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The approximated partial-wave decomposition method for discrete data on a cubic lattice, developed by
Misner, is applied to the calculation of S-wave hadron-hadron scatterings by the HAL QCD method in
lattice QCD. We consider the Nambu-Bethe-Salpeter (NBS) wave function for the spin-singlet ΛcN system
calculated in (2þ 1)-flavor QCD on a ð32a fmÞ3 lattice with lattice spacing a ≃ 0.0907 fm and
mπ ≃ 700 MeV. We find that by Misner’s method the l ¼ 0 component can be successfully extracted
from the NBS wave function projected to the Aþ

1 representation of the cubic group, which contains small
l ≥ 4 components. Furthermore, while the higher partial-wave components are enhanced so as to produce
significant comb-like structures in the conventional HAL QCD potential if the Laplacian approximated by
the usual second-order difference is applied to the NBS wave function, such structures are found to be
absent in the potential extracted by Misner’s method, where the Laplacian can be evaluated analytically for
each partial-wave component. Despite the difference in the potentials, the two methods give almost
identical results on the central values and magnitude of statistical errors for the fits of the potentials, and
consequently on the scattering phase shifts. This indicates not only that Misner’s method works well in
lattice QCD with the HAL QCD method, but also that the contaminations from higher partial waves in the
study of S-wave scatterings are well under control even in the conventional HAL QCD method. It will be of
interest to study interactions in higher partial-wave channels in the HAL QCD method with Misner’s
decomposition, where the utility of this new technique may become clearer.

DOI: 10.1103/PhysRevD.101.074514

I. INTRODUCTION

A determination of hadron-hadron interactions from first
principles is one of the ultimate goals in both particle and
nuclear physics. In a lattice QCD calculation of a two-
hadron system, the quantum numbers of the system are
specified by the source and/or sink operators in the
corresponding correlation function. Among quantum num-
bers, the partial wave can be specified by the angular

dependence in terms of the relative coordinate of two
hadron operators, in principle. In lattice QCD, however, the
extraction of the designated partial wave becomes non-
trivial, because the rotational symmetry is broken to the
cubic symmetry due to the finite volume (IR effect) as well
as the finite lattice spacing (UV effect), which introduces
the mixing between different partial waves [1,2]. In
addition, a full account of the angular dependence cannot
be obtained since the data are only available for discretized
spacial coordinates.
In Ref. [3], a general method to (approximately) obtain a

radial function in a particular partial wave on the cubic
lattice was proposed by Misner, and it has been applied in
analyses of gravitational waves simulated using grid points
[4]. Applying this method to lattice QCD enables us to
verify how much the partial-wave mixing is induced by the
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breaking of the rotational symmetry and evaluate the
corresponding systematics in the calculations of hadron-
hadron interactions. In addition, this method could open a
new possibility for extracting interactions in higher partial
waves, which are otherwise difficult to study in lattice QCD
calculations.
The HAL QCD method is a promising method to

calculate hadron-hadron interactions in lattice QCD, in
which we construct the hadron-hadron “potential” from
the Nambu-Bethe-Salpeter (NBS) wave function and the
physical observables such as scattering phase shifts are
calculated by solving the Schrödinger equation with the
potential in an infinite volume [5–8]. One of the unique
features of the HAL QCD method is that the spatial
correlation of the NBS wave function is calculated at all
discrete points on a cubic lattice, and thus the hadron-
hadron interactions from the HAL QCD method are
expected to be a good application of Misner’s method
(or Misner’s decomposition/extraction). In fact, noticing
that not all discrete points at a given radial coordinate r are
necessarily transformed to each other by a cubic rotation, it
is realized that there is room to develop a better method-
ology for the partial-wave decomposition than the standard
projection method based on the irreducible representation
of the cubic group.
In this paper, we apply Misner’s method for the first time

to the lattice QCD study of hadron-hadron scatterings in
the framework of the HAL QCD method. We extract the
potential from the l ¼ 0 (S-wave) component of the NBS
wave function using Misner’s method, which is then
compared with the conventional HAL QCD potential.
In the conventional method, the S-wave projection of the

