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Enhanched binding and mass renormalization of
nonrelativistic QED !

B|EARFETES S XA (Fumio Hiroshima? )

Department of Mathematics and Physics, Setsunan University

Abstract

The Pauli-Fierz Hamiltonian of the nonrelativistic QED is defined as a
self-adjoint operator Hy with ultraviolet cutoff A > 0, which describes an
interaction between an electron and photons with momentum < A. Spectral
properties of Hj are investigated for a sufficiently large A. In particular
enhanced binding, stability of matter and asymptotic behavior of effective
mass for A — oo are studied.

1 ‘The Pauli-Fierz Hamiltonian

This is a joint work with Herbert Spohn [20, 21].3 We consider spectral prop-
erties of a system of one spinless electron minimally coupled to a quantized
radiation field quantized in the Coulomb gauge. The system is called the
Pauli-Fierz model [26]. The Pauli-Fierz Hamiltonian with ultraviolet cutoff
A is defined as a self-adjoint operator on a Hilbert space. In this paper we
analyze the Hamiltonian for a sufficiently large A.

Since a photon is a transversely polarized wave, one particle state space
of a photon is defined by L?(R3x{1,2}). Here R® x {1,2} 3 (k,j) expresses
momentum and transversal component of one photon, respectively. The Boson
Fock space F describing a state space of photons is defined by

F =@ (@2 L2 (R3x{1,2})]

n=0
oo
= {¥={TM)|¥" € L ®x{1,2}), 1> = 3_ 1#™)|* < o0},

n=0

where ®7L?(R3x{1,2}), n > 1, denotes the n-fold symmetﬁc tensor product

of L?(R3x{1,2}) and we set

®0L*(R3x{1,2}) =C.
The creation operator a*(f) smeared by f € L?(R3x{1,2}) is defined by

@*(f)T)™ = ynSp(f @ T,
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where S,, denotes the symmetrization operator, i.e.,
Sa[®@"L2(R® x {1,2})] = ®"L3(R3 x {1,2}).
The annihilation operator is given by
a(f) = (a*(F))* [ 7

where F; denotes the finite particle subspace of F. Formally we often write

a(f) as
d(f)= % [flniabki)dk, fe 2R x{1,2)).

j=12

Note that we do not give any rigorous mathematical meaning to formal kernel
at(k, ;) in this paper. af(k, ) is just a symbol. a#(f) satisfy CCR,

[a'(f)aa'*(g)] = (fa 9)7
[a(f),a(g)] =0,
[a*(f),a*(g)] = 0.

We see that
the liner hull of {a*(f1)---a*(f»)Q, Qlf; € L3(R3x{1,2}),1<j<n,n>1}
is dense in F. The free Hamiltonian H; of F is defined by
HQ =0,
Hia (£) 0 (f)0 = 32" () - a*(wfy) -+ o ()0,
J;jle D(w), j=1,..,n,

and which is formally written as

H= Y [wka"(k, (k. )k,

j=12
where the dispersion relation is given by
w(k) = |kj.
Let us denote the spectrum (resp. discrete spectrum, point spectrum, essential

spectrum) of self-adjoint operator T' by o(T') (resp. 0disc(T), 0p(T), Cess(T)).
It is well known that

O'(Hf) = [0’00)’ Up(Hf) = {O}
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Inequalities
la(F)|| < £/l H %,
la*(H) |l < I /vl H 2Tl + I £ 2]

are well known. The Pauli-Fierz Hamiltonian H is defined as a self-adjoint
operator acting on

. |
H=LR)QFY /  Fdo (L.1)
R
by )
H=—(pm®1—€A¢)2+V®1+1®Hf,

where fns -dr denotes a constant fiber direct integral, m and e the mass
and the charge of electron, respectively,

and V an external potential. We regard e as a coupling constant. Under
identification (1.1), quantized radiation field Ay is defined by

®
A(ﬁ = /!;3 A¢(:B)d1:,
where

Aa) = % [ —oBelle) {e =0 (k1) + otk )

j=1,2

and, e(k, 1), e(k, 2) and k/|k| form a three dimensional right-handed orthonor-
mal system, i.e.,

e(k,§) - k=0, e(k,i)-e(k,j) =0, e(k,1)xe(k,2)=k/|kl.  (1.2)

Note that
e(—k,1) = —e(k,1), e(—k,2) =e(k,2).

