms in h,,. The discrepancy between (a) and (b) appears as the
difference of non-minimal couplings (e.g., the difference of the coefficient of R h*"h,,,). In this
section we adopt the prescription (b).

The Lagrangian now takes the form

m2
2

L=+—g [hwguupohpa _ (hyuh™ — h2)] . (7.13)

Here, h = g"”h,, , and EF"P? is the Lichnerowicz operator acting on symmetric tensors in a

curved spacetime:

1 1
WP Ny = 5 (ORY — ¢Oh) + S (VAV bt g VPV i) — \AGA VAV 2k
1 1 1
+ RFPY7 Ry + RP(“hZ) — i(g‘“’R”"hm + R"h) — §Rh‘“’ + ZRg””h, (7.14)
which reduces to Eq.(7.6) in the flat limit and enjoys the following properties:

1 ~ D 1 v vpo R ~
sV=ik=v=g [5 R — G"™ Ry + by 90T + O(hs)} (Guv = v + 2hp) . (7.15)
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1
Vo ("7 hya) = 5 G772V hl = VP hyo) (7.16)

Guv (EMP7hpe) =V, VW — Oh, (7.17)
where G* = R* — (R/2) g"¥ is the Einstein tensor. The EoM are given by
217 Ny — mE (WY — g"h) = 0. (7.18)

The divergence, double divergence, and trace of Eq.(7.18) respectively give

GP7 (2V ,hE — V*h ) —m2 (VW™ — VHR) =0, (7.19)
V. [GP7 2V he — VP hp)| — m*(V,V, " —Oh) =0, (7.20)
2(V,V,h* —Oh) +3m*h =0. (7.21)

Thus, if / vanished or at least could be expressed as a function of the traceless part of A,
Eq.(7.19) would give four constraints on the transverse component. However, Eqgs.(7.20) and
(7.21) lead to

2 g
h = —Wvﬂ [GP7 (2V bt — VFhye)] (7.22)

This is, except for the vacuum case (G, = 0), a second-order differential equation for the
trace h and the traceless part of h,,, which cannot be regarded as a constraint eliminating
unnecessary DoF. The situations are the same also for the cases of other spins, except for
spin 1 (Proca field). In the spin 1 case, the divergence of the EoM always results in a first-
order differential equation corresponding to the transverse condition, irrespective of how non-
minimal couplings are introduced. For the case of higher spins, however, there is no choice
of non-minimal couplings so as to cancel the RHS of Eq.(7.22). Another problem will emerge
when formally substituting Eq.(7.22) to Eq.(7.18), since it results in fourth-order differential
equations with respect to time. It is a singular perturbation, and yields an exponential growth
of the amplitudes because the perturbation becomes much larger than the original kinetic term
at short time scales. These facts seem to indicate that the Lagrangian above fails to describe
a consistent FP field in a general background. In the following, we resolve this issue by giving
up the attempt to express the constraint in a form that is directly related to the transverse

condition and also by paying the cost of breaking the manifest covariance in the analysis.

7.2 Fierz-Pauli field in general curved backgrounds

In this section, we construct a consistent, linear field theory of a massive spin 2 field in a general

curved spacetime.
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We start with the Lagrangian (Eq.(7.13)) with non-minimal couplings to the curvature:
S = /d4x£, L=Lc+Lm+Lr (7.23)
with

Le=\=ghuwE" P hy,, = —\ﬁ (hﬂ,,hﬂ" h?), (7.24)

a
Lr=v=g |5

by
5 Y R e h + 2 RWWh”Jr RIWLWJr Rh2+bzRWhWh (7.25)

Here Lg expresses the non-minimal couplings, and the coupling constants ai, ao, as, b1, bo
cannot be determined a priori only by requiring the action to become the FP action in the flat
limit. Note that such terms also exist in Lg. In the remaining of this section, we show that
Eqgs.(7.23)—(7.25) describe a massive spin 2 field with correct DoF if and only if the constants

in Lp satisfy the two conditions”

as + 2by = — (7.26)

az + by = (7.27)

l\')\}—t

The counting of DoF is usually easiest in the Hamiltonian formalism, and for this purpose
we introduce the ADM decomposition of the metric:
—N%+ §i;NINT g N

() = (7.28)

§ij N7 Gij
The functions N and N = (]\7 ) (i = 1,2, 3) are called the lapse and the shift, respectively, and

9i;j describes the induced metric on a timeslice. The EH action then takes the following form

up to surface integrals:
Spi = /d T N\/[ R+ KijK7 — K% (K = §" Kyj). (7.29)

Here, ®)R is the Ricci scalar associated with Gij , and Kij = (1/2N) [QU - 51\7 gij} is the
extrinsic curvature of the timeslice (& 51 the Lie derivative with respect to the shift N). We
now expand the action around a classical background metric. By using the diffeo-invariance of

the EH action, we can set the background to the following form without loss of generality:

-1 0
(gw,) = . (7.30)
0 gi

"The relations were first obtained in [109)].
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We then replace the metric in the action as
G = G +hpy  (hyw =2hy), (7.31)

or equivalently, rewrite the lapse and shifts in Eq.(7.29) as

NQ =1—hgy+ Qijh()ihoj s (732)
G NI = o, (7.33)
9ij = 9ij + hij - (7.34)

The quadratic terms in h,, give Lg, whose explicit form is given by

Lg:[ NG [®R+ KiK' — KQ]]
(2)

N3G . .
- |:\/§(3) Cz]kl( — 0= gw) (gkl - (51\7%1)]
(2)
Leoibh. b + i CI* (8 =gm)
2 (0) MigNk () zggkl (0) Mg Ngkl (1)
NG ikl .
+ [T@) C’J (95 — 02915 — 5?hij)(gkl—5ﬁgkl_5]§hkl)](2)a (7.35)
where
ikt — VI TL kit | silaiky  aij Akl
C 4N[ (95" +9"9"") gg}, (7.36)

and a subscript in parenthesis denotes the order in h,,.

We now move on to the Hamiltonian formalism by making the Legendre transformation

with respect to Hij. Since Hij is contained only in L¢, the conjugate variable to h;; is given by

T = = —
8hij 6hz~j
which can be solved for Hij as
= (CD (T = OB G+ CIE™ (5 g ) (7.38)

The Hamiltonian is then obtained as

H =n"%h; — Le — L — LR
1

= §(é@§)z]kl( Czj;nngmn Czéym((sﬁgmn)(l))(ﬂkl C(lfquq‘i‘c(o) ((5 gpq)(l))
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NVG a1 aiig,. .
| R+ icjkl(gij — 0917 — 0 ghig) (grr — 0 grt — 5]\?[hkl)] o Ly —LR.

(7.39)

Since hg; is generically quadratic and has no kinetic terms, the corresponding DoF will
drop out from the system by solving the EoM for hg; and by substituting the obtained solution
to the action. Then, if the resulting Hamiltonian has only linear terms in hgg, there will
arise the primary constraint, from which will follow the secondary constraint as a condition
for the primary constraint to be consistent under the time evolution. Furthermore, a further
consistency condition will arise for the secondary constraint, which in turn will determine the
form of hgg. Thus, if the Hamiltonian has only linear terms in hgg after the elimination of hg; ,
the variables hgg and hg; will disappear from the system, leaving two constraints. This means
that the system has ten (= 6 + 6 — 2) DoF, which agree with those of a massive spin 2 field.
We are going to show that this is the case if and only if the conditions (Eqs.(7.26) and (7.27))
are met.

There are actually two sources of hgo terms. One is the hgo terms that already exist in the
Hamiltonian before solving the EoM for hg;. The other is the h(2)0 terms that come out after
hg; is eliminated from the Hamiltonian.

First we point out that the latter source is absent, noticing that the mass term L,,,
Ly =—vV—g ry [—2¢"7hoiho; + 9" g7 hijhir + 2hoog™ hij — (97 hij)?] (7.40)

contains quadratic terms in hg; when m # 0. If the Lagrangian contains the terms of the
form hgghg; , the EoM for hgy; take the form hg; = hgg X Ag; + --- and give h%O terms when
substituted back to the Lagrangian. However, as we will see below, there are no such terms in
the Lagrangian. Since there are no hgghg; terms in £,,, we only need to confirm the absence
of such terms in the rest of the Hamiltonian Eq.(7.39). As for Lg, we see that agR,, h#*’h}
and boR,,,h#*”h actually give dangerous terms _GZROihOOhE and —2b2R0¢h6h00. However, they
can be ignored in our present approximation, because their contributions to the coefficients
of h2, will be O(R?/m?) and can be neglected to the first order in the curvature. As for the
remaining part of Eq.(7.39), we see from Eqs.(7.32)—(7.34) that terms linear in hg; appear only

through 5]\79@-]- . Thus, the possible terms containing hgghg; are

Nigmn . Akl Aijkl
~(CoiamCiay " gmnCo) O ggpa) ) = (=CV"5i50 gu1) ) (741)
However, the hgg hg; terms cancel out in Eq.(7.41), because it can be rewritten as

Aigmn . ~igkl . ~igkl . ~ijgkl .
— Cy " gmn (0 29i5) 1) + C gy 935 (0 591t (g + C 1y 93 (0 ggme) 1y + Clay 91 (0 5.9m) 10

~ijhl - ikl -
= C(é) Gij (51591@1)(2) + C(é) Gij (5]§gkl)(0) , (7.42)
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which does not contain hgg hg; -

We thus find that hg; do not play any role in investigating the possible appearance of hZ,
terms, so that we can safely set hy; = 0 for further arguments. Since h3; terms can appear only

through N in CUk | we only need to look at the hgo terms in the reduced Hamiltonian

A Adjmn ijkl . . N g
H o~ (C(O))zjklc({) C(klfqgmngpq C(%;flgijgkl] — {7{ (3)R] @) — Ly — LR (7.43)
Here, the symbol ~ stands for an equality that holds when Nt and h;; are set to 0. CIk now
takes the form
Aighl _ Gidkl | Gjkl | Aigkl

qgrl i .
- \f[ (gzkg]l+glgjk)_g2]gkl]

4N
1 3 Iy ij
:Z\/§<1+§h00+§h§0+-~)[2( kgl 4 glgi®y — gjgkl] (7.44)
with
Aij gl i j ij
Gl % [2(9 Bl 4 gil gih) _gygkl} : (7.45)
P
C({;cl ~ = hOO C(J;fl (746)
Ciakl h kal (7.47)

(2) (0)

Because L,, does not include h(2)0 terms, we thus get

1,1 3 :
) (Z a g)hgo C((J)/)Hgmgkl + \[( YRhio — L
1 ij 2 \/> (3) 2
~ VI (99" + (9" gi5)*] M3 + 16 VRh — Lr. (7.48)
Finally, we substitute h,, = 2h,,:
1 i ij - g
Hor~ 169 (91767 + (9" 4i5)?] Wy + % GRRZ, - Lp. (7.49)