NBS wave function is approximated on the lattice by the
Aþ
1 projection as

ψAþ
1 ðx⃗Þ≡ PAþ

1 ψðx⃗Þ ¼ 1

48

X
g∈Oh

ψðg−1x⃗Þ; ð1Þ

where the cubic group Oh consists of cubic rotations and
parity. The Aþ

1 representation contains not only the l ¼ 0

component but also higher partial waves with l ≥ 4. If l ≥ 4
components of the NBS wave function were absent, the
NBS wave function (and the potential) would be isotropic
and thus depend only on the radial coordinate r ¼ jx⃗j.
However, we often observe comb-like structures in the
potential in terms of r (see, for example, Fig. 2 in Ref. [9]),
which represent the anisotropy of the potential. This
observation indicates the existence of non-negligible
l ≥ 4 components. We often observe that these comb-like
structures lead to superficial fluctuations, whose magni-
tudes are larger than those of the genuine statistical
fluctuations.
Throughout this paper, we write the NBS wave function

as ψðx⃗Þ, with x⃗ ¼ ðx; y; zÞ or ðr; θ;ϕÞ, which is expanded in
terms of the spherical harmonics Ylmðθ;ϕÞ as

ψðx⃗Þ ¼
X∞
l¼0

Xl
m¼−l

glmðrÞYlmðθ;ϕÞ; ð2Þ

where we call glmðrÞ the “spherical harmonics amplitude”
for a ðl; mÞ component.
This paper is organized as follows. After briefly review-

ing the HAL QCD method in Sec. II, we explain Misner’s
method in detail in Sec. III, together with some remarks on
its application to the HAL QCD method. Our main results
are given in Sec. IV, where we consider the spin-singlet
ΛcN system as a representative example. In Sec. IVA, we
extract the l ¼ 0 component of the NBS wave function
by Misner’s method, where the comb-like structures indeed
disappear. However, we find that contaminations from
l ≥ 4 partial waves are small in the Aþ

1 -projected NBS
wave function. In Sec. IV B, we analyze the Laplacian of
the NBS wave function by Misner’s method. We find that
l ≥ 4 components are enhanced by applying the Laplacian
to the NBS wave function in the conventional HAL QCD
method, while such a problem is absent in Misner’s
method, where the Laplacian is calculated analytically
for each partial-wave component. In Sec. IV C, we inves-
tigate parameter dependencies of the potential in Misner’s
method. In Sec. V, we calculate the scattering phases shifts
from the HAL QCD potentials with the conventional Aþ

1

projection and Misner’s S-wave extraction. We find that
both the central values and statistical errors agree in both
cases. We briefly discuss a reason for this agreement.
A summary and conclusions are presented in Sec. VI. In the
Appendix, a simpler but less general method is considered
to extract the l ¼ 0 component from the Aþ

1 -projected NBS
wave function.

II. HAL QCD METHOD

In the HAL QCD method [5–8], a nonlocal but energy-
independent potential is defined through the Schrödinger
equation as

ðEk −H0Þψ ðWkÞðx⃗Þ ¼
Z

d3x0Uðx⃗; x⃗0Þψ ðWkÞðx⃗0Þ;
�
Ek ¼

jk⃗j2
2μ

; H0 ¼ −
∇⃗2

2μ

�
; ð3Þ

where the NBS wave function in the center-of-mass frame
is given by

ψ ðWkÞðx⃗Þe−Wkt

¼ 1ffiffiffiffiffi
Z1

p ffiffiffiffiffi
Z2

p
X
y⃗

h0jB1ðx⃗þ y⃗; tÞB2ðy⃗; tÞj2B;Wki: ð4Þ

Here we consider a two-baryon system as a representative
case, where Biðx⃗; tÞ (i ¼ 1, 2) is the local interpolating
operator for a baryon Bi with renormalization factor

ffiffiffiffiffi
Zi

p
.
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The state j2B;Wki stands for a QCD eigenstate for the

two-baryon system with total energyWk ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
jk⃗j2 þm2

B1

q
þffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

jk⃗j2 þm2
B2

q
, with baryon masses mB1;2

and relative

momentum k⃗, and μ denotes the reduced mass. Since
the asymptotic behavior of the NBS wave function at large
r ¼ jx⃗j is identical to that of the scattering wave in quantum
mechanics, whose phase shift is the phase of the QCD S
matrix [10,11], the potential defined from the NBS wave
functions reproduces the scattering phase shifts in QCD.
Note that the nonlocal potential is constructed so as to be
energy independent below the inelastic threshold [6,8].
In terms of the NBS wave functions, the two-baryon

four-point correlation function is expressed as

Gðx⃗; t − t0Þ ¼
X
y⃗

h0jB1ðx⃗þ y⃗; tÞB2ðy⃗; tÞJ ðJPÞðt0Þj0i

¼
X
n

X
y⃗

h0jB1ðx⃗þ y⃗; tÞB2ðy⃗; tÞj2B;Wni

× h2B;WnjJ ðJPÞðt0Þj0i þ � � �
¼

ffiffiffiffiffi
Z1

p ffiffiffiffiffi
Z2

p X
n

ψ ðWnÞðx⃗Þe−Wnðt−t0ÞAn þ � � � ;