Finally ¢ denotes a form factor. A, acts for ¥ € H as
(Ap¥)(z) = Ap(z)T(z), =z €R>

By (1.2), we have
A¢(m) =
The decoupled Hamiltonian is given by H with e replaced by 0, i.e.,

1
Hy = (—p§+v)®1+1®H,.
2m



Theorem 1.1 Assume that $/w, Jop € L*(R3) and V is relatively bounded
with respect to p2 with a relative bound < 1. Then, for arbitrary values of e,
H is self-adjoint on D(p2 ®1)ND(1® H;) and bounded from below. Moreover
it is essentially self-adjoint on any core of D(Hy).
Proof: See [15, 16]. o
Note that
D(Hp) = D(p? ® 1) N D(1 ® Hy).

Quantized radiation field Ay with a sharp ultraviolet cutoff is defined by Ay
with ¢ replaced by

0, k| < &,

xa(k) =4 1/V/(2m)3, k< |kl <A,
0, |kl > A.

Here k > 0 is called infrared cutoff, and which is fixed throughout this paper.
Hence the Hamiltonian under consideration is

1
Hy = %'(Pz®1—eAA)2+V®1+1®Hf.
In this paper we will review recent advances in analysis of the spectral prop-
erties of Hy for sufficiently large A. In particular we will discuss 1.-3.
1. Enhanced binding for a sufficiently large A.
2. Stability of matter as A — oo.

3. The asymptotic behavior of an effective mass as A — oo.

2 Enhanced binding

1
It is proven that, if %pi +V has a ground state, then Hy has a ground state

and it is unique, under suitable conditions on V and e. See e.g., [1, 3, 8, 12,
13, 14]. We want to show, however, the existence of a ground state without

1
assumption “if —p2 + V has a ground state”. On a formal level we expect

that bare mass m of an electron amounts to effective mass meg by a coupling
with a quantized radiation field, i.e.,

m — Meg = Meg(A) = m + dm(A)

Roughly speaking, Hjy may be replaced by

1, .
~Heg = | o773 . 2.1
Hp ~ Heg (27’%&(}\)174F + V) ® 1+ 1Q® H; + remainders (2.1)

Since it is expected that effective mass meg(A) increases as A does, a ground
state of Hx could be appear for a sufficiently large A even when Hp has no
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~ ~ _ ~
' R > - . >
m Interaction ~ ~
m + 6m(A)

- Figure 1: Effective mass

ground states. This kind of phenomena is called enhanced binding.
Enhanced binding for coupling constant e has been done in Hiroshima and
Spohn [20], and developed by e.g., [2, 4, 5, 10]. Catto and Hainzl (4], Chen,
Vougalter and Vugalter [5], Hainzl, Vougalter and Vugalter [10] study a more
physically reasonable case. Arai and Kawano [2] proved the similar result as
ours, i.e., enhanced binding for A, in a general framework.

In this section, we take the dipole approximation, i.e., Ax(z) in the defi-
nition of H) is replaced as

Ap(z) — 1 ® A (0).
Then the Hamiltonian under consideration is

1
Hdip=%(px®1+l®AA(0))2+V®l+1®Hf.

For notational convenience we omit the tensor notation ® unless confusions
may arise, i.e., Hg;p is simply written as

1.
Hdip = %(px - CAA(O))2 +V + H;.

Assumption (V) is as follow.
Assumption V
(a) V € C(R3).
(b) V<.
(c) There exists up > 1 and r > 0 such that for u > po,

1
inf o( —p? -
in cr(2mpm +pV)< —-r
1
Since V is relatively compact with respect to %pg, it holds that
Tess( ! 2 +uV) =[0,00)
ess 2sz puv ) =10,00).
1 5
Hence omPa + uV, u > po, has a ground state.