From this expression, we see that appropriate curvature terms must be supplied by Lz in order
for the hgo terms to disappear. To see that this is actually possible, we write down the explicit

form of Lg for the background metric (Eq.(7.30)). Necessary formulae are

g 3 1

R =R +g"; + 7959" + 7(673:)" (7.50)
(ST S

Roo = —59"§ij — 799", (7.51)

2 4
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from which the h3, terms involved in Eq.(7.25) are obtained as

a

5 Bupahh7 ~ 0, (7.52)
a2 v ao ag 1 G5 e 1 . .37

ERwh“phP ~ —?Roohgo = ) [59 Jgij + Zgijg ]} h%(b (7.53)
a v a a 3 e 3. .id 1 i .

thpuhu ~ th%o = 53 [(3)R +9" i + 199" + (9 ng'jﬂ hoo » (7.54)
b pn2 Wz e 4 g 1 30 e 1 Lgiig 12 m2 7.55
) ~ g 00—5[ +g gz‘j+19z‘jg +Z(9 gij)} 00 > (7.55)

1 .. 1, .
baRyu W h ~ —by RoghZy = by bgwgij + i J} h2,. (7.56)

The reduced Hamiltonian is then expressed as

g N e
H= %{4 OR + 459" + (97 9i)* — 2(az + 2b2)(29" §ij + 9i39")

—2(asz + by) [4 GR + 4gij§ij + 3L(']ijgij + (gijgij)Z] } h(2)0 , (7.57)

and we find that the necessary and sufficient conditions for the coefficients of four independent
terms )R, g% Gij, 997 and (g¥§;;)? to disappear are given by the conditions (7.26) and
(7.27). They are the conditions we promised to show in the beginning of this section so that
the action (7.23)—(7.25) describes a massive spin 2 field with correct DoF in an arbitrary curved

background.

7.3 Analysis based on the Lagrangian

In this section we reproduce the results in the previous section directly from the Lagrangian
without resort to the ADM decomposition. We again set the background metric to the form
(7.30) by using the diffeo-invariance. Then the FP Lagrangian can be written in the following
form, by decomposing h,,, and their covariant derivatives to the temporal and spatial compo-

nents and by integrating by parts appropriately:
1 0. . 1. .. g
L= \/57 5 C”klhzjhkl + iMmklhijhkl + Dljhijhoo + E”hijhoo
. » A 1 .. 1
+ Fi5F R ihog + G9%hyihor, + H'hoihoo + §I”ho¢h0j + §J(hoo)2 : (7.58)

Here, dots denote derivatives with respect to t. C%* does not include curvatures or spatial-
derivative operators. I does not include spatial-derivative operators but may include curva-
tures (as well as m?). Note that the FP kinetic term Lg does not contain terms of the form

hoohij . Completing the square with respect to hzg leads to

L i ] - mn mn 1 - T TS
L= \/§|:2 CUM <hij + (C 1)ijmn(D hoo + F phop)> (hkl + (C 1)qur(Dq hoo + F4 h05)>
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1 . g 1 g . 1 .
+ 3 M8 by by + B9 hiihoo + §J(hoo)2 + G hiihoy, 4 Hhoihoo + almh(}ih(}j
1

— 5 (€M (Dijhoo + Fijmh()m) (Dklhoo + Fkl”hgn>] . (7.59)

The condition for this Lagrangian to give the proper constraints is, as discussed in the previous
section, that the terms of the form hgo or hgg hg; do not survive after the Legendre transfor-
mation is made with respect to hZJ This is translated in the Lagrangian formalism as the
condition that the second and third lines of Eq.(7.59) do not give terms of the form hZ, or

hoo ho; . This condition can be written as

J—DC'D=0, (7.60)
H' — (DC™'F) =0. (7.61)

In the following, we directly compute the LHS of Eqgs.(7.60) and (7.61), and show that Eq.(7.61)
is always satisfied but Eq.(7.60) requires the conditions Eq.(7.26) and Eq.(7.27).8

With the metric (7.30), the connections are given by

i 1, ; 1 ..
Fgo = ng =T =0, ng = igij ) Fﬁj = 591’{91@' ) (7.62)

and Fék agrees with the connection associated with g;;. Accordingly, the covariant derivatives

take the forms

Vohoo = hao ,

Vihoo = Oihoo — ZFZOhOj ;

Vohoi = hoi — T;hoj .

Vihoi = 0jhoi — Thohys — T9hoo — Tihog

Vohij = hij — Dby — T

Vihij = Ohij — Thihoj — Tijhoi — Thghuy — Thjhui - (7.63)

We now write the FP Lagrangian with non-minimal couplings in the following form:

1 1
L=V=g| = 5 Vahu VW + V8 VAhY = VP hy Vb + 5V, h V" h

m2

= O (g — 1)

i i i b
+ %Rupwh“”h"" + %R’&hwh”’ + %Rhwhﬂ" + 2

5Rh2 +boR, "R, (7.64)

8 After the first manuscript was accepted for publication, we found that a similar analysis was made in [109].
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where the parameters are related with those in the previous section, Eq.(7.25), as

ap=a1+2, ax=ax+2, az=a3—1,

5 1 -
b1:b1+§, bo =by—1. (765)

By substituting Eqs.(7.63) to (7.64), the coefficients in Eq.(7.58) are expressed as

Cidkl _ %(gikgjl + glgT*y — gii gMt (7.66)

(C Yiju = %(Qikgjl + gugjk) — %gijgkl , (7.67)
D9 = LTy + i) — g9, (769
Fiikhg, = 2(g" g" — g% g1 Ophey + O(T'2) (7.69)
H'ho; = §705hoj + 9" " gri0ihoj + O(I?) (7.70)

g 1 ..
J = 2g" g (THTY — TR + igwgijgklrgz
+ T + g1 + 2aRe0 + 28R, (7.71)

where

d:—<d22+52> :—(G;erg), (7.72)

b

I
| &
+
\
|
+
\
|
|

(7.73)

One can easily check that the condition (7.61) is automatically satisfied (up to higher-order
terms). On the other hand, the LHS of Eq.(7.60) can be rewritten to the form

_ 1 ~ BN i 1 ~ 3N i L . 5
J—DC'D = 5(1—2a+45)g" gij + 7 (1 — 20 +65)g" gi; + 55(9”9@')2 +280R, (7.74)
which vanishes only when & = 1/2 and B =0, i.e.,

dg+2by = =1 — ag+2by = —1, (7.75)

~ 1
&3+b1:0—>a3+b1:§. (7.76)

We thus have reproduced the conditions (7.26) and (7.27) without using the ADM formalism.
The procedure in this section is a simpler algorithm, and might have some application to the

analysis of higher spin theories.
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7.4 Connection to massive gravity

Actually, there is a well-known theory of massive spin 2 particles. That is the so-called massive
gravity theory [110] [111], whose consistency has been proven based on the analysis of the
DoF [112] [113] (for a review, see [114] [115]). We now discuss its relation to our results.”
The massive gravity is a non-linear theory, which has a spin 2 massive field g, and a fixed
reference metric f,,,. Here we will consider a classical solution and the fluctuation around it. In
general, the classical solution g, is determined after f,,, and an initial condition are specified.
However, because we are interested in the fluctuation around the classical solution, it is better
to regard f,, as a function of the classical solution g,,,. Then the consistency of the EoM for
the fluctuation field is automatically guaranteed due to that of the full non-linear theory. We
will see that the quadratic Lagrangian for the fluctuation indeed satisfies the conditions (7.26)
and (7.27). However, it has only one free parameter, although the massive gravity theory in

general has two free parameters.

The action of massive gravity is given by
1. 4
S = /d4x\/fg[2R —m?) anen(K)] : (7.77)
n=0
(K)“V = ( gilf)uu - 6“1/ . (778)

Here f,,, is the reference metric and not a dynamical variable. 1/§~! f denotes the square root
as a matrix: ((/§ 1)) = " fr. en(K) is the elementary symmetric polynomial of degree

n in the eigenvalues of K. They are represented as follows ([X] = trX):

eo(K) =1,

er(K) = [K]

ea(K) = 3 (K] ~ [K7) |

es() = & (IKP* — B{KIK?] + 2[K)

es(K) = 5 (K]* — 6IKP[K?) + 3K + KK — 6[K)) (7.79)
Several conditions are imposed on the parameters an (n = 0, ---, 4) in order to satisfy the

following requirements. We first set g, = g + 2h,,, and expand the Lagrangian with respect
to the fluctuation h,, around g,,. We then require that the first-order terms in h,, vanish,
and that the second-order terms involving m? take the same form as the FP mass term in the

flat background. A straightforward calculation leads to the conditions oy = g, as = ag — 1,

9They have developed the massive gravity theory further to construct a theory called bimetric gravity [116].
However, because our purpose is to discuss spin 2 particles in the gravitational background, it is more appropriate
to consider its original form.
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and we find that the reference metric f,, is expressed by g,, as

2

1 R?
f,LLI/ = Guv + WR/.U/ - WQ'UJJR +0 <m4> . (7.80)

Since K is of first or higher order both in h,, and in the curvature, a4 does not contribute to
the quadratic Lagrangian.

After some calculation, we obtain the Lagrangian for the fluctuation

2
L = V=g|huwE™" h,y — m?(h/whw — 1?2

2 — — —4 — 11
+ (ao 053) 5lehp)\h,)) + (OZO 053) + Rhw/h,uu
2 12
—ag—2
%RM — (ag — as + 2)R"hyh| (7.81)

which has the form of the action (7.23)—(7.25) with

2 — 11
a1 =0, ay=2a—a3)—5, CL3:—M+*,

3 6
200 — & 4
b1=(033)—3> by = —(ap —az) +2 . (7.82)

The coefficients (7.82) indeed satisfy Eq.(7.76), but depend only on a single parameter oy —
a3. We thus may conclude that the Lagrangian in sections 7.2 and 7.3 gives a more general
description than the massive gravity theory, at least for the free FP field in weak gravitational

backgrounds.

7.5 Spin 3 case

Next, we discuss a massive spin 3 theory in the general background.
The variables to describe a massive spin 3 field consist of a traceful, rank-3 symmetric
tensor G\ and an auxiliary scalar D. Denoting the trace of G, by G, = g”)‘GWA, the

Lagrangian can be written in the form
L= Emin + [:R (783>
with

1 3
Loin = V=9 [ = 5VUGA VG + SV G Vs G = 3V Gun VP G

3 3 1
+ SVuG VG + SVIGN Gy + 9,DVD

m2

= T (GG = 3G,G") + m?D? = TVG,D| (7.84)



7.5. Spin 3 case 87

b b
Lr=+/—g¢ gRuw\pGuAaGVﬂa + %RHVGMO(BGVQ,B + ba R, GG, + gRuVGHGV
+ S RGuAG" + T RG,G + T RD?|. (7.85)
We will set the background metric to take the form
ds* = — dt* + g;;(t) dz'dx? (7.86)

and assume that all the fields depend only on time ¢. This setup greatly reduces the amount of
necessary calculation, and, as we have observed in the preceding sections, should be sufficient

for investigating how the DoF are removed due to constraints.

