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SCATTERING THEORY FOR THE ZAKHAROV
EQUATIONS IN THREE SPACE DIMENSIONS
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1. INTRODUCTION AND MAIN RESULTS

We study the scattering theory for the Zakharov equation in three
space dimensions:

10:u + %Au = uv,
v — Av = Alul?.

Here u and v are C3-valued and real valued unknown functions of
(t,z) € R x R®, respectively. The first and the second equations of
the system (1.1) are the Schrodinger and the wave components, re-
spectively. In this article, we prove the existence and the uniqueness of
an asymptotically free solution for the equation (1.1) without any re-
strictions on the size of the final data and on the support of the Fourier
transform of the Schrodinger data.

Ozawa and Y. Tsutsumi [11] showed the existence and the unique-
ness of an asymptotically free solution for the Zakharov equation (1.1).
They assumed either a restriction on size of the final data (uy,v,,7;)
or a restriction on the support of the Fourier transform i, of the
Schrodinger component of the final data. More precisely, the Fourier
transform of the Schrédinger data vanishes in a neighborhood of the
unit sphere so that they could use the difference between the propa-
gation property of the Schrodinger equation and the wave one and ob-
tained additional time decay estimates for the nonlinear term uv. Here
we remark that we can not apply the phase correction method, (which
is applicable to the long range scattering for the linear and nonlinear
Schrédinger equations), to the nonlinear term uw, because all deriva-
tives of the solution for the free wave equation decay ¢t™* in L. Note
that, roughly speaking, the phase correction method is applicable if a
time-dependent long range potential and its k-th order derivative de-
cay as t~17% in L>. (For details about the long range scattering to the
nonlinear Schrodinger equation by the phase correction method, see,
e.g., Ginibre and Ozawa [2] and Ozawa. [9]).

There are several results on the scattering theory for other coupled
systems related with the Schrédinger equations, that is, the existence
of the wave operators for the Klein-Gordon-Schrédinger equation in
two space dimensions ([10], [14], [16] and [17]) and the existence of the
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modified wave operators for the wave-Schrodinger and the Maxwell-
Schrédinger equations in three space dimensions ([3], [4], [5], [12], [13]
and [19]).

Notations. Let S be the Schwartz class on R® and let S’ be the set
of tempered distributions on R®. For s,m € R, let

H™ = {p €8 |[Pllams = (1 + |21)2(1 — A)™*4| 2 < o0}
and H™ = H™?. For 1 < p < oo and a positive integer k, we set

Wrk={velr: [Wlws =) 10°¢|r o

la|<k

For s € R, let H? be the homogeneous Sobolev space of order s, and
let

[l = 11(=A)"?w]|ze.
We set for t € R,
U(t) =e??, w=(-A)Y2,

£§i8t+%A, O=82—A.

Throughout this article, we assume that the space dimension is three.
In this article, we prove the existence and the uniqueness of an asymp-
totically free solution for the equation (1.1) without any restrictions on
the size of the final data and on the support of the Fourier transform
of the Schrodinger data. Namely, we remove the size restriction on the
final data and the support restriction on the Fourier transform of the
Schrédinger component of the final data from the result by Ozawa and
Tsutsumi [11].

Let (u.,v,,v;) be final data. uy and (vy,?,) are the Schrodinger
and the wave components. Let

uo(t,:v) = (U(t)u+)(z:), (12)
vo(t, ) = ((cos wt)vy )(z) + ((w™ ! sinwt)iy ) (z). (1.3)
uo and v are free solutions for the Schrodinger and the wave equations,

respectively.
The main result is the following:

Theorem. Assume that u € H*®, w™?v, € H%? and w™y, € H%?n
H™'. Then there ezists a constant T > 0 such that the equation (1.1)
has a unique solution (u,v) satisfying

u € C([T, 0); H),
v € C([T, 00); H?),
dw e C([T,00); H* N H™Y),



sup(t%* u(t) — uo(®) |2 + tu(t) = wo(®) ) < 00,

sup(t{[[o(t) — vo(t)lle= + [|Ge0(2) — Ogvo ()l mnp-13] < oo

A similar result holds for negative time.

Remark 1.1. The assumptions v; € H~? and o, € H3 in Theorem
implies that their Fourier transforms 1,1;0 and ':,/)1 vanish at the origin.
The constant 7" which appears in Theorem depends only on

N = |lugllges + lw?villmoa + w04 | goang-1- (1.4)
In Theorem, we do not restrict the size of 7.