1
Remark 2.1 We do not assume the existence of ground states of 'g'ﬁp?v +V.



A typical example of V is sufficiently shallow nonpositive potentials. By the
Lieb-Thirring inequality [24],

#{bound states of 2—17;1-;)2 +V}<Ls / imV_(z)*?d*z,
(V_ : the negative part of V)

with some constant L independent of V', we see that for a sufficiently shallow

1
nonpositive potential V, ﬁpg + V has no bound states. In particular it has
no ground states. Thus Hy has also no ground state.

Proposition 2.2 There exists a unitary operator U such that

U : D(p2) N D(H;) — D(p2) N D(Hy)

and
1
U—lHdipU = 2—?2 + V( - K/meff) + He + g(A)7
Meff
where
8r 1
Meg = M + E—W(A - K,),

1 e 2llxa/E +w?)?
A= —/ dt,
9 =7 oo m + Z|xa/VE + 7|2

and K = (K1, K3, K3) with

j=1,2

Ku= ¥ 5 [ {outhis)ar (h.9) + Gl Pak, )}

and g,(-,j) satisfies that

lw™20u(-, )l < C l|w("_3)/ 2xall (2.2)
with some constant C.
Proof: See (20, 18]. O

We set
0V =V( — K/meg) -V,
_ 2
eff — 2 effpz + V’

and

ﬁA = U—lHdipU = Heg + 0V + Hp + g(A).
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Lemma 2.3 Let A be such that

A> (QW)B%(MO — 1I)m. (2.3)

| Then H.g has a ground state, and

8t 1 3/2
#{bound states of Heg} < L3 (m + =g (A- n)) / |V (z)[*/%dz.

3 (2m)
(2.4)
In particular Heg has a finite number of bound states.
Proof: By Hypothesis (V),
- 2,y ™ (L2, M )
H. 2meﬁp" +V= MefF (2mpI o 4
implies that if
m,
%> o, (25)

then Heg has a ground state. (2.5) is identical with (2.3). (2.4) follows from
the Lieb-Thirring inequality. Then the lemma follows. a

We introduce an artificial parameter v > 0, and define
HY = Heg + 0V + HY + g(A),

where V¥ and H} are defined by 6V and H; with w replaced by w + v,
respectively. It is easily seen that

6V el < o(A)(1EF || + || ]))
with some constant §(A) independent of v. Actually it is presented as

oty = 17V

(Iea/w? || + llxa/w®?|)) x const.
Note that
meg ~ A, [Ixa/w?|| ~ AV2 |Ixa/w®?| ~ log A,

as A — oo, we have
lim 6(A) =0. (2.6)
A—oo

Lemma 2.4 Suppose that min{|inf o(Heg)|/3,2} > 6(A). Then
o(H%) N [inf o(AY), inf o (HY) + v) C odisc(HY).

In particular ﬁ}( has a ground state.



Proof: See 18, Lemma 10]. O
The number operator N of F is defined by
N=% / a* (k, j)a(k, )d%.
j=1,2
lLe.,
( N®)® = g™,
DY) = {¥ = {¥™)324] Y n2#P]? < o).

n=0
A ground state of H X is denoted by ¢g(v).