The coefficients in Eq.(7.84) are determined such that only the spatial, traceless part of
the tensor G, is dynamical in the flat Minkowski space. To confirm this, it is convenient to
introduce the following parametrization for the temporal components of GG, \ in the background

metric (7.86):
~ 1
Gooo = X +3F, Gooi =Vi, Goij = Goij + ggijFa (7.87)

where I is the trace of Go;j, F' = gjkG’ojk, and éoq’ is the traceless part of Go;; . One can easily
show that CNJOij have a nonvanishing quadratic mass term and no kinetic terms, which means that
éOij can be removed from the Lagrangian algebraically (and thus are not dynamical variables).
It is also easy to see for the case of flat Minkowski space, that the Legendre transformation
from Gijk, X , D to their conjugate momenta Pk Px. Pp yields only the linear terms for V;

and F', which means that V; and F' play the role of multiplier fields.

In the flat Minkowski case, the multipliers V; and F' actually yield the constraints that
remove all the DoF except for the spatial, traceless part of the tensor G, . To see this, we
note that the dynamics of (Gjjx, P V;) is totally decoupled from that of (X, Px, D, Pp, I)
in our setup. We first discuss the subsystem (Gijp, PY* V). The primary and secondary

constraints with respect to V; are found to be

K = 3m26;,GI* =0, (7.88)
Kb = —Zm%jkpijk =0, (7.89)

which have a nonvanishing Poisson bracket, {x% , x4} = (15/4)m* # 0. Thus, the multipliers V;
remove the Dol of the trace part of Gj;, and Pk and V; itself is determined by the equation
1#2 = 0. As for the subsystem (X, Px, D, Pp, F'), the multiplier F' yields four constraints

(primary, secondary, tertiary and quaternary), which are expressed as

X1 = 2mPp +2m*X =0, (7.90)
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x2 = 4m?Px +4m3D =0, (7.91)
x3 = —12m*Pp — 2m*X =0, (7.92)
x4 = —4m*Px —24m°D = 0. (7.93)

Their Poisson brackets take the form {x1,x2} = {x1,x3} =0, {x1,x4} = —40m® # 0, and
det{xa,x»} # 0 (a,b =1,...,4). Thus, the multiplier F' removes the DoF of (X, Px, D, Pp),
and F itself is determined by the equation x4 = 0.

We now require that the same mechanism also work for the background (7.86). One can

easily show that the quadratic terms in V; and F' are given by

d 3 . 3., 3 k. 3 ik j
H gﬁfu; )= V9 [(*Zgwgij - ggzjgij) AL (*igmgkj - ZQZkgkj) A%
31 ... 31 ... d
+ (gg”gij t15 ZJQij)Fz} —Lr ﬁ?“;i ) (7.94)

with

L

uad
R %,F )/\/§
1 a1 e 1
= [§(b1 + by + 3c1 + @)g”gij + §(2b1 + 2by + 9¢71 + 302)9 ng‘j + §(301 + CQ)(Q ngz} VkV’“

1 v 1 e 1 o, |
+ b(—?G + by + b3) g™ s + Z(_a + by +b3) g% grj + g(b1 + b3) 9" Gr1g gmj} 'A%

5 43 8
+ [(5(1 — T8b1 — §b2 — b3 — 501 — 202)9”91']'

19 11 7 1 15 3 oy
(—a - b - EbZ - 553 - ch - §C2>g Gij
a b1 1 5

1 g
e L Iy — = = . )2 | F?
+ ( 75 36 + 6b2 461 202)(9 Gij) } ) (7.95)

These quadratic terms must vanish in order for the V; and F' to give four primary constraints,

and we find that the parameters in the non-minimal couplings must take the following values:

30 o1 30 119 119
a—3, bl__ﬁ’ b2__ﬂ’ b3_§’ Cl—@, 62__ﬁ' (796)

However, the primary and secondary constraints x1, x2 take the forms

x1 =2mPp + 4g”giij + \/§(2m2 - ()X,
X2 = —4mgij£h;jPD + (4m? — 20)Px + V9 (4m® 4 2c3mR)D — \/§(6m29ijgij - 8779ijgij)Xv

where ¢ and 7 are functions of the curvature. In order for the constraints to give the tertiary
and quaternary constraints, the Poisson bracket {x1, x2} must vanish. However, this does not
hold at the next order m? x (R/m?) for generic backgrounds. This means that a massive spin

field cannot described in the arbitrary curved spacetime.
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We have to consider the way to overcome this problem. There are two possible ways: the
restriction of the spacetime manifolds to specific ones, and introduction of additional particles of
different spin. The former is, however, less desirable since the theory will be very background-
dependent. On the other hand, the latter is nontrivial once one considers the mixing (or
bi-linear) terms for them. Yet, it is hard to guess that the finite number of fields can be a

remedy. This remains to be a future work.

7.6 Summarizing remarks

In this chapter we have obtained the Lagrangian that describes a free massive spin 2 particle
propagating in the general gravitational background to the first order in the curvature. The
Lagrangian contain non-minimal couplings. the coefficients have three free parameters, and,
in particular, the coupling constant associated with the Riemann tensor is arbitrary. The
Lagrangian with such parameters includes that of the linearized massive gravity theory.

On the other hand, there is no consistent Lagrangian for a massive spin 3 field, even though
we have derived the restriction of non-minimal couplings as necessary conditions. The same
problem is likely to occur with arbitrary fields of spin larger than 2. If we can describe them
coupled with gravity, it is expected to be a theory containing infinitely many MHSF. The
IIB matrix model or string theory are indeed such formulation. In particular, the operator
interpretation of the matrix model inevitably result in the introduction of infinitely many
fields with infinitely high spin. These situation is perfectly consistent, and to make further
investigation of the formulation of such MHSF will give an important clue to understanding

the structure of the effective field theory of the IIB matrix model.



Chapter 8

Summary and Conclusion of the

Thesis

In this thesis, we have shown the study both on the IIB matrix model as a Planck-scale physics,
and on low-energy physics that are expected to be induced from the former. The underlying
philosophy was that we can approach in two ways a quantum theory to describe gravity,
spacetimes and matters. One is to study a candidate for the nonperturbative formulation of
string theory, namely the IIB matrix model. The other is to analyze field theory at high-energy

region and get some inspection about its UV completion.

In Chapter 2, we have reviewed the IIB matrix model and explained why it reproduces
various theory including gauge field theory and string theory. In Chapter 3, we investigate
the gravitational interaction with the noncommutative interpretation, which is well adopted
in many works. In turn, in Chapter 4, we have introduced the operator interpretation and

exhibited its convincing features to describe gravity and spacetimes.

In Chapter 5, we have shown several studies around the stability of the IIB matrix model
with the operator interpretation. There we have presented three results. First, the original
operator interpretation is the minimal. The principal bundle is essential and we seems to have
any truncation of the class of operators anymore. Second, the U(N) symmetry for the matrix
contains, in terms of coefficient fields of derivative operators, higher spin gauge transformations
for some class of fields. Therefore it contains higher spin field, and should be identified to DoF
in string theory in tensionless limit. However, EoM for them contain higher derivatives. Third,
when we take into account radiative correction, the IIB matrix model itself remains massless
theory while it will get massive DoF with the supersymmetries broken. More bosonic DoF
than fernionic ones imply the generation of stable (non-tachyonic) mass terms, which may be

an origin of masses at low-energy effective field theory.

On the other hand, Chapters 6 and 7 have been devoted to analysis on field theory. We

have studied and investigated possible generalizations of the hill-climbing inflation, that can
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connect MPP and Higgs inflation. Note that the former is suggested in the work on the IIB
matrix model. As another issue, we have attempt to construct the lagrangian for MHSF in
curved spacetimes, which leads to the investigation to the structure of the effective field theory
of the IIB matrix model. We have shown that while spin 2 field can be described with the
non-minimal couplings, the spin 3 field cannot consistently live on arbitrary spacetime. This
and the observation of arbitrarily high spin field suggest the necessity of introducing infinitely
many higher spin fields, just as in the IIB matrix model.

All of our results strongly support the existence of underlying connection between the
matrix model as a theory of quantum gravity and field theory describing our universe. Of
course, there are many issues to be studies in the future. The most serious one is the definition
of the action for the IIB matrix model, with the operator interpretation. To settle this problem
is a straightforward way to further analyze the stability and low-energy effective theory. While
we should keep working on such aspects of the matrix model, the study on cosmological and
theoretical aspect of field theory will provides many hints to pursue its UV completion, which
can be the IIB matrix model. Such a complementary program is critical to proceed toward the

construction of quantum gravity theory.
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Appendix

A A Note on Proposal for Gauge-invariant Regularization

of Chiral Gauge Theory

If the IIB matrix model can reproduce SM, it should address well-defined high-energy behavior
of matter DoF as well as gravitational and spacetime ones. In other words, it should provide
regularizing framework for the SM. With this observation, among the several sectors in the SM,
the most problematic one is the chiral sector. It has a symmetry of SU(2)r, x U(1)y. Recently,
it was reported in [40,41] that the IIB matrix model can yield the chiral gauge theory which
is defined on background branes (spacetime) as a classical solution. However, the high-energy
behavior of chiral fermion, in particular its regularization, still remains to be analyzed.

On the other hand, the regularization of chiral gauge theory is very problematic issue even
within the framework of field theory. It is mainly because the theory has an anomaly and no
regulator exists that maintain the gauge-invariance.

Therefore in this appendix, we investigate this issue from the point of field theory. In
contrast to the approach with which one should derive consistent field theory from the matrix
model, we will attempt to figure out the connection of field theory to the matrix model, pursuing
its sophisticated regularization. Although our present result is far from such a goal, we are

able to obtain some implication for chiral gauge theory at high-energy region.

A.1 A problems around the regularization of chiral gauge theory

If one naively regularizes chiral gauge theory by applying the ordinary scheme such as the
dimensional regularization or Pauli-Villars (PV) regularization, one obtains the anomaly from
one-loop Feynman diagrams. In that case, however, one has to add local finite counter terms to
the action in order to recover the gauge symmetry, even when the theory is free from anomaly.
We call the counter terms the fake anomaly. The computation of the necessary counter terms
is quite complicated in general, and it is natural to ask whether there is some regularization
scheme that yields no fake anomaly. At the level of the one-loop Feynman diagram, it has
been known that the covariant regularizations serve as such schemes. They are equivalent to

regularizations of the change of the fermion measure covariantly [120], and the diagram gives
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only the covariant anomaly.! On the other hand, there is no such formulation known at the
Lagrangian level; the regularized Lagrangian to realize some covariant regularization remains
to be constructed. So far it has been partially achieved in various works. For example, the
generalized PV regularization [122] is one of the sophisticated formulation, which regularizes
the chiral gauge theory covariantly as long as the gauge anomaly is absent. It also reproduces
the Abelian anomaly with the correct coefficient [123]. It has been shown that when one applies
the generalized PV regularization, the regularized contribution can be regarded as a sort of the
covariant regularization [124]. However, some improvement is still required since this scheme
fails to regularize the parity-odd contribution.