An ≡ h2B;WnjJ ðJPÞð0Þj0i; ð5Þ

where J ðJPÞðt0Þ stands for a source operator defined so as
to create two-baryon states at t ¼ t0 with total angular
momentum J and parity P, and the ellipsis represents
contributions from inelastic states. For a sufficiently large
t − t0, the NBS wave function for the ground state is
extracted from the four-point function as

Gðx⃗; t − t0Þ →
ffiffiffiffiffi
Z1

p ffiffiffiffiffi
Z2

p
ψ ðW0Þðx⃗Þe−W0ðt−t0ÞA0

þOðe−W1ðt−t0ÞÞ: ð6Þ

In practice, however, this extraction of the NBS wave
function from the ground-state saturation is very difficult
due to increasing statistical noise at large t − t0 [12–14].
Therefore, in Ref. [7] an improved method was proposed to
extract the potential without the requirement of the ground-
state saturation. We consider the normalized baryon four-
point correlation function (R correlator) defined by

Rðx⃗; t− t0Þ≡ Gðx⃗; t− t0Þ
e−mB1

ðt−t0Þe−mB2
ðt−t0Þ

¼
ffiffiffiffiffiffiffiffiffiffi
Z1Z2

p X
n

ψ ðWnÞðx⃗Þe−ΔWnðt−t0ÞAnþ�� � ; ð7Þ

where ΔWn ¼ Wn − ðmB1
þmB2

Þ. If contributions from
inelastic states are negligible (“elastic state saturation”),
this R correlator satisfies

��
1þ3δ2

8μ

� ∂2

∂t2−
∂
∂t−H0þO

�
δ2

2mB1
mB2

∂3

∂t3
��

Rðx⃗; t− t0Þ

¼
Z

d3x0Uðx⃗; x⃗0ÞRðx⃗0; t− t0Þ; ð8Þ

where δ ¼ ðmB1
−mB2

Þ=ðmB1
þmB2

Þ. Since the elastic-
state saturation can generally be achieved at much smaller
t − t0 than for ground-state saturation, we can obtain
reliable results from this “time-dependent HAL QCD
method” [12–15].
In order to handle the nonlocality of the potential, we

introduce the derivative expansion as

Uðx⃗; x⃗0Þ ¼ Vðx⃗; ∇⃗Þδð3Þðx⃗ − x⃗0Þ; ð9Þ

where Vðx⃗; ∇⃗Þ is expanded in terms of ∇⃗ [16]. At low
energies, since the leading-order (LO) potential of the
derivative expansion dominates [15], the interaction for the
S-wave spin-singlet system is well approximated by the LO
central potential, given as

V
1S0
LOðrÞ ¼

½ð1þ3δ2

8μ Þ ∂2
∂t2 −

∂
∂t −H0�R1S0ðx⃗; t − t0Þ

R
1S0ðx⃗; t − t0Þ

; ð10Þ

where the R correlator for the 1S0 state is defined as

R
1S0ðx⃗; t − t0Þ≡ PAþ

1 PS¼0Rðx⃗; t − t0Þ: ð11Þ

Here PS¼0 represents the projection to the state with total
spin S ¼ 0, while PAþ

1 stands for the projection to the Aþ
1

representation in Eq. (1). As we have explained before, the
Aþ
1 projection contains not only a l ¼ 0 component but also

l ≥ 4 components, which produce angular dependencies
for the R correlator as well as the potential.