Lemma 2.5 Suppose that min{|inf o(Heg)|/3,2} > 6(A). Then, for v such
that |inf o(Heg)| > 36(A) + v,

IV 2 g ()
e

with some constant C.
Proof: We set E = inf o(HYX). Since
[HY, a(k, §)] = —(w(k) + v)a(k, §) + [6V*,a(k, 5)],

W5/2
< C(m’?x ”VuV“oo)“x—An/l—ﬁ‘—"' (2.7)

€

we have
(HY — E + w(k) + v)a(k, j)eg(v) = [6V*,a(k, j)lpg(v)-

Note that . i
P p-
V(- = KY[Meg) = € ™ok Ve' mer

where K" is defined by K with w replaced by w + v. Then we see that

—i pKY .pKY

. p KV
;"Leﬁ.a,(k,j)e TReff ]et Meff |,

.p KY
6V, a(k, j)] = e e [V, €

Since v - :
‘P K™ o\ —fBE_ B 2 .
e'"‘eﬂ a(kvj)e tmeﬁ =a'(k’.7) - \/‘:, p.gu(ka.’),
Meff .

it follows that

v . —2KY 1 i iBKY
BV, alk, )] = e e ( —— (V)¢ (k,;)) e

Thus we obtain that
a(k,j)pe(v) = (H{ —E +w(k)+v)"! x

.o KV .p. KV
xR (o (V) (k) ) €T ).
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Using this identity we see that

(Nl/z‘»"g(’/)’ Nl/z‘Ps(V))
= % [llatkdec)IPd%

=12
Z/ (BY — E +w(k) +v)"! x
j=1,2
xRt (e (V) (k1)) €5 o) &
3 2 1 Y ) 2
<33 3 [ (1) [ i) 2l
2 5/22
<c ((mgx 19V ) A 2
Hence the lemma follows. O

Remark 2.6 Although we used a formal calculation of a(k, _7) in the proof of
Lemma 2.5, (2.7) can be justified in [19] rigorously.

We normalize pg(v), i.e.,
lles W)l = 1.

Take a subsequence +/ such that @g(v') weakly converges to a vector g as
V' — 0.

Proposition 2.7 Assume that pg # 0. Then g is a ground state of Hgp.
Proof: See [1, Lemma 4.9]. o

Theorem 2.8 There exists A, such that for A > A, Haip has a ground state.

Proof: It is enough to prove ¢g # 0 by Proposition 2.7. Let Ep denote the
spectral projection of Heg to a Borel set B C R. Let Pn be the projection
onto the one-dimensional subspace {af) | o € C}, and we set

Q@ = Eiz+4,00) @ P

with some 6 > 0 such that 3
' s> 59(A).

Note that 1@ N +1® P > 1. Hence

Essi)®Pa21-18® N -Q. (2.8)



Suppose that min{|inf o(Heg)|/3,2} > O(A). Then it is established in [18,

Lemma 12] that
IQee(l . [_68)
TogGAl = \/—% (2.9)

|inf o(Heg)| > 30(A) + V. (2.10)
Then for v such as (2.10), we have by (2.8),
(0s(V), Bz, s46) ® Pawg(V'))
2 log()II? = (we(V'), Npg (V) — (05(v), Qg ()

_ . [ Clixa/w®?] 0N
=1- {——mr(mfx ”VnV”oo)} T F-36(A)

for v/ such that

Note that by (2.6),

- llxa/wR) .6
e = 77y B

Hence for sufficiently large A,

(pe(V), (Ejz,5+6) ® Pa)pg(V)) > €

uniformly in v/ with some € > 0. Take v/ — 0o on the both sides above. Since
E(s 515 ® P is a finite rank operator, we have

(Pe (E[E,E+5) ® Pa)pg) > €,

which implies ¢g # 0. Then ¢, is a ground state of Hj. Hence Hy;, has a
ground state. |

Remark 2.9 The uniqueness of of the ground state of Hgi, can be also es-
tablished. See [14]. ‘

3 Stability of matter

As a corollary of Proposition 2.2 we can see a stability of matter with respect
to A. Stability of matter investigated in this section is pointed out in e.g.,
Lieb and Loss (22, 23] and Fefferman, Frohlich and Graf {7].

3.1 g(A)/A?
In the case of V = 0, from Proposition 3.3 it follows that
g(A) = inf o (Haip).

We want to see the asymptotic behavior of g(A) as A — oco.