On the other hand, there is a theory called the domain-wall (DW) fermion [42], where a
chiral fermion is induced from a higher dimensional Dirac fermion with a topological defect
in its mass. Its relationship to the generalized PV regularization was discussed in [125]. The
theories have been thoroughly investigated in the context of the lattice gauge theory [126-140].
In particular, it has been proposed in [135,136] that the lattice regularization of chiral gauge
theory can be realized by combining the DW fermion and the gradient flow of the gauge
field [141,142].

Although the DW fermion was originally discussed in the context of the lattice gauge theory,
it should be useful to pursue a perturbative formulation as well. In this paper, we propose a
regularization with which no fake anomaly emerges by defining chiral gauge theory through the
DW fermion. The significant point is that the theory is vector-like and its regularized version
is expected to induce chiral gauge theory without fake anomaly. One might guess that the
problem is readily solved by combining the DW fermion with the dimensional regularization.
However, it is not the case for the following reason. For example, consider a (4 + ¢ + 1)-
dimensional DW fermion. Since its kinetic term respects the (4 + € + 1)-dimensional Lorentz
invariance, the 5-th and e-th components of loop momenta p and the corresponding gamma
matrices enter the loop integrand as a combination v5ps —i—pE. It can be rewritten as 5 (ps +’y5p€).
Here, 75 is the chiral operator with respect to the 4-dimensional induced chiral gauge theory.
Because v5p_ commutes with all the 4-dimensional gamma matrices, we can replace it with its
cigenvalues +(p2)'/? in each eigenspace to find that the integrand depends on ps & (p?)'/2. As
a result, pe, the integration over that would lead to the finiteness of the loop integration in the
usual dimensional regularization, is absorbed in the integration over ps. It leaves the overall
loop integration unregularized. In order to circumvent this difficulty around the dimensional
regularization and the DW fermion, we propose the partially dimensional regularization (PDR),
where we apply the dimensional regularization to not all of field contents. In the case of the
DW fermion, the dimensional regularization is applied only to the gauge field, while fermions

are regularized with the PV regularization. As will be demonstrated in this paper, this PDR

! Although the consistent and covariant anomalies differ by the Bardeen-Zumino current [121], it vanishes
when the theory is free from any gauge anomaly. Therefore one needs no counter term in anomaly-free cases.
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might be useful to calculate the effective action.

This paper is organized as follows. In Sec.A.2, we briefly review the DW fermion and the
induced chiral fermion loops on the domain-wall. There the vacuum polarization was discussed
as an explicit example to see how we regularized fermion loops with the PV regularization.
Then in Sec.A.3, we show that this scheme gives the consistent anomaly in the 2-dimensional
case. In Sec.A.4, we present how the PDR works as a regularization with an example of the
4-dimensional Yukawa theory. It is shown that the non-conservation of e-th components of
momenta results in the regularization of loop integrations. This mechanism slightly differs
from the usual dimensional regularization. In Sec.A.5, we analyze the case where the PDR is
applied to the 5-dimensional DW fermion. In the theory the induced chiral gauge theory is
4-dimensional. We investigate the self-energy of the fermion and discuss the renormalization.

Finally in Sec.A.6 we give the summary and several open questions.

A.2 A brief review of the domain-wall fermions

Let us have a brief review of some results in our previous work [140], where we have stated that
one can regularize a chiral fermion loop with a sort of PV fields. Although the main topic of
the work was related to the gradient flow, the discussion around the regularization also holds

in the case where the flow is switched off.

Consider the (2d + 1)-dimensional action for a DW fermion:

2d
S = / d p ds —p,S) (zp + A+ 7505 — e(s)M) ¥(p, s)
+ ¢(—p, s) (ipp + A+ 7505 + M) ¢(p, s)}

2d
+ [ G gD Futo) 0

where we have represented the fields in the momentum space with respect to 2d directions,
and in the coordinate space with respect to the (2d 4+ 1)th direction. We have denoted the
coordinate for this direction as s. 1 is the ordinary DW fermion, while ¢ is an auxiliary
bosonic spinor field which is necessary for subtracting undesirable bulk contributions. 75 is the
gamma matrix corresponding to the s-direction, or the chiral operator from the viewpoint of
the 2d-dimensional domain-wall.? F,, is a 2d-dimensional gauge field strength, and we define

its couplings to ¢ and ¢ through copying it along the s-direction. It implies Agg11 = 0. The

2 Although we consider a (2d + 1) -dimensional theory we have assigned the subscript “five” to the matrix,
since we would like to eventually describe a four-dimensional chiral gauge theory and the matrix will correspond
to the usual chiral operator.
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P=p—k

Figure 1: The diagram of the vacuum polarization involving a fermion loop. Although we compute
it as a (2d + 1)-dimensional diagram, one can integrate out the s and s’-dependence of the localized
mode to obtain an effectively 2d-dimensional quantity.

propagators for 1) and ¢ are obtained from the action (1), and are given by

S + D) (0 < s,5)
D) <0<s
Gy(p,s,s') = N ¥ Go(p,s,s') = S, (2)
D) (s <0< s)
S+ D) (5,5 <0)

where

2\ Vp?+ M
+0(s" — s)% < Zﬁiﬂjﬂ +%> (s s)\/W] | )
DE(p,s,s') =F M%l <M + 75) e¥(8+s’)\/m7 n
P2\ Vp? + M2
D¥(p,s,5') =F p2+Afi§§3<ij:ZP:t%>ei@squ+Mz )

Here S&) are the usual propagators for (2d + 1)-dimensional fermions with their masses +M.
On the other hand, D& and DFE) are ones for the massless modes localized on the domain-
wall, as is seen from the factors of exponential. They correspond to the 2d-dimensional chiral
fermion. Using the propagators, the vacuum polarization with an external momentum £k,

(Fig.(1)) is calculated as

d2d +oo +o0 d2d +oo blk d D Dw
/ 2d/ / dsHW:/ 2d/ / ST /(2) mev . ()

where

T2 —Tr[S(H), 8, ] — T[S, 5V, ], (7)
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0 0
HEVW = ds/ ds’{Tr[D(_)VHD(_)’%,] + Tr[D(_)VMS(_)'%,] + Tr[S(_)VHD(_)’%,]}
—00 —00
0 +00
+/ ds/o ds'{Tr[D(_Jf)fyﬂD(Jr—)’%] _ Tr[S(_)'yMS(_)’%]}
o0 0
—l—/o ds/ ds'{Tr[D("'_)yuD(—ﬂ/ryu] — TT[S(_)VMS(_),’YV]}

“+oo +oo
* /0 ds/o ds'{ Te{ D), DO ] + Tr (D), 805, ] 4 Tr S, Dy, .

(8)

Here the arguments of the factors with primes are (p/, s, s) with p’ = p—k, while those without

primes are (p, s, s’). HE,,W and Hi’fff represent the contributions which is and is not localized

on the domain-wall, respectively. Hlbfl'f vanishes in the region s < 0, where the massive modes

blk
iz

even in the region s > 0 for the following observation. The parity-even contributions of

of 1 and ¢ cancel each other. Furthermore, one can easily find out that 11/’ actually vanishes
and ¢ to Hffﬁ are canceled, since they depend on even powers of M and take the same forms
except for the overall sign. On the other hands, the parity-odd contributions would yield the
Charn-Simons term, which vanishes in our setup where A, is independent of s and Aggzy1 = 0.
Therefore, one concludes that

blk
bk = o, 9)

At the same time, however, HEVW has a contribution of the massive modes ST as appears in
Eq.(8). It is the result of the interactions to the modes localized on the domain-wall as in
Eq.(8).

After some calculation we obtain the following result:

o o] {222 2
+ iTr [Z% ’m%%] + ETY [ZW%% %] "
with
Js=21- VPZ M (/7 M/ M + M) M (11)

V55
N/EES Ve (\/p2+M2+\/p’2+M2)2 Vp?+ M2

and 4 being the same expression with p and p’ exchanged. We emphasize that Eq.(10) is a
nontrivial result of the combination and cancellation between terms from each lines in Eq.(8).
In particular, the first line of Eq.(10) contains no root factor such as \/m, and is a
local expression. It is regarded as the parity-even contribution with a single usual PV field.

The leading divergent part is thus eliminated. On the contrary, the second line is highly non-
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local expression, and it can be interpreted as fermion loops with a deformed chiral operator
Eq.(11) inserted either of the two vertices. When the loop momentum is sufficiently large, i.e.

p,p’ > M, the deformed operator is roughly evaluated as

M

Y
V5, V5 5.
/p2

This means that the second line of Eq.(10) contains a suppression factor of p~

(12)
1 on the loop
divergence. Moreover, the factor makes it possible to expand the contribution with respect

to M?2/p? and M?/p'2, to obtain a series of M with the odd-order. By expanding the entire

HEVW, we obtain the following form:
T =" an M Tr[Ay] + Y by M?"! Te[B,]. (13)
n>1 n>1

Here a,, and b,, are numerical coefficients, 4,, and B,, are matrices of O(p~2"~2) and O(p~2"71),

respectively. Each of B, includes one -, and they represent the parity-odd part. In particular,

in the case of d = 1 and the resulting gauge theory is anomalous, they represent the anomaly.

In order to regularize IIPW it is sufficient to introduce “PV pairs” and cancel the first few

,uz/ )
terms in Eq.(13). Therefore, the action to consider is

d
S — / & p ds —p,s) (ip+ A+ 7505 — e(s)M) ¢(p, 5)

+ ¢(—p,s) (ip + A+ 7505 + M) ¢(p, s)
m |Cil

+ Z Z T;i,r(_pa 5) (Z]ﬁ + A + 7563 - E(S)Mi) @Di,r(p, 5)
i=1 r=1
m |Cil

+ Z Z Gin(—p,5) (ip + A+ 7505 + M;) ¢ir(p, 3)}

=1 r=1

2d
+ [ G P D Fu ) (14)

where the masses of the additional pairs, 1;, and ¢;,, are denoted as M;. For each ¢, all of
Y;»’s are simultaneously either fermionic or bosonic, and the corresponding ¢; ,’s follow the
opposite statistics. We have introduced )", |C;| PV pairs in total. We take the sign of an
integer C; positive when ; .’s are fermionic. The PV pairs yield the same form of contributions

to the vacuum polarization as the original pair, changing HEBW) as

Y = Z Ci | > an M Te[An] + ) by M7 Te[B,)] (15)
n>1 n>1

are summarized as

with My = M and Cy = 1. Therefore, the conditions to regularize HEVW
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follows:

iCiMi:M‘i‘iCiMi:O

=1
iCMS M3+ZC’M3 0,
=0 i=1

(16)

Note that the zeroth-order condition ) ", C; = 0 is not necessary because it corresponds
to elimination of the leading divergence, which have been removed automatically in Eq.(10).