The strategy of the proof is the following:

e solving the Cauchy problem at t = oo to the equation (1.1) for
a given asymptotic profile (A, B) with appropriate time decay
estimates of A, B, LA — AB and OB — A|AJ?,

e constructing an asymptotic profile (A, B) satisfying the assump-

tions of above Cauchy problem at ¢ = oo by the final data (u., v4,04)

which belong to suitable function spaces.

We solve the Cauchy problem at t = oo for the equation (1.1) by
the energy estimates. Note that since LA — AB is an error of the
approximate solution (A, B) for the Schrédinger equation, it is difficult
to solve this Cauchy problem if LA — AB decays slowly in time. In
fact, in order to solve the Cauchy problem at t = oo without any size
restrictions on the asymptotic profile (A4, B), it is necessary that LA —
AB decays faster than t=%/4 in H3. If we set (A4, B) = (o, v), where
ug and v, are free solutions for the Schrodinger and the wave equatlons
respectively, then unfortunately LA — AB = —ugvp decays as ¢~ 3/2
L2, since ug and vy decay as t73/? and as ¢~ in L°(R®). (This is not
sufficient). To overcome this difficulty and to obtain an additional time
decay estimate of LA — AB without assuming the support restriction
on the Fourier transform on the Schrodinger data, we construct an
asymptotic profile of the form (4, B) = (ug +u1,v). We find a second
correction term w; such that u; and Lu; — uevy decay faster than ug
and ugvo, respectively. Actually, we can choose u; such that LA — AB
decays as t~%/2 in H®. The similar method is applicable to the other
coupled systems of the Schrodinger equation and the wave equations
(see [5, 12, 13, 14, 16, 17]) and to the nonlinear Schrédinger equation
with non-gauge invariant nonlinearity (see (8, 18]).

The outline of this article is as follows. In Section 2, we solve the
Cauchy problem at t = oo to the equation (1.1) for a given asymptotic
profile (A, B) with appropriate time decay estimates of A, B, CA—AB
and OB — A|AJ]%2. In Section 3, we construct an asymptotic proﬁle
(A, B) satisfying the assumptions of above Cauchy problem at ¢ =
by the final data (u4,v,, 9, ) which satisfy the assumptions in Theorem.
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2. THE CAUCHY PROBLEM AT INFINITY

In this section, we solve the Cauchy problem at infinity for the equa-
tion (1.1) of general form. Namely, for an asymptotic profile (A, B)
satisfying suitable assumptions, we construct a unique solution (u,v)
for the equation (1.1) which approaches (A4, B) as t — oc.

Let (A, B) be an asymptotic profile. Here A and B are C? and real
valued, respectively. We introduce the following functions:

R;[A,B] =LA - AB, (2.1)

Ry[A,B] =0B - A|AP. (2.2)

The functions R; and R; are the errors of the approximation (A, B) for
the system (1.1), since they are the differences between the left hand

sides and the right hand ones of the first and the second equahtles in
that system.

Proposition 2.1. Assume that there ezist constants 6 > 0 and € > 0
such that fort > 1,

A lwg, < 6¢7%/2,
IB(®)llwz, < 671,
| Ri[A, BI(®)ll s + [|8: Rl A, BI(t) || < 68794,
I Ro[A, BI(t)l| gransr-» + 1107 Ra[A, BI(t)llz2 < 6677

Then there ezists a constant T > 1, depending only on 8, such that the
equation (1.1) has a unique solution (u,v) satisfying

u € C([T, 00); H?),
ve C([T,00); H?), 8w e C([T,00); H* N H™),
fgg(ts/ “llu(t) — A2z + tlut) — Al grngs) < o,

suplt{o(®) = B(O)lr + 18:0(t) — BBl -+ < oo.

We can prove this proposition by the standard energy estimates for
the functions (u— A, v— B, 8,(v—B)) in the space H3@ H2®(H'NH™Y).
For the detailed proof seevSectlon 3 in [15].

Remark 2.1. In Proposition 2.1, the asymptotic profile (A4, B) is not
determined explicitly. In Section 3, we construct the asymptotlc profile

satisfying the assumptions of Proposition 2.1.

‘Remark 2.2. Note that in the assumptions of Proposition 2.1, the
- asymptotic profile (A, B) decays as fast as the free solution (ug, vo) as

t — o0.



3. ASYMPTOTICS AND PROOF OF THEOREM

In this section, we construct an asymptotic profile (A4, B) satisfying
the assumptions of Proposition 2.1.