III. APPROXIMATED PARTIAL-WAVE
DECOMPOSITION

A. Misner’s method

Let us consider the extraction glmðrÞ for a given r≡
jx⃗j ¼ R from the NBS wave function. In the continuum
space, we can obtain glmðRÞ by taking the spherical surface
integral at r ¼ R as

glmðRÞ ¼
Z
S
dΩYlmðθ;ϕÞψðx⃗; r ¼ RÞ; ð12Þ

because of the orthogonality of the spherical harmonics,Z
S
dΩYlmðθ;ϕÞYl0m0 ðθ;ϕÞ ¼ δll0δmm0 ; ð13Þ

where the overline represents complex conjugation. This is
even true in a finite L3

s box in the continuum space
for 0 < R ≤ Ls=2.
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In a discrete space such as the cubic lattice, however,
we can not obtain glmðRÞ for any R since NR (the number
of points that satisfy r ¼ R) is finite, so the infinite-
dimensional matrix

G≡
�
Glm;l0m0

≡ 1

NR

X
x⃗∈fx⃗jr¼Rg

Ylmðθ;ϕÞYl0m0 ðθ;ϕÞ
����jmj≤ l; jm0j≤ l0

	

ð14Þ

is noninvertible due to its zero eigenvalues. If one knows
that contributions from higher partial waves are negligible,
one can introduce some approximation in order to obtain
glmðRÞ for small l and some restricted R. For example, we
may impose the condition that l; l0 ≤ lmax, where lmax is
chosen so that the finite-dimensional matrix Glmax ≡
fGlm;l0m0 jl; l0 ≤ lmaxg becomes invertible. In the Appendix
we consider this approximation in detail.
In Ref. [3], a more general and sophisticated approxi-

mation was proposed. To explain the method, let us
start from the continuum case. We first introduce the
basis functions in the radial coordinate GR;Δ

n ðrÞ
(n¼0;…;∞) which are orthonormal in the radial interval
½R − Δ; Rþ Δ�,Z

RþΔ

R−Δ
dr r2GR;Δ

n ðrÞGR;Δ
m ðrÞ ¼ δnm: ð15Þ

One of the candidates for GR;Δ
n ðrÞ is given by

GR;Δ
n ðrÞ ¼ 1

r

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2nþ 1

2Δ

r
Pn

�
r − R
Δ

�
; ð16Þ

where PnðrÞ is the Legendre polynomial, which obviously
satisfies Eq. (15). When we consider a spherical shell SR;Δ
with thickness 2Δ surrounding the spherical surface r ¼ R
defined by

SR;Δ ≡ fx⃗jR − Δ ≤ r ≤ Rþ Δg; ð17Þ

an orthonormal basis function YR;Δ
nlmðr; θ;ϕÞ≡

GR;Δ
n ðrÞYlmðθ;ϕÞ obeysZ
SR;Δ

d3xYR;Δ
nlmðr; θ;ϕÞYR;Δ

n0l0m0 ðr; θ;ϕÞ ¼ δnn0δll0δmm0 ; ð18Þ

where the integral over SR;Δ is defined asZ
SR;Δ

d3x≡
Z

RþΔ

R−Δ
r2dr

Z
S
dΩ: ð19Þ

The NBS wave function in a spherical shell SR;Δ is
expanded in terms of the orthonormal basis functions as

ψðx⃗Þ ¼
X∞
n¼0

X∞
l¼0

Xl
m¼−l

cR;ΔnlmY
R;Δ
nlmðr; θ;ϕÞ ð20Þ

with coefficients cR;Δnlm, which can be determined by

cR;Δnlm ¼
Z
SR;Δ

d3xYR;Δ
nlmðr; θ;ϕÞψðx⃗Þ: ð21Þ

We finally obtain the spherical harmonics amplitude glmðrÞ
for R − Δ ≤ r ≤ Rþ Δ as

glmðrÞ ¼
X∞
n¼0

cR;ΔnlmG
R;Δ
n ðrÞ: ð22Þ

Reference [3] employed YR;Δ
nlmðr; θ;ϕÞ as the basis

function for the approximation in the case of the discrete
space on a cubic lattice. In this case, the volume integral is
replaced by a discrete sum asZ

SR;Δ

d3x ⇒
X
x⃗

ωR;Δðx⃗Þ; ð23Þ

where ωR;Δðx⃗Þ is a weight factor, which corresponds to a
volume of the overlapped region between the shell SR;Δ and
a unit cube around the point x⃗. For example, if the unit cube
lies entirely inside the shell SR;Δ, ωR;Δðx⃗Þ ¼ a3 with lattice
spacing a, while ωR;Δðx⃗Þ ¼ 0 when the unit cube lies
entirely outside the shell. Since ωR;Δðx⃗Þ in the general cases
is rather complicated, it was approximated in Ref. [3] as

ωR;Δðx⃗Þ ¼

8>><
>>:

a3 for jr−Rj< Δ− 1
2
a;