Rather, in order to prevent the PV pairs from generating extra massless modes, we require
» Ci=o. (17)

Egs.(16) and Eq.(17) can be solved with respect to C; and M; when we introduce a sufficiently
number of the PV pairs. The most important point of the above analysis is that the parity-odd
part has a non-locally deformed chiral operator, and that it enables us to regularize that part
in the same manner as the ordinary PV regularization. Therefore, we have obtained the way
to regularize the vacuum polarization even in the two-dimensional theory is anomalous. Note
that it works even for the two-dimensional theory with anomaly. The general loop diagrams

are also regularized by Eq.(14).

Finally, we briefly comment on why the present regularization yields the gauge-invariant
result in the anomaly-free case, as mentioned in [140]. If we take the limit M — oo, Eq.(10)
takes the form of

DW _, P Lo [% iy
H/,u/ QT |:p27up/2/yl/:| + 4TI' |: 275 T /271/:| Z Q’Y/J,p/275 Yv
+

SEEEE )

2 p? 2

Note that if one regularizes Eq.(18), it is regarded as a covariant regularization, a prescription
where one regularizes one-loop diagrams with only one projection operator inserted at some
vertex. Then it is natural that the regularized theory Eq.(14) gives the gauge-invariant parity-
even part. Note that Eq.(18) includes the average over the points where the projection operator
is inserted. The bose symmetry is thus automatically maintained. These facts imply that the

theory has no fake anomaly.®> However, as is mentioned above, the form of Eq.(10) has been

3The present regularization is specifically interesting because it regularizes the parity-even part by PV regu-
larization, while it deforms non-locally the parity-odd part with the same PV mass.
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obtained as the result of all the relevant calculation (integration over s-direction, combination
and cancellation of the terms). Although the DW fermion indeed realizes a good regularization,

the relationship to the covariant regularizations still remains to be figured out.

A.3 Chiral anomaly

As is well known, chiral gauge theory has the abelian anomaly (fermion number anomaly). In
this section, we derive the anomaly in our regularization. We find that the gauge invariant

fermion number current is defined as

Ju(z) = /ds [&(x,s)’yﬁﬂp(x,s) + &(m,s)'yucb(x,s)
m |Ci

+ Z Z [&Z}T(‘T’ 5)7u¢i,r($7 8) + (giﬂ“ (‘rv 5)7u¢i,r(13, 8)] } ) (19)

=1 r=1

which is the Noether current for the U(1) rotation of the DW fermion, subtracting field, and

all the regulator fields. We will show that this current reproduces the correct anomaly.

Evaluation of anomaly

In the following, we evaluate the expectation value of the current Eq.(19) in the presence of
the background gauge field A,. We focus on the case of the two-dimensional Abelian chiral
gauge theory. In this case, we need not introduce the PV pairs because the only divergent part

in the fermion loop is already subtracted with ¢.

The Feynman diagram corresponding to the current is shown in Fig.2. This expectation

value can be expressed in terms of the vacuum polarization Eq.(6) as follows:

2
(Ju(k)) 4 :/(;iT:;z/ds/ds/ 11, Ay (K) (20)

2
_ / (;1752 T2 A, (k). (21)

Recall that Hblk vanishes as stated in the previous section. Using the fact that the parity-even

part of HEJ/V is transverse, the divergence of the current is expressed as
d*p DWW
Ky () 4 :/(277)2 kIl A, (22)

-3 f [ M% P !
= ;114”/(;72:;2 (f(p.p") + f(¥',p)T [( >75%} : (24)
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Vu A,

Figure 2: A diagram representing the anomalous current

where

f( y=21 \/(p1)2 + M? (\/(p1)2 +M2\/(p2)2 P —I—M2)
pP1,P2) = _

M
. (25)
VR 32 (Vo 102 + P ar) | V)T Ear
By expanding f as
2
o) ~ 160 ~2 (§ ~ g3 ) T+ OB (26)

and taking the limit k?/M? — 0, we obtain

/ (;i]))g kAT — — / (gi’;z (i = 4(p2]\fM2)> p;\i —Tr K; - ;,) 'my] (27)

[ (3~ am) v ] =

Here the term propotional to 1/ p has vanished in the last line because it is odd in p.

By using the Feynman parametrization

1 I (1—a)"t
P2+ M2 p2 n/o e [(1—2)(p? + M2) + z(p — k)2'™ (29)

_ 1 3
for n = 5 and 3,

Eq.(28) can be rewritten as the following expression:

3M [ d%q (! (1-2)"3 M*(1-x)3 ,
8/ (27r)2/0 d <[q2+A]3/2 ) T [p' 5]

(% + AP/? )
with
q=p— zk, A=z(l—2)k?+ (1 —z)M>. (31)
Its integration over ¢ leads to the following form:
3M oy g ]/ld Lo\ M2 (1) (32)
167 Pl A 3 A
1 M

— _Emkue’wj (aS k/M — 0)



102 Chapter 8 Summary and Conclusion of the Thesis

The resulting expression for the divergence of the current is

-1 M

<kMJ#>A EM@W

kA, (k). (34)

Thus, we have obtained the gauge invariant form of the fermion number anomaly with the
correct normalization.? From Eq.(34), it can be seen that the signature of M corresponds to

the chirality of the chiral fermion.

Comments on Eq.(34)

We give three comments on the anomaly Eq.(34). Firstly, because we have considered the
Abelian case, the fermion number current takes the same form as the gauge current does. In
non-Abelian cases, the former is defined also by Eq.(19). On the other hand, the latter would
be defined as

Jy(x /ds (z, 8)yut™ (2, 8) + ¢, )yt d(x, 5)
m |G| -
305 [t (25) + B, 01 (2, 5)] | (35)
i=1 r=1
Here ¢% is the hermitian generator in the representation of the fermion multiplet. This would

reproduce the consistent gauge anomaly in general dimensions.

Secondly, let us consider why the correct fermion number anomaly has been derived in our
regularization. Because the regularized Lagrangian Eq.(14) is invariant under the U (1) rotation,
the corresponding current .J, seems to be conserved even at the gquantum level. However, it is
not the case. In order to see this, let the gauge field evolve slowly in the s-direction. It can be

realized by, for example, the gradient flow:

& e(s) 0S[A]
A, =—

0., = 5208, (30)
where £ is a flow parameter and £ = 0 corresponds to switching off the flow. In this situation
(& # 0), the parity-odd part of Hblk in Eq.(21) does not vanish but contributes as the parity
anomaly. Thus Eq.(34) must be replaced by

1 M oM
|M|e,“,k LA (ks = 0) + " ds k0508

<kMJu>A |M| M5A (k‘ S)

(37)

where Scg is the three-dimensional Chern-Simons action. The second term in Eq.(37) can be

1The coefficient ﬁ shows that it is the consistent anomaly. It would be replaced with i if it were the
covariant one. It is interesting that the result is consistent one although our regularization is related to the
covariant regularization as in Eq.(18).
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rewritten as a surface term:

2M [ 0Scs -1 M e

— ds ky———— = | — =€k A (k, . 38
il Sy @ Bsan s [a e A S o
The contribution at s = 0 is canceled by the first term in Eq.(37) (See Ref. [143].) and thus

we obtain

had )y = — 2k Ay (ks = o). (39)

4 |M]|

Because the gauge field becomes pure gauge at s = oo, this quantity vanishes and then the
current is conserved. In our case (§ — 0), however, A, does not evolve: A,(k,s = 00) = A, (k).
Thus Eq.(39) does not vanish and is equal to the previous result Eq.(34), which has been
obtained by setting Hzlf = 0 from the beginning. Consequently, we can understand the origin
of the anomaly as follows. In the three-dimensional region except for the boundary, the current
is conserved as seen from the regularized Lagrangian. However, this system is not closed under
the condition A, (z,s) = A,(z), and thus the current flows out to the infinity in s-direction.
In the view point of the chiral mode on the domain-wall, this current non-conservation is seen

as the anomaly.’

Finally, let us consider another definition of the fermion number current. Naively, in the

ordinary 2n-dimensional system consisting of one chiral fermion, the U(1) current

YLy Prir (40)

seems to be equal to the chiral U(1) current

YLy PriL. (41)

Therefore, it appears that in our regularization we can define the fermion number current

alternatively as

Tpa) = [ ds[ a9 5) + de950(0,5)

m |Cil
DD il $1159utbir (,5) + Bi (2. 81570000 (2, 5)] |. (42)

i=1 r=1
However, this is not the case, since the regularized Lagrangian is not invariant under the
transformation ¢ — €**51). Indeed one can check that the divergence of this current differs

from Eq.(34) by both parity-odd and even terms.

"When one considers a finite size system (—L < s < L) and imposes the periodic boundary condition, the
current is conserved because another chiral fermion will be induced on the anti-domain wall s = L that absorbs
the flowing-out current .
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A.4 Partially dimensional regularization —Example—

In this section, we propose the PDR as a novel useful regularization and demonstrate how it
works. Let us consider the 4D Yukawa theory as an example. Here we assume that the fermion
is regularized by the ordinary PV fields. The PDR changes the spacetime dimension of the
scalar field from 4 to (4 + €) while keeping the fermion in the 4-dimensional space. We will
show that the two parameters, the PV mass and €, play the roles of the ultraviolet (UV) cutoffs
and regularize all the UV divergences in the theory. In Sec.A.5, we will apply the PDR to the

gauge sector in chiral gauge theory.

Yukawa theory

The regularized action is given by®

5= [[atee |3 @000+ (6(000)" + 0l 2)!
+ [da o) [B = m + 99(2,0)] (o), (43)

where z. denotes the e-dimensional coordinate. Note that we have omitted the PV fields for
the fermion. In this system, the fermion v (x) lives on the 4-dimensional brane embedded in
the (4 + ¢)-dimensional space, z. = 0, while the scalar lives in the (4 + €)-dimensional space.