First we recall time decay estimates of the solutions for the free
Schrédinger and wave equations, which are the principal part of the
asymptotic profile. (see, e.g., Section 2 in Ozawa and Tsutsumi [11]):

Lemma 3.1. Let k be a non-negative integer. There exists a constant
C > 0 such that fort > 1,

Z 620 uo(t)llz2 < Clluy|lmx,

o +25 <k

> 1828fuo(t)ln < Cllusllwrt™,

la|+2i<k
S 1028fup(t)llze < Cllusllmrat™",

|| +25<k

3 lozdtvo®)llze < Clllogllms + sl + 194l 4-1),
|aj+i<k
3 82 v(®)lle < C(llvsllwres + [l lppr )t
lol+i<k

According to Lemma 3.1, we see that if we put (A4, B) = (uo, %), then
| R[4, B](t)||z2 = ||uo(t)vo(t)||zs = O(t=3/2). This time decay estimate
does not satisfy the assumptions of Proposition 2.1. To overcome this
difficulty, we find an asymptotic profile of the form (A, B) = (uo +
u1,vg), where u; is a second correction term which will be determined
below. We see

Rl[A, B] = (Eul - UO’U()) — U1, (31)
R1 [A, B] = AI’U,O + ’U/1I2. (32)
We construct a second correction term u; of the Schrodinger compo-
nent such that u; and Lu; — ugvy decays faster than ug and ugve as
t — oo, respectively, and so that R;[A, B] satisfies the assumption of
Proposition 2.1. '
We construct a second correction u; of the form

3] (t, (E) = ’U,o(t, .’B)V(t, Z), (33)
where
V(t,z) = ((coswt)Qo)(z) + ((w™ ' sinwt)Q1)(x). (3.4)

We determine functions Qo and Q; of x € R3. We first note the
following identity:

L(wz) = wlAz + 2Lw + % (~i Z(ka)(akz) + z'sz) (3.5)

2
k=1
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for a C3-valued function w and a real valued function 2, where
Jr =3+t (k=1,2,3), J=(J1,Ja,J5),
| P=tb,+z-V.
It is well-known that if w and z solve the free Schrodinger and wave
equations, then so do Jyw and Pz because JL — LJ = 0 and 0P =

(P + 2)0. Noting this fact and putting w = ug and z =V, we expect
that the most slowly decaying part of Lu; is (1/2)ugAV. Now we set

Qo(z) = —2(—A) Moy (z) = —2w . (2), (3.6)
Qu(z) = —2(-A) Moy (2) = —2w 204 (2), 3.7)
so that the equality
%’LL()AV = UpVp

holds. Then it is expected that Lu; — ugvy decays faster than ugvy as
t — oo. '
From the equality (3.5), we have

5 .
L:Ul — UgVUg = % (‘—'L Z(Jkuo)(BkV) + ’LUOPV) . (38)
k=1
Remark 3.1. It is well known that
Jeug(t, ) = (U R)uy = U@R)(Mzus) (K=1,2, 3),
PV (t,) = (coswt)(M, - VQo) + (w™ ' sinwt)((1 + M, - V)Q1),

where M,, and M, are the multiplication operators by the function
z and z, respectively.

The time decay estimates of u; and Lu; — ugvp are as follows.

Lemma 3.2. There erists a constant C' > 0 such that fort > 1,

2
D N8fui®)llme-s < Crt=%/2,

=0

2
> N u(®lwars < O,

1€ (2) = uo(t)vo(®)las + [18(Lur(t) —uo(t)o(t)) i < Cr*t™>/2,
where > 0 is defined in (1.4).

Noting Lemmas 3.1, Remark 3.1 and the equality (3.8), we can prove
this lemma exactly in the same way as in the proof of Lemma 3.3 in
[12].

We set (A, B) = (uo+ui,v). Recalling the equalities (3.1) and (3.2)
and using the Holder inequality, we have the time decay estimates of



the asymptotic profile (A, B) and the functions R;[A, B] and R3[A, B]
by Lemmas 3.1 and 3.2.

Lemma 3.3. There erists a constant C > 0 such that fort > 1,
IA®)lwa, < Cln+nP)t~>2,
| B(#)llwz, < Ont™,
IR:[A, Bl(#)l|ms + l|8.Rs[ A, BI(®)|m: < C(0* +7°)t ™2,
2
> 110 Ro[A, B() 2 < C* +0*)t™"/2,
=0
IRo[4, Bl(®)ll g1 < C(p* + ),

where n > 0 is defined in (1.4).
Proof of Theorem. From Lemma 3.3, we see that the asymptotic profile
(A, B) and the functions R, [A, B] and Ry[A, B] satisfy the assumptions

of Proposition 2.1 for § = + n* and £ = 1/4. Theorem immediately
follows from Proposition 2.1. O
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