0 for jr−Rj> Δþ 1
2
a;

a2ðΔþ 1
2
a− jR− rjÞ otherwise;

ð24Þ

which corresponds to the overlapped volume of a unit cube
parallel to the radial direction. Using this, we define the
inner product of functions fðx⃗Þ and gðx⃗Þ in the shell SR;Δ as

hfjgiSR;Δ ≡
X
x⃗

ωR;Δðx⃗Þfðx⃗Þgðx⃗Þ: ð25Þ

Let us consider GAA0 ≡ hYR;Δ
A jYR;Δ

A0 iSR;Δ, with the shorthand
notation A ¼ ðn; l; mÞ. The finite-dimensional Hermitian
matrix G constructed from GAA0 with the restriction that
n; n0 ≤ nmax and l; l0 ≤ lmax becomes invertible if one
properly chooses nmax and lmax. Using G (whose depend-
encies on nmax and lmax are implicit here), one can define
the dual basis functions ỸR;Δ

A as

ỸR;Δ
A ðx⃗Þ≡X

B
0 YR;Δ

B ðx⃗ÞG−1
BA; ð26Þ
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which satisfies

hỸR;Δ
A jYR;Δ

B iSR;Δ ¼
X

C
0 G−1

AChYR;Δ
C jYR;Δ

B iSR;Δ
¼
X

C
0 G−1

ACGCB ¼ δAB; ð27Þ

where the prime in the summation indicates the upper
bounds nmax and lmax.
Assuming that cR;Δnlm is negligibly small for l > lmax or

n > nmax, Eq. (20) is approximately written as

ψðx⃗Þ ≃
Xnmax

n¼0

Xlmax

l¼0

Xl
m¼−l

cR;ΔnlmY
R;Δ
nlmðr; θ;ϕÞ ð28Þ

with the coefficient cR;Δnlm ¼hỸR;Δ
nlmjψiSR;Δ . Finally, the spheri-

cal harmonics amplitude glmðRÞ can be approximated as

glmðRÞ ≃
Xnmax

n¼0

cR;ΔnlmG
R;Δ
n ðRÞ: ð29Þ

B. Misner’s method as a minimization

Misner’s method can also be understood from the
viewpoint of least-square minimization, and we here give
the explicit correspondence following Ref. [17].

Let us denote a NR;Δ-component vector Ψ of the NBS
wave function as

Ψ ¼

0
BBBBB@

ψðx⃗1Þ
ψðx⃗2Þ

..

.

ψðx⃗NR;Δ
Þ

1
CCCCCA; ð30Þ

where NR;Δ is the number of points in the shell SR;Δ or,
equivalently, the number of data with nonzero ωR;Δðx⃗Þ.
Similarly, we define a NR;Δ ×M rectangular matrix Y of
the basis functions, whose components are defined by

Yi;nlm ¼ YR;Δ
n;l;mðx⃗iÞ; 1 ≤ i ≤ NR;Δ;

0 ≤ n ≤ nmax; 0 ≤ l ≤ lmax; jmj ≤ l; ð31Þ

where M is the number of basis functions and is given by
M ¼ ðnmax þ 1Þðlmax þ 1Þ2. For nmax ¼ 2 and lmax ¼ 2,
for example, Y becomes

Y ¼

0
BBB@

YR;Δ
0;0;0ðx⃗1Þ YR;Δ

0;1;−1ðx⃗1Þ YR;Δ
0;1;0ðx⃗1Þ � � � YR;Δ

2;2;2ðx⃗1Þ
..
. ..

. ..
. ..

.

YR;Δ
0;0;0ðx⃗NR;Δ

Þ YR;Δ
0;1;−1ðx⃗NR;Δ

Þ YR;Δ
0;1;0ðx⃗NR;Δ

Þ � � � YR;Δ
2;2;2ðx⃗NR;Δ

Þ

1
CCCCCA; ð32Þ

where the number of columns is M ¼ 27. Defining a
NR;Δ × NR;Δ diagonal matrix W for the nonzero weight
ωR;Δðx⃗Þ, the M ×M matrix ≡fGABg is simply written as
G ¼ Y†WY.
Using these notations, we introduce a trial NR;Δ-

component vector function Ψ̃≡ YC̃ as

Ψ̃i ≡ ψ̃ðx⃗iÞ ¼
Xnmax

n¼0

Xlmax

l¼0

Xl
m¼−l

Yi;nlmC̃nlm; ð33Þ

where a M-component vector C̃ corresponds to fit param-
eters that should minimize