From the Lagrangian Eq.(43), we obtain the Feynman rules as follows:

n d4p ip-(x— 1
V@) = [ G e (44)
d4+6k ik-(x— ike(Te—ye 1
¢(x7x6)¢(y7y€) = / (27-‘-)4+6 € ( y)+ ( v )k2 + (ke)Q + [112’ (45)
N /
e je))

= A 6WFIEW £ k@) L O 4 E@) ) (46)

= —g dWEM —p@ 1 k). 47

SWe denote the Dirac fermion and scalar field by #(z) and ¢(z, z.), respectively, only in this section. The
reader should not confuse them with the DW fermion and the subtracting field.
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Figure 3: A diagram including a scalar internal line with the Yukwa vertices at the ends

Here k denotes the (4 + ¢)-dimensional momentum, ie. k = (k, k), and we have written
explicitly the d-functions enforcing the conservation of momentum. Note that at the Yukawa
vertex, Eq. (47), the §-function is only for the 4-dimensions, and hence the e-dimensional

momentum k, of the scalar ¢(k) is not conserved.

Under the above rules, we have to pay a special attention when dealing with a diagram
including an internal scalar line with the Yukawa vertices at the ends. As an example, let us
consider a diagram shown in Fig.3. The e-dimensional momentum k. flows along the scalar

line but does not along the fermion ones. In the Fourier space, the internal line gives

dk. 1
/ @m) Rt (R)2 42 (48)

The integral over k. appears because it is not constrained by any d-functions. Carrying out

the integral, we obtain
I'(1—¢/2) 1

(477-)6/2 [k2 + M2]17€/2.

(49)

The exponent (1 —€/2) in the denominator plays a role of regularization for loop diagrams, as

will be seen in the next subsubsection.

One-loop calculation

We show that how our method can regularize the divergences in the one-loop diagrams. Clearly,
diagrams consisting of only the scalar lines, which are shown in Fig.4, are regularized in the
same manner as in the ordinary dimensional regularization. On the other hand, a fermion loop,
shown in Fig.5, is regularized by the PV fields 7. Therefore, what we are interested in is ones

involving both the scalar and fermion internal lines. (See Fig.6.)

Let us consider the fermion self-energy diagram Fig.6(a), which we denote by 3(p). Using

"Note that the e-dimensional momentum in the external ¢ lines is not conserved, that is k. # k., because
the Yukawa vertex conserves momentum only in the 4-dimensions. However, this does not affect the unitarity
as the cutoff is removed (e — 0).
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Figure 4: One-loop diagrams consisting of only the scalar lines

(K, k) (k, ko)
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p=p—k

Figure 5: A fermion loop diagram
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(a) Fermion self-energy 3(p)
(b) Yukawa vertex correction I'(p, k)

Figure 6: One-loop diagrams including both of the scalar and fermion internal lines
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Eq.(49), we have

d*k 1 I'(1—¢/2) 1
S(p) = ¢° / @)t i(p—F) —m  (4m)? [k + p2] =/ (50)

_ 2r(1—€/2)/ dk i(p—k)+m 1 (51)
YT an ] o — kR R
Its integration over k leads to the following expression:
D(—€/2) [ _or
_ 2 €/2 €/2
X(p)=—y (477)2+€/2/0 de =/ [i(1 —z)p +m] (A) / (52)
with
A'=z(1—2)p® +am® + (1 — z)u’. (53)

Here z is the Feynman parameter. This expression Eq.(52) is finite as long as 0 < € < 2,
and thus the UV divergence is regularized in our model. Furthermore, one can check that its
difference from the result in the ordinary dimensional scheme is finite constants.

Next, we investigate the other diagram (Fig.6(b)), which is the one-loop vertex correction

I'(p, k). Using Eqgs.(44)—(47) and (49), we have

_ d*l 1 1 (1 —¢/2) 1
F(p, k‘) = 93/ (%)4 z‘(p _ l + %) —m z’(p— l) —m (47-[-)6/2 [l2 +M2]1’€/2' (54)

After some calculation, we obtain the following result:

b = 5 / <_2F<—e/2)<A”>6/2 L LGP+ A= )F) +m] [i(zp — 2f) +m] )

= 1672 (4zm)e/2 A
(55)
with
1 1 1
/ E/dx/ dy/ dz é(z+y+2z—1), (56)
Yz 0 0 0
A=zl —z)(p+k)?+y(l—y)p* —2zy(p+ k) - p+ (z + y)m* + 21>, (57)

Also in this case, the UV divergence is controlled thanks to e.

Thus, the combination of the PDR and the PV regularization can regularize all the one-loop
divergences. It is obvious that this is also true about higher-order loop diagrams. Note that
the PDR is essentially as a sort of the analytic regularization [144-146], since the integration

over k. gives k of the fractional power.

A.5 PDR for chiral gauge theory

In Sec.A.2 and A.3, we have regularized the fermion sector only. For practical calculations,

however, we must also regularize the gauge sector. In this section, we apply the PDR to the
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gauge sector while keeping the DW fermion on the 5-dimensional space. After that, we will
show that all the one-loop UV divergences are regularized by the combination of the PDR
and the PV regularization, and that they can be renormalized by local counter terms. For

simplicity, we consider the case where the resulting physical theory is 4-dimensional.

The regularized model

Firstly, we replace the 4-dimensional gauge field A,(x) in Eq.(14) with the (4 + ¢)-dimensional
one Aps(z,z.). Here z and z, are the coordinates of the 4-dimensional and e-dimensional space,
respectively, and the lower index M runs from 1 to 4 + €. Next, we extend the gauge field in
the s-direction, and thus the gauge field lives in the (4 + € + 1)-dimensional space. Note that
it is independent of s, that is Ay/(x, x,, s) = Ay (2, ). Furthermore, we set the (4 + € + 1)th
component of the field to 0: Agtey; = 0. On the other hand, the DW fermion (and all the
regulator fields) live on the 5-dimensional brane x. = 0 embedded in the (4+ €+ 1)-dimensional

space. Therefore, the regularized action of this system is given by the following equation:

Sreg = /d4$ds W [ZD + 505 — Me(s)} Y+ /d4xds o [E + v50s + M] )

m |Gl

+ Z Z / d*xds Yir [lp + V505 — Me(s)} Yir
i=1 r=1
m |Gl

+3°% / d*zds ¢ip [ID + 1505 + M| dir

i=1 r=1
+ 4?]2 d*tex tr(FMN(m,xe))2, (58)

with
D, =09, —iA,(x,0) (m=1,---,4). (59)

Fig.7 shows this model in the coordinate space.

In terms of Gy and Gy that have been defined by Egs.(2)-(5), the Feynman rules are

expressed as follows:

1 4 .
Vo)) = [ B e Gylpss) (60)
1 4 .
)0t ) = [ 5 D o) (61)

d4+6

Aa(IL‘ x )Ab (y y ) — / eik~(1r—y)+ike-(ﬂcs—ys) 5ab5/“’ (Feynman gauge) (62)
pA el Ly, Je (2m)4+e k2 + k2
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L, o,
’(/)i,m ¢L‘,r

DIV

Figure 7: The set up of our model Eq.(58) in the coordinate space. ’s and ¢’s live on the (4 + 1)-
dimensional brane z. = 0 (solid brane). Their massless modes are localized on the 4-dimensional
domain-wall (the thick line). On the other hand, Aas is defined as the gauge field on the (4 + ¢€)
dimensional brane s = 0 (the dotted brane), and it is duplicated along the s-direction.

Here we have written explicitly the delta-functions enforcing momentum conservation. We also
have the gauge boson’s three- and four-point vertices which are the same form as in the ordinary
dimensional regularization. Note that the e-dimensional momentum is not conserved at the
gauge-fermion coupling. This situation is similar to the the Yukawa theory in the previous
section.

Before calculating the one-loop diagrams, let us consider a diagram containing an internal
line of A, with the gauge-fermion vertices at the ends. Similarly to the previous section, the

internal line gives

€ ab _ ab
/de St  T(1—¢/2) 60 (64

2m)e k2 + (k)2 (4m)</2  (K2)1-</2°

The exponent (1 — €/2) plays a role of regularization as in Sec.A.4.

One-loop calculation

Firstly, we consider the gauge boson loop diagrams and the fermion loop diagram (See Fig.8 and
Fig.9). It is obvious that the UV divergences of the former are regularized and renormalized to
the (4 + €)-dimensional gauge kinetic term as in the ordinary dimensional scheme. The latter

are regularized by the subtracting field and the PV pairs as in Sec.A.2. Here note that the e-
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L b

Figure 8: The gauge boson one-loop diagrams

p=p—k

Figure 9: The vacuum polarization diagram

dimensional momenta in the external gauge boson lines are not conserved: k. # k. because only
4-dimensional momentum is conserved at the fremion-fermion-gauge boson vertex. Therefore

the UV divergence is renormalized by the 4-dimensional local counter term

5, / ' tr(F). (65)

This term has the (4 4 ¢)-dimensional gauge-invariance even when ¢ is finite, and does not

cause any problem in the limit € — 0.

Next, we consider the DW fermion’s self-energy diagram (Fig.10). This diagram induces
radiative corrections to the massless and the bulk propagators because the external lines contain
the both modes. Obviously, it is not easy to investigate what counter terms are necessary.
Therefore, we adopt the following strategy. We start with analyzing the self-energy in the
region far from the domain wall, i.e. s > M ™!, where the massless mode is suppressed and
only the bulk modes remain in the diagram. Furthermore, the argument of renormalization is
parallel to the ordinary 4-dimensional Dirac fermion because the gauge field does not vary in
the s-direction. After that, we consider the case that M is large compared with the external
momentum. This limit is equivalent to focusing on the correction to the massless propagator.
As will see below, the counter terms that are necessary for the bulk modes in the region

s> M~ are sufficient to renormalize the massless mode.