1m



172

Remark 3.1 From a formal perturbation theory it follows that

o(8) ~ (@0, Hupf D) = (f©0, 5 (52 + 2 Ax(0)1)f ©O) ~ A?

as A — oo. As will be seen later, this is, however, incorrect.

Since
lixa/VE? +w?|? = 47{3 {(A -K)+t (’ﬁa.n—1 £ _ tan? A) } ,
(2m) t t
and
lxa/ (82 + w?)|?
__‘Eﬂ_{i (tan—lé_tan_lg) +g( kA )}
= (2n)3 |2t t t o\ 2+ k2 £21AZ)[°
we have
g [ ) (rtrp) - 2Bs)
o= | @mPmr + A {(r — taxr " r) — (r (§) — tar v (F))}

In [18] the following proposition is established.
Proposition 3.2 Assume that (2r)3m > 87wx/3. Then

() T M B (2L )
3\8r(27)%m,/) 2 A5 A2 T 3\8r(2n)3m/) 2’

3.2 g(A, N)/N*

We consider an N particle system. We assume simply that each particle has
mass m and there is no external potential. The Hamiltonian, Hé‘i’p, is defined
as a self-adjoint operator acting on L?(R*Y) ® F, and is given by

N
1
Hé\i’p = Z 2—7;;(11_7‘ + AjA(O))2 + Hi,

i=1
where |
. = _X__i\_@_ -/ * -1 ]
An0)= 3 [ Dot o' () + alk, )} .
Let

infa'(ng) = g(A,N).
‘We consider the two cases such as
(1) xja(k) = xa(k), j=1,..,N,



(2) xja, j =1,..., N, are characteristic functions on closed sets in R3 such as
suppx;ja Nsuppxia N {0} =8, (i # j).

Intuitively (1) describes that N electrons interact each others by exchanging

photons, but in (2), they do not. We expect that g(A, N) ~ N for a sufficiently

large N in case (2). We have a proposition.

Proposition 3.3 In the case of (1),

N [ £2|lxa/(t? +w?)||?
AN)= —/ dt,
g( ) T J—com + %Nlle/Vt§+w§|l2

in the case of (2),

N o0 2 2 2\(12
1 t A/t +w
J:l T J—00 M §“XJA/ Vt ' w ”

Proof: See [17]. o

In the case of (1), in a similar manner as in Proposition 3.2 we can prove
the following proposition.

Proposition 3.4 We assume case (1) and (27)3m > 87k/3. Then

JENRURYLC TV VDS TEEE
3\87(2n)3m 2_A,Nr—n)oo\/]vA3/2_3 8m (2m)3m 2°

Proof: see [18]. o

In the case of (2), if we adjust x;a such as

1 e Blxn/E+A2
7r /—-oo m + 2|lxja/VE +w§||2dt =9

with some constant g independent of j. Then

g(A,N) = Ng.

4 Effective mass

In this section, instead of Hy;;,, we revive Hy.

173



174

4.1 'Translation invariance

The momentum of the quantized radiation field is given by

P= Y [ka*(kdalk, )k
j=12

and the total moment by
Piotal =Pz @1+ 1@ P
Let us assume that V = 0. Then we see that
[Ha, Piotaly) =0, p=1,2,3.

Hence H) and H can be decomposable with respect to o(Piotal) = R3, i.e.,

b @
H= [ HE)dp, Hi= [ H@)dp.
]Rs ]RS
Note that
e_iz®PfP tot;aleim®Pf = Pz,
) ; 1
e—w@PfHAeu:®Pf —_ %(pw ®l-1Q9FP—€el® AA(O)) +1® H;.
From this we obtain that for each p € R3,

H(p) & F,
Ha(p) Ela(p—— Pr — eAp(0)) + H:.

Let
Ema(p) = info(Ha(p), peR®.