FðC̃Þ ¼ ðΨ̃ −ΨÞ†WðΨ̃ −ΨÞ ¼ ðYC̃ − ΨÞ†WðYC̃ −ΨÞ:

Since dFðC̃Þ=dC̃ ¼ 0 at the minimum C̃ ¼ C̃min, we obtain

C̃min ¼ ðY†WYÞ−1Y†W Ψ ¼ G−1Y†W Ψ;

so that

ðΨ̃minÞi ¼ ðYC̃minÞi ¼
X

A
0 YR;Δ

A ðx⃗iÞhỸR;Δ
A jψiSR;Δ

¼
Xnmax

n¼0

Xlmax

l¼0

Xl
m¼−l

YR;Δ
nlmðx⃗iÞcR;Δnlm; ð34Þ

which agrees with Misner’s method [Eq. (28)]. Therefore,
Misner’s method is equivalent to finding a solution
of ψ̃ðx⃗iÞ that minimizes the difference between the data
ψðx⃗iÞ and the fit function ψ̃ðx⃗iÞ defined by the norm
hψ̃ − ψ jψ̃ − ψiSR;Δ .

C. Remarks

The calculation of the potential in the HAL QCDmethod
requires applying the Laplacian to the NBS wave func-
tion, which is conventionally approximated by a finite
difference, and thus contains discretization errors. In the
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application of Misner’s decomposition to the HAL QCD
method, we can instead employ an analytical expression
for the Laplacian, which operates on the (approximately
obtained) partial wave glmðrÞYlmðθ;ϕÞ as

∇⃗2½glmðrÞYlmðθ;ϕÞ�

¼
�
1

r
∂2

∂r2 ½rglmðrÞ� −
lðlþ 1Þ

r2
glmðrÞ

	
Ylmðθ;ϕÞ; ð35Þ

where

1

r
∂2

∂r2 ½rglmðrÞ� ¼
Xnmax

n¼0

cR;Δnlm
1

r
∂2

∂r2 ½rG
R;Δ
n ðrÞ�

¼ 1

r

Xnmax

n¼0

cR;Δnlm
∂2

∂r2
� ffiffiffiffiffiffiffiffiffiffiffiffiffi

2nþ1

2Δ

r
Pn

�
r−R
Δ

��

¼ 1

rΔ2

Xnmax

n¼0

ffiffiffiffiffiffiffiffiffiffiffiffiffi
2nþ1

2Δ

r
cR;ΔnlmP

00
n

�
r−R
Δ

�
; ð36Þ

and P00
n is the second-order derivative for the Legendre

polynomial. Unlike the conventional HAL QCD method in
which the difference operator for the Laplacian is applied to
(all partial-wave components of) the NBS wave function, it
is clear that the analytic derivative in Misner’s method does
not induce contributions from partial waves other than the
targeted one. A comparison between the two implementa-
tions of the Laplacian operator will be given in Sec. IV B.
In Misner’s method, it is practically important to choose

nmax, lmax, and Δ appropriately. While larger nmax, lmax and
smaller Δ give a better approximation of the NBS wave
function, they lead to a small NR;Δ −M that may cause
some numerical instability due to small eigenvalues of GAB
[18] or may give an overfitting, where NR;Δ and M
correspond to the number of data and fit parameters,
respectively. For example, if the variation of the NBS
wave function in the radial coordinate is large, one should
increase nmax to better approximate the spherical harmonics
amplitude glmðrÞ, but not too much so as to avoid instability
or overfitting. The scaling of the discretization error in
Misner’s method was discussed in Ref. [19]. It was found
that the error depends on Δ as OðΔnmaxþ2Þ, which also
indicates that the choice of Δ ¼ OðaÞ is preferable. In
addition, the volume integral in the shell with the approxi-
mated weight [Eq. (24)] gives aOða2Þ error with the choice
Δ ¼ OðaÞ. Therefore, the choice of parameters nmax ¼ 2
with Δ ¼ OðaÞ is found to be good for second-order
accuracy. The author [19] also suggested Δ ¼ 3a=4 as a
rule of thumb from numerical investigations, but we have to
examine whether the results are stable against changes in
the parameters Δ; nmax, and lmax case by case, as will be
presented in the next section.
In practice, the most costly calculation in Misner’s