For s > M™!, we can evaluate the diagram in the 5-dimensional Fourier space because

the propagator of the bulk modes are translation invariant. Noting that the momentum of the
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(F ke)

—>

P 4

s p=p—k 1

Figure 10: The fermion self-energy diagram

gauge field does not have the 5-th component, we have

4 —€ ab
| et 1 (it P2 B (60

(2m)! i(p — k) + ivsps — M (Am) /2 (k2)1-</2
; a ar(l_e/Q) d4k 21(?‘%)—4M/ 1
= (Zg)2t t (47T)€/2 / (27r)4 (p _ k)2 + |M"2 (k‘2)1*€/2 (67)
with
M = —i’y5p5 + M. (68)

Here we have denoted the 5-th component of momentum of the fermion by ps . Note that
the expression (67) seems to be the self-energy in the 4-dimensional theory with the effective
mass M’. Therefore it is obvious that the UV divergences can be renormalized by the ordinary
procedure in the 4-dimensions. In order to obtain the counter terms that eliminate the UV

divergences, we expand Eq.(67) by p:

4 L(1—¢/2) [ d*k 2
(ig)*tet" /

(47)e/? (2m)4 (k2)1-¢/2 X
—if —2M' o —2if — 4M’ 9
-k .
{kQ TR TR R T R arpe PR o) (69)
We concentrate on the UV divergent terms and obtain
, L(1—¢/2) [ d%k 1 —4M’ _ k?
2 a0
tt
(Zg) (47.‘.)6/2 / (27-‘-)4 (k2)1—6/2 k2 + |M’]2 + Zp (k:2 + |M/|2)2 (70)

After some calculation, we obtain the following expression:

. \24a40 -M' [? el M2\ ! z| M2\
(ig)*t% F(—6/2)[4ﬂ_2 /0 dx <47r(|1—x)> +8% ; dwx(M) ] (71)

— M’ Z}ﬁ
42 + 1672

— (ig)*t™" T(—¢/2) [ ] (as € — 0). (72)

It can be seen that the UV divergences are regularized by € as in Sec.A.4. Consequently, the
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s P=p—k t

Figure 11: The fermion self-energy diagram with external legs

necessary counter terms are found to be 8

/d%/ Ods O [620 — S M| 1p, (73)

where )
(ig)“t*t* 1
0y = ~——— 74
Z 82 €’ (74)
(ig)?tot® 1
oy = ———-—. 75
M 272 € (75)

Note that Egs.(74) and (75) are mass-independent renormalizations. In particular, the mass
is renormalized multiplicatively. Therefore, we expect that Eqs.(74) and (75) hold even if the

mass M depends on s:

/d4x/d8 ’l; [(Sza + 0nr (7505 — ME(S))] . (76)

In other words, these counter terms would also be sufficient to renormalize the UV divergences
of the massless mode.

Let us check this point. In order to focus on the self-energy of the massless mode, we attach
the external legs to it (See Fig.11) and take the limit M > p. In this situation, the external
propagators Gy (p, s,s') and Gy (p,t',t) reduce to

ip M ,
Gy(p,t't) = —Zz; P e~ (t+IEDIM] ()
pM / ipM /
Gy(p,s,s') — _”;pR o~ Usl+s'DIM| _ —PLZZ;Q e~ (Isl+IDIM]| (78)

where we have assumed M > 0. (For M < 0, the chirality projection should be replaced with
Pr.) Egs.(77) and (78) are nothing but the propagators of the chiral fermion localized on the

domain wall. Because the self-energy is put between Pr and Pj,, we can drop the terms except

8The difference between the coefficients of @ and ~50s reflects the lack of the 5-dimensional Lorentz invariance.
On the other hand, v50s and M share the same coefficient because they are regarded as the effective mass in
the 4-dimensions.
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for those proportional to p — ¥. This means that no additional mass counter terms for the
massless mode are needed, and hence we can focus on the wave function renomalization. We

evaluate the self-energy part keeping the 5-th coordinate in the real space as follows:

I'(l1—¢/2)
<4ﬂ—>e/2

d*k ) waa 1 i
oy | ot o G WGP — kit o)y, e DML (79)

Substituting Egs.(2)-(5) into the internal propagator Gy (p — k,t, s) and using the symmetry

under the reflection s <+ —s, t <> —t, we obtain the following expression:

9.0 2D(1 —€/2) d*k 1
(19)21; t (47‘1’)6/2 /(271’)4 (k/,Q)l*E/Z

/ dS/ dt sz ”’mr CEM) (/A

VP + M?)
+/ as [ o ——L— e—t( M2 M) —s(M—/p2+M?2)
0 /

+/Oodt Oodsi —s(y/P2 A M2+ M)—t(M—+/p2+ M?)
W

2
/ ds/ dtl? p/ + M) e*(sft)( /p/2+M2+M) . (80)

Here, the first and fourth terms come from the massless mode in Gy, (p—k, t, s) while the second
and third ones from the bulk modes. Note that the latter also contribute to the wave function
renormalization of the massless mode. Carrying out the integrals over s and ¢, we obtain a

simple result:

20 0a (L= ¢/2) /(d‘*k L

M@ | Gt @)
— g2 1 )2 €/2
= ot ip/o dx (1 — x) (W) T(—€/2). (81)

The divergent term in Eq.(81),
(ig)*t4* 1
S iy 82
8m2M Zpe’ (82)
can be renormalized by the counter term Eq.(76). Indeed, putting the counter term between
the external legs and integrating over s, we obtain

21010
. _olslM 1g)“tt* 1
/d35z ip e _(8732M o (83)

which cancels the UV divergent term Eq.(82).

Thus, we conclude that the UV divergences in the DW fermion self-energy can be renor-

?Note that one cannot take the same limit as Egs.(77) and (78) for the internal propagator because the
momentum in the internal line should be integrated.
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malized by the counter term Eq.(76). It is easy to check that the vertex correction diagram

would be renormalized in the same manner:

/d4x/ds Sy(z, s) Az, me = 0)th(x, 8). (84)

A.6 Summarizing remarks

In this appendix we have proposed a regularization that incorporates with the DW fermion. It
regulates fermion loops by introducing the PV pairs, and regulates the other loops by applying
the PDR. By considering three-dimensional theory, we have explicitly shown that the regular-
ization works both in parity-even and odd parts, and obtained the correct Abelian anomaly in
the two dimensional chiral gauge theory. It is a good regularization of chiral gauge theory on
the DW since it produces no fake anomaly. A significant point of this formulation is that it is
given at the Lagrangian level, that is, the theory is well-defined from the starting point, and
we need not introduce counter terms to recover the gauge symmetry. Furthermore, our regu-
larization might provide a rather easy method for the explicit calculation of loop corrections.
We also have investigated the renormalization of the DW fermion. There we have checked that
once we add the counter terms to the full theory, then the renormalization of the massless
mode is automatically achieved.

Although we expect that the method keeps gauge invariance to all-order, it should be
rigorously proved. We will study the Ward identity in the regularized theory.

Unfortunately, the above study seems to tell us few clues to revealing the connection between
field theory and the matrix model. However, it is remarkable that we have found out an extra
dimension serves a sophisticated structure to regulate chiral gauge theory. The existence of
extra dimension is also predicted in the preceding work on the IIB matrix model [41]. Therefore,
by investigating the regularization of chiral gauge theory in this direction, it will be possible
to clarify that connection.

We are going to report the progress in these studies elsewhere.
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B Change of effective action and amplitude by diffeomorphism

One might take seriously the discrepancy between the two actions, Egs. (3.14) and (3.15). If
some procedure makes the one-loop effective action identical to Eq.(3.15), then one can regard
the propagation of the NC U(1) gauge field as that of the metric fluctuation at the action
level. For example, let us consider the diffeomorphism transformation (3.17). Then the metric

fluctuation A*" transforms as

ShHV = QHEy 4 gVer, (85)
gho= oA (86)

although the diffeomorphism transformation is not actually realized in the NC U(1) gauge

theory. Assuming that the above change of h*" is verified, we obtain
1
W =ARE x <0“O‘Fa” +OVYEH 4 25%”0&51?&5) + Agg x O(A?). (87)

In the viewpoint of the NC U(1) gauge theory, such a transformation produces additional
interaction terms to the action. If we take this new action as the tree-level action, one-loop

effective action of A, is given by

. __1_ / d4y[ A g SO, + A pwpoor ol (88)
32m2g? ANy " P 24A%¢ :

where we extract the quadratic parts in 4, and drop higher-order terms in A?/A%,. This

coincides with the expanded EH action Eq.(3.15). This can be understood as follows. In the

coordinates yielding Eq.(87), the leading term in A, vanishes in the trace of h*”. Therefore

the diffeomorphism-invariant measure in the functional space approximately agree with the flat

measure:

160]2 = / o VG5B (x)? ~ / P sD(2)?, (89)

As a result, the path integral over ® in the NC U(1) gauge theory gives the diffeomorphism-
invariant effective action Eq.(3.15), as far as we keep track of the lowest-order in A,,.

Once we adopts the second term in Eq.(88) as the kinetic term of A,, we can do similar
calculation to that in section 3. By considering the interaction corresponding to Eq.(87), the

scattering amplitude is given by

6 1 ~

MY (p-k)(q-k)(4p- g+ k?) + (s channel) + (u channel). (90)

A T A2 2g2
This result shows that the amplitude does not match Eq.(3.29) even if the effective action
agrees with the action obtained from the EH action after the substitution (87). It is mainly

because of the lack of the degrees of freedom. However, if we assume the average leading to
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the average (3.32), we can obtain the result identical to the gravitational one:

2 1 1 2 [(su tu ts
M%):M[Q{kz2(p-q)2+p~q}+4k2} +(3Ht)+(t<—>u):—P (t+s+u>'

(91)
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C Multi-local action from the matrix model with loop correc-

tions

In Chapter 5, we have calculated the mass terms in the one-loop effective action. In the
calculation, we treat the classical field as infinite-order derivative operators A,(z,p, g,t). On
the other hand, matrices are understood for the beginning as integral kernels or bi-local fields
Ay(x,y). They are related by Eq.(4.2). Therefore, in principle, We can calculate the effective
action in terms of the bi-local fields directly. In this appendix, we show such an analysis and
present the extraordinary form of the effective action.

In the calculation of loop corrections, we write the matrix as the following form:

A(a)(wag; Y, h) = A(()a)(.%',g;y; h‘) + ¢(a)(x7g; Y, h) (92)

Since the matrices is regarded as operators acting on C*(Epyin ), they are represented as bi-local

fields on Eprin. We expand the classical field A?a) around the flat spacetime:

. i
Ayl g0 ) =0y + By (2.9) + 50ty (.. 90)
1
+ 5{@?2), Obc} + - (5(1’ — y)5gh, (93)
where dgj, is defined as the delta function on the group manifold:
[ dnswis = 169 (94)

In the expansion, we have written explicitly lower spin modes By, h(Z), a;fg). By using them
we will take the background field method. On the other hand, the field to be integrated
qﬁ(a)(ac, g;y, h) is treated as the bi-local field. This treatment enables us to deal with numerous
local DoF by packing them into a single bi-local field. It is another method than the calculation
in Chapter 5.