Lemma 4.1 There exist constants p, and e, such that for
(p,e) €e0= {(p,e) € R? x R||p| < pa, ’ei < e*}’

a ground state @g(p) of Ha(p) exists and it is unique. Moreover pg(p) =
vg(p, €) is strongly analytic and Ep A (p) = Em A(p,e) analytic with respect to
(p,e) € O.

Proof: See [21]. o

Remark 4.2 Note that Ep A (P) € 0disc(HA (D)) for (p,e) € O and

Em,A (P) = E’rn,A ( —p) .



In what follows we assume that (p,e) € O. The effective mass meg =
meg (€%, A, k,m) is the inverse of the curvature of energy-momentum graph
(p, E(p)) in R3 x R at p = 0. Precisely meg is given by

Ema(P) = Bna(0) = 5ol + O(1),

or
1

Meft

1
= §ApEm,A (P, €)[p=o0

Removal of the ultraviolet cutoff A through mass renormalization means to
find sequences
A=, m—o0

such that E,, p(p) — Em A (0) has a nondegenerate limit. In order to find such
sequences, we want to find constants '

B<0, 0<b (4.1)
such that v
Al_l_{n Meff (62, A, KAB’ (bA)ﬂ) = Mph, (42)
where mpy, is a given constant. It is well known that

m=1—-§—z X

Meff p=1,2,3

. (28(0), (Pt + eAx(0)u(HA(0) — Em,a(0) " (Pt + A (0))ups(0))
(2&(0), pg(0)) '

From this we see that meg/m is a function of €2, A/m and x/m. Let

(4.3)

TT;—E = f(e?, A/m,k/m).
To find constants (4.1), it is enough to find constants
0<y<1, 0<b
such that

oo £ Afm, /m)

AT R my

Actually, taking
I _ 1/pM7
ﬂ—1_7<0, b=1/b",

we see that
lim meg(e?, A, kAP, (bA)P) = boby,
A—oo

where b, is a parameter, which is adjusted such as

bob1 = Miph-
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Hence (4.2) has been established. It is seen by (4.3) that

A/m+2

f(e?, A/m,n/m)—l-{—a 1 (/ 3

3 ) + O(a?), (4.4)

where

By (4.4) one may assume that
f(e®, A/m,k/m) ~ (A/m)a(8/31r)+azc

for sufficiently small a and large A with some constant ¢. Then by expanding
Meg/m to order o one may expect that

2

f(e®, A/m,k/m) =~ 1+a3—ir-log(%)+-;-a2 (3—81; log(%)) +ca? log(%)+0(a3).
(4.5)

Hence the coefficient of o® may diverge as [log(A/m)]? as A — oo. It is,

however, that (4.5) is not confirmed. Instead of (4.5) we prove in this section

that the coefficient of o diverge as v/A/m as A — oo, i.e., there exists a

constant C > 0 such that

f(e%, A/m,k/m) = 1+a (A;m_tj)+a20\/A/m+O(a3)

The effective mass and its renormalization have been studied from a mathe-
matical point of view by many authors. Spohn [27] investigates the effective
mass of the Nelson model [25] from a functional integral point of view. Lieb
and Loss [23] studied mass renormalization and binding energies of models
of matter coupled to radiation fields including the Pauli-Fierz model. Hainzl
and Seiringer [9] computed exactly the leading order in « of the effective mass
of the Pauli-Fierz Hamiltonian with spin 1/2.

4.2 Asymptotics
We split H,(0) as

2
H(0) = Ho + eH; + —Z—Hz,

where

Hy= 2 PP+ Hy

By = 3 (P Ax(0) + A4(0) - ),
Hj = Ap(0) - Ax(0).
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Let - o 2
e n
pg(0) = Z ,<Pn, E(0) =) ZQT)'E%'
n—() n=0 ’

Directly we see that
(4.6)

Eoy=E1=E;=E3=0,
—Hg 'H,Q, 3 =3Ho ‘HiHg 1H,Q. (4.7)

Yo = Q, Y1 = 0, p2 =
Substitute (4.6) and (4.7) into formula (4.3). Then we obtain that