method is the construction of the matrix GAB. Once we

calculate the matrix, however, we can use it for different
lattice data (e.g., NBS wave functions calculated on differ-
ent gauge samples). Therefore, it is better to calculate the
dual basis functions [Eq. (26)] once before the calculation
of the spherical harmonics amplitude from NBS wave
functions and use them in later analyses. One possible
obstacle in this procedure is that the dual basis functions
ỸR;Δ

nlmðx⃗Þ require a large amount of memory to store,
L3ðnmax þ 1Þðlmax þ 1Þ2 × 16 bytes for each given value
of R. For example, the required memory for ỸR;Δ

nlmðx⃗Þ with
L¼32, nmax¼4, and lmax¼ 6 becomes 323 × 5 × 72 ×
16 bytes ¼ 122.5 MB. In order to reduce the memory
usage by a factor of ðnmax þ 1Þ, we instead store

FR;Δ
lm ðx⃗Þ≡Xnmax

n¼0

GR;Δ
n ðRÞ ỸR;Δ

nlmðx⃗Þ; ð37Þ

which needs only 24.5 MB. Using this function, the
spherical harmonics amplitude glmðRÞ can be calculated
directly as

hFR;Δ
lm jψiSR;Δ ¼

Xnmax

n¼0

GR;Δ
n ðRÞhỸR;Δ

nlmjψiSR;Δ

¼
Xnmax

n¼0

GR;Δ
n ðRÞcR;Δnlm ≃ glmðRÞ: ð38Þ

Furthermore, it is sufficient to store FR;Δ
lm ðx⃗Þ only at a point

x⃗ included in the shell SR;Δ where the weight function
ωR;Δðx⃗Þ is nonzero, which leads to a large reduction in
memory usage.

IV. HAL QCD POTENTIALS WITH
MISNER’S METHOD

For the numerical calculation, we consider the spin-
singlet ΛcN system in (2þ 1)-flavor full lattice QCD with
the renormalization-group-improved Iwasaki gluon action
and a nonperturbatively OðaÞ-improved Wilson-clover
quark action on a ð32a fmÞ3 × ð64a fmÞ volume with
lattice spacing a ≃ 0.0907 fm at mπ ≃ 700 MeV. We apply
Misner’s method to the same NBS wave function data
calculated in Ref. [20], where results using the conven-
tional HAL QCD method were given. We employ a wall-
type source operator and thus the ΛcN system belongs to
the Aþ

1 representation of the cubic group. In order to reduce
the statistical fluctuations, we also impose the Aþ

1 projec-
tion on the sink operator as given in Eq. (1). Recall that the
Aþ
1 representation contains the partial waves l ¼ 0; 4; 6;….

In this study, we consider the Aþ
1 -projected R correlator

taken at t − t0 ¼ 13a. There are 399 configurations, and the
statistical errors are estimated by the jackknife method with
a bin size of 57 configurations (for a total of seven bins).
For more details on the simulation setup, see Ref. [20].
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A. NBS wave function for the spin-singlet ΛcN system

Figure 1 shows the results of the R correlator defined in
Eq. (7) for the spin-singlet ΛcN system. The gray points
represent the Aþ

1 -projected R correlator divided by Y00,
which was actually used in Ref. [20] to construct the ΛcN
potential. The red points correspond to the spherical
harmonics amplitude glmðrÞ for the l ¼ m ¼ 0 component
calculated by Misner’s method for the radial coordinate r
from 2a to 16a with the interval Δr ¼ 0.2a, so that some
data is used several times. We do not use Misner’s method
for r < 2a and r > Ls=2 ¼ 16a: in the former case, the
number of data points in the spherical shell Sr;Δ is too
small, whereas in the latter case the spherical shell is not
contained in the L3

s cubic lattice. Here we employ Δ ¼ a,
nmax ¼ 2, and lmax ¼ 4 as the parameters in Misner’s

method, and we find that g00ðrÞ has a weak parameter
dependence.
Figure 1 shows small comb-like structures in the Aþ

1 -
projected R correlator, which however do not appear in the
l ¼ 0 component extracted by Misner’s method. This
observation indicates that l ≥ 4 components exist in the
Aþ
1 -projected R correlator and their angular dependencies

become manifest as the comb-like structures in the radial
coordinate. Such higher partial-wave components can be
explicitly extracted by Misner’s method, as shown in Fig. 2
for the l ¼ 4 component [g40ðrÞ ¼ g4�4ðrÞ]. Note that
g4mðrÞ ¼ 0 for m ≠ 0;�4 for the Aþ

1 representation. We
find that the l ¼ 4 component indeed exists, but its
magnitude is small [by a factor of Oð10−3Þ compared to
that of the l ¼ 0 component]. On the other hand, the

FIG. 2. The spherical harmonics amplitudes for the l ¼ 4 component extracted by Misner’s method.