We substitute Eq.(92) to Eq.(4.28) and expand it. In particular, we focus on the typical

quadratic term of the fluctuation: '°

1
Spz = —5Tr <[A(()a)7 ¢(b)]2) : (95)
For convenience, we introduce the coordinate systems with indices in parentheses:
é‘(a) _ R(a)b(g_l)ib‘b, 77(a) _ R(a)b(g_l)yb. (96)

Here, R(a)b is the matrix elements of the vector representation of Spin(d). By expanding

10WWe suppose that the other quadratic term T‘r([A()(“), ¢<a)]2) is removed by some gauge transformation.
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Eq.(95) around the classical field, we obtain

1 ) )
S, :/dda:ddddhK + —iAD(y, bz, ) @) (y, hs
@ =3 ydg T O (y 9) | 9 (y 9)

5, B, .
+ <8§W) + an@ iA) (T, 99, h)) b(a)(T, 95 Y5 h)} (97)

where

Aoy (7,959, h) = Bay(z,9) — Bay(y, h)
i, 0. i, 9
+ §{h(a)($7g>7 81’17} + §{h(a)(y7h)7 87yb}

i e i e
+ 5 {0f (@), O} + S {6 (0, 1), O} + - (98)

Noting that ¢(y, h; z, g) = ¢*(z, g;y, h) due to its hermicity, and that ¢(&;n) = ¢(&;€— (£ —n))

in terms of relative coordinates £ — 1), the propagator for the fluctuation is given by

G(w1, 91591, w2, 925 Y2, h2) = (P(21, 91591, h1) " (22, 925 Y2, h2))
= G(§1 —§2)0((§1 —m) — (&2 — 12))0g1920h1 hy
= Gla1 — 22)0 (R, (g7 ) (@1 — 22)" = B, (h7") (1 = 12)") ) dgaganso-
(99)

Here, G(xz1; — z2) is the propagator for an ordinary massless salar field, which is of course
Lorentz invariant. The propagator eq.(99) is expressed as a double line in Feynman diagrams.
It should be paid attention that the propagator is invariant under the translations in x and y

separately.

Let us analyze loop corrections. An one-loop n-point function is understood as the loop of
the propagator with n external fields inserted. We should take into account which of the single
line loops (written by (z, g) and (y, h), respectively) we insert the external field into. A general

n-point loop diagram is composed of n propagators with n vertices:

(n-pt. loop) = / 'y - d%zndhyy - dyadgy - - dgndhy - - dhn [ P, (100)
=1
Pi = FiF.G (i, gis i il Tis1, Git15 Yir1, hit1)- (101)

Here, we have made cyclicity in the index as x,4+1 = 1 and so on. F; and F are background

operators and written as

Fi = cuxT! ()8! (9,1 DI (10/02;3, {0,
Fl = T (S (L) DK ({0/0y;}, {00y, (102)
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We have used reduced notation I, J and K for indices without parentheses. On the other hand,
we have truncated ones in parentheses because they do not mix under Lorentz transformation.

TZ-I and Ti’j are composite factors of fields which depend only on the spacetime coordinates:
A @), AT (@) (103)

Formally, they are polynomials of local composite fields. Szf] and SZ(J are some functions on the
Lorentz group. DZ-K and D;K are polynomials of derivative operators. In particular, when one
takes into account the decomposition Eq.(4.46), The dependence on the spacetime and group
coordinates can be factorized. ciI i and c’f 7k are Lorentz invariant tensors. This invariance
are guaranteed by the fact that the indices in Eq.(93) are contracted so that the entire operator

is Lorentz invariant.

In fact, the dependence on one of the n coordinates can be factorized due to translation
invariance of the propagator. We denote such a coordinate as (z,y) = (zn,yn). Then the

relative coordinates are naturally introduced:
Ti=xi—z, gi=yi—y (i=1--,n-1). (104)
The propagator is written as

G(xi, gi5 Yir hilTit1s Git15 Yit1, Pig1)
= G(@ — #1418 (R, (07" @i = 8i31)" = By (h7) G = 561)") ) Spugiss Oy
(105)

It is independent of (z,y). The factor dependent on the coordinates are expanded around (z,y)

to turn into the following form:

1“0,
— !
i 1 g a a
YEUIEDY QA}{,Q];...QS (W) - g7, (106)
s=0 "
where Ayil 0 = Oay +** Oay A?}. We can also rewrite the derivatives as

7 7

B o . ) o 19
far ~oge (= Lomo b, axg_ax“_;aaég’

B o B o g
=

oyr 03 gz~ oy (107)

Since they act on the propagator, 9/0z% and 0/0y® yield no contribution. Therefore n-point
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diagram Eq.(101) takes the following form:

J

cprtecien [ dtaaty (Aw)--Aw) (Aty)-+- )

. / A%y - d"Ep_1d%y - - dYp_rdgy - - dgpdhy - - dhy,

n
HJ’:I Fi5,9(&is 9is Ui hilTis 1, Gi1; Git1, Pi1) (108)

Here C’{“'I” and C’f]‘]l'"‘]” are Lorentz invariant tensors, and

Fi, = CJKqu ({2,155 ({9;}) DE({0/02,;}, {04,
Fly, = i I a8 (L) DIE (00,3, {05). (109)

cf] r, and cf} K1, are also invariant tensors. fi‘i, and fl’i are polynomials of ; and y;, respectively.
SK and S/K are functions on Lorentz group. DF and D/* are polynomials of derivatives. We

can consider the independent Lorentz transformation on {Z;} and {g;}:

53? — Rab(u)'i‘ga gi — ugi, (110>
yjf — R“b(v)yjf, hi — ’Uhi.
They result in the transformations of indices Iy,--- , I, and Ji,--- , Jy,, respectively. However,

the integral measure of spacetime coordinates and the propagator in Eq.(108) are Lorentz
invariant. By integrating it over {Z;}, {g:}, {#:} and {h;}, it yields Lorentz invariant constants.
In other words, Iy, ---,I, and Jy,---,J, on C]h'"I" and C"JJI"'J" are, after the integration,
contracted to form Lorentz invariant quantity individually. Therefore, the rest set of indices I
and J are contracted within them, respectively. As a result, the n-point loop diagram takes

the form of
(vt loop) = [ dizaly (A(e) -+ A(w) (A) - Alw))

- /d% (A@)--A(x)) /ddy (fi(y)“'/l(y))- (111)

It implies that one-loop correction terms in the effective action is written by products of two

integrals of local quantities.

Generalization of the above discussion to multi-loops corrections is qualitatively observed.
we can conclude that loops of k single lines result in products of k integral of local quantities.
The effective action should keep the original unitary symmetry, and hence each factor is in-

variant under local Lorentz transformation and diffeomorphism. To summarize, the effective
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action is given by the following form:

' = ¢;s; + Cijsisj + CijrsiSjSk + -+ (112)

S; = /dd:c\/ﬁOi(az), (113)

where O;(x) is some scalar and ¢ is a mere label. ¢, ¢;; and so on are constants, which is
suppressed according to the number of indices. It is because a constant with more indices
comes from more loops. Eq.(113) seems to violate locality. However, it is not the case. In the
path integral, the integrand exp(iI') can be formally Fourier transformed with respect to {s;},

and make the form of the path integral as

Z = / Dope'l = / (H d)\i> / D F(N)eis, (114)

where the repeated indices are summed over, and ¢ represents all of dynamical fields symbol-
ically. F'()) is some function whose Fourier transformation is exp(iI'). The effective action
I describes the theory with multiverse or wormholes [117,118]. From the viewpoint of local
field theory, Eq.(114) is interpreted as a theory with its coupling constants averaged by some
weight function. Therefore, it is expected that observed coupling constants are actually the
averaged values. It can provide the resolution to fine-tuning problems in particle physics and
cosmology [119]. The type of the above path integral is, however, very difficult to study by
analytic calculation. On the other hand, we can discuss the resolution of several fine-tuning
problem by adopting the viable approximation [33]. Among those discussion, it is suggested
that such a theory naturally gives the theoretical origin of MPP. Let us have a brief review of

this mechanism in the following.

Once we set initial and final conditions at t = 0 and oo, the path integral is rewritten as

¢‘t:oo:¢f .
A :/ Do et
Plt=0=0:

_ / (Hd)\l) /¢ Tlt_;djf D F(\)ehis:
= / (H dxi) F(A) (e tJa” #0001y (115)

i) and (f] is the initial and final states corresponding to the configuration ¢; and ¢y, respec-
tively. Note that our universe has been at a state with very low energy density in the most
part of its history. We can approximate the energy density to that of the ground state e(\).

Suppose that ¢y denotes the time the universe was relaxed to the state where the approximation
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is valid. By defining the relaxed state
.t S
[t (to; A)) = 7" o AN 7). (116)

Eq.(115) is estimated as follows:
z~| (H dAi) P3¢ ROl io: 1))
~ / (H dM) F(A\)e™ =MVl (flap(tg; 1)) (117)

where Vols(t) is the space volume at t, and Vol is the spacetime volume of our universe.

We can further approximate Eq.(117) with the fact that Vol is very large, as is explained
below. For simplicity, we will treat the case with a single parameter for A. Consider a system
including the scalar potential with two local minima. SM is probably such a system, according
to the experimental restriction on the form of Higgs effective potential. Let us represent the
minimal points as ¢1(A) and ¢2(\). Without loss of generality, we can assume that the energy
density corresponding to one of the minima (¢ ())) monotonically increases as A increases,
and that of the other £(¢2(\)) monotonically decreases. If both of the locally minimal energy
coincide to each other at A = )g, then the global minimum point jumps from ¢; to ¢o.
Accordingly, the vacuum energy density changes from £(¢1) to e(¢2). Unless ¢1(Ao) # d2(Xo),
the vacuum energy has a cusp at A = Ag; € (Ao — 0) # £'(Ao + 0). In this case, the integral
over A in Eq.(117) picks up the configuration with A = Ag as the dominant contribution. It is
proved by evaluating the integral explicitly. Assuming the quantity

F(A) = F\) (fl(to; A) - (118)
has finite support, the integral over A in the partition function is approximated as the following;:

7~ / d)\F()\)efis()\)Vohl

— 00

Xo . o '
:/ dAF(A)e=Vel / AAF(N)e—=NVols

—00 Ao
Qo) rde\ T : oo de\ 7' :
_ F —ie(A\)Voly / “e I —ie(A)Voly
/_ ) ds( dA) (A(2))e o[ (i) Foee
e(Mo) 00

+

i de\ ™" - —ie(A\)Vola

—00

7

Voly

F()\O)efie()\o)\/ohl

(), (&),
), o \dn),
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<d5>-1 (d5>_1

dA Ao—0 dA Ao+0
Note that, at A\ = Ao, the vacuum of the system is degenerated by the two configuration ¢1(\g)
and ¢2(Ao). Therefore, Eq.(119) shows the theoretical origin of MPP in the context of the

1

~ Vol F(Xo)e™ =0Vl ( fyh(to; Mo)) (119)

multi-local action Eq.(113), in the sense that the coupling “constant” A in Eq.(114) has been
fixed to Ag.

The essential points of the above analysis were the two assumption. First, the energy
density of the universe is sufficiently close to that of the ground state during most part of its
history. Second, the ground state energy has a cusp at some value of the parameter. As for
the latter in particular, similar analysis is applicable to systems with (A) which shows more
general behavior. In other words, if €(A) has special points (non-analytic point like cusps, or
stationary points), then the dominant contributions to the integration over A in Eq.(117) come
from those values. This provides a mechanism of fixing coupling constants to specific values,
and may lead to a resolution of fine-tuning problem. It is remarkable that the mechanism

involve the whole of the history of our universe through Voly.
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