3
m":ﬁ =1- e2§ ,,2-:1 (R, AuHi 1 4,0)
42 i {2(v, H ') + (¥4, Ho ' wy) - 2 (4, Ho ' Hy Ho ™' 0%
=1

1 _ _
- (\Il‘l‘,Ho‘lH2Ho“1\Il’1‘) + (\Il’l‘,Ho"lHlHo 1H, Hy 1\1:*;)} +O(eb), (4.8)

where
o= 4,0,
W = ~ P H (AT A7)0,
1 {—A,,Ho‘l(A+ AV)+ %Pf“HO”l(Pf-A + A-Pf)Ho-l(A+-A+)Q} ,

and
xalk) dk,
}: [ etk atk.d)
E/ xa (k) e(k j)a*(k,j)dk.
j=12

We compute the coefficients of e? and e* in (4.8). Let

1 1

_— = —— 1 =1

F; 7'12-/24-7‘5’ J 2,

1 1

= 3 rlar2_>_0a _1SXS1

F (P +2mreX +712)/2+ 711+ 12

A direct calculation shows that
n:,nff =1 —aa;(A/m, k/m) — a?az(A/m, k/m) + O(c3),
'©

where
o (& /) = 5 1og (Tt D)
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and
aa(Am, nm) = E;‘“)Zﬁzb, (A /m, 5 /m), («9)
by(A/m, k/m) = -/(1+x2) (F ;2) Flfg
ba(hfm /) = [+ %) () AA X AT
ba(A/m, K /m) = / X(~1+ X?)rrs ( 1}’ 51*2) (Fiu)z
bul/mbfm) = = [(1+ X7 5 2.
ba(A/m, /m) = [(1- X% ( 7ot F2) Flu
bo(A/m,/m) = [ X(-1+ X?)nrz%FlFim
and

1 A/m A/m
/ = / dx dry / F—
-1

K/m Kk/m

The main theorem in this section is as follows.

Theorem 4.3 There exist strictly positive constants Cpin and Cpnax such that

Coin < lim ag(A/m, k/m)

A—>oo 1/A;m

Proof: We show an outline of a proof. See [21] for details. We can prove that
there exists a constant C > 0 such that

< Cmax-

lbj(A/m)| < Cllog(xa/m)?, §=1,4,
lb2(A/m)| < C(A/m)*2,
IbJ(A/m)l < Clog(A/m), Jj=3,5,6.

Hence there exists a constant Crax such that

Km a2(A/m) n/m)

A—o0 ,/A?m

Next we can show that there exists a positive constant £ > 0 such that

S Cma.x-

lim \/A/m—r7—

A-roo
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which implies that there exists a constant &’ such that

6’ < lim b2(XA/m)
~ A—oo xXA/m )

Thus we have
o < 1im Q208/m./m)

Ao 1/A7m

< Crax-

O
Remark 4.4 (1) a2(A/m,s/m)/\/AJm converges to a nonnegative constant
as A = oo. (2) By (4.9), we can define az(A/m,0) since bj(A/m) withk =0
are finite. Moreover az(A/m,0) also satisfies Theorem 4.3. (3) In the case of

k = 0, Chen [6] established that H(0) has a ground state @g(0) but does not
for Hp(p) with p # 0.

4.3 Concluding remarks

A

Nelson ? ? Hgip

Figure 2: Mass renormalization

(Hp) Theorem 4.3 may suggests v > 1/2 uniformly in e but e # 0.

(Nelson models) It is expected that the effective mass of the Nelson model
can be trivially renormalized, i.e., v = 0. See [11].

(Hap) Let V = 0. Note that

[Hdip, Ptotal} 7& 0.

It has been seen, however, that
[UHdipU_la Ptotal] =0.
Then we can define the effective mass meg for UHg;pU —1 and which is
meg/m =1+ a%r-(A/m — k/m).

Hence vy = 1, then the mass renormalization for Hg;, is not available.

See Fig. 2.
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