FIG. 1. The R correlator for the spin-singlet ΛcN system at t − t0 ¼ 13a for mπ ≃ 700 MeV. The gray points show the R correlator
with the Aþ

1 projection divided by Y00, while the red points correspond to the spherical harmonics amplitude g00ðrÞ calculated by
Misner’s method.
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absence of comb-like structures in the l ¼ 0, 4 components
obtained by Misner’s method with lmax ¼ 4 indicates that
l ≤ 4 components are sufficient to explain the Aþ

1 -projected
R correlator, which is explicitly confirmed by observing
that the l ¼ 6 component extracted by Misner’s method
with lmax ¼ 6 is actually negligible. The mixing of the
l ¼ 4 component is most likely induced due to the rota-
tional symmetry breaking by the finite volume (IR effect),
except for r≲ a where there could also exist an effect from
the finite lattice spacing (UV effect).

B. Laplacian and HAL QCD potential

We now study the effect of applying the Laplacian to the
NBS wave function. Note that the term containing the
Laplacian, i.e., the third term on the rhs of Eq. (10) is

known to give the dominant contribution for the potential.
In the conventional HAL QCD method, the Laplacian
approximated by a finite second-order difference is applied
to (all partial-wave components of) the NBS wave function,
while it is analytically calculated as Eq. (35) in Misner’s
method for the designated partial-wave component. In
Fig. 3, we compare the Laplacian applied to the NBS
wave functions between Misner’s method (red points) and
the conventional HAL QCD method (gray points). In the
case of Misner’s method, the Laplacian analytically applied
to g00ðrÞ does not exhibit the comb-like structure. In the
case of the conventional HAL QCD method, on the other
hand, we find that the comb-like structures are much larger
than those of the R correlator itself, indicating that the l ≥ 4
components are larger for the conventional Laplacian. The
partial-wave decomposition of the conventional Laplacian

FIG. 3. The Laplacian applied to the R correlator in the conventional method (gray points) and in Misner’s method (red points). The
Laplacian is defined by a finite second-order difference in the former, while it is analytically calculated using Eq. (35) in the latter.

FIG. 4. Ratio of the spherical harmonics amplitudes, g40ðrÞ=g00ðrÞ, for the R correlator (red triangles) and Laplacian term (blue
squares).
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term reveals that the l ¼ 4 component is indeed larger than
the case of the R correlator as shown in Fig. 4. The origin of
these l ≥ 4 components in the conventional Laplacian is
most likely the l ≥ 4 components in the R correlator
enhanced by the Laplacian, rather than the discretization
error in the conventional Laplacian operator itself. In fact,
in the case of Misner’s method, the difference between the
results with the conventional Laplacian operator applied to
g00ðrÞ and those with the analytic Laplacian operator is
found to be marginal.
In Fig. 5 we show the HAL QCD potentials for the spin-

singlet ΛcN system from Misner’s S-wave extraction (red
points) and the conventional Aþ

1 projection (gray points). In
the case of Misner’s extraction, the potential is found to be
free from comb-like structures. In the case of the conven-
tional projection, however, the potential has large comb-
like structures. The main origin is the l ≥ 4 components in
the Laplacian term for the potential, which are enhanced by
applying the Laplacian to the R correlator, even though
l ≥ 4 components are small in the R correlator itself.

C. Parameter dependencies for potentials
in Misner’s method

Here we discuss the dependencies of the potentials in
Misner’s method on the parameters Δ; nmax and lmax, which
correspond to the thickness of the spherical shell, and the
maximum number of bases for the radial function and
spherical harmonics, respectively. Throughout this section,
the potential is constructed from the l ¼ 0 component of
the NBS wave function.
We first show the nmax dependence with the other

parameters fixed to Δ ¼ a and lmax ¼ 4 in the top two
panels of Fig. 6, where we vary the value of nmax from 1 to
5. In Fig. 6 we plot only the central values of the potentials
without statistical errors in order to make it easier to see the

dependence on the parameters in Misner’s method. Note
that the magnitudes of the statistical errors are found to be
stable against changing parameters. For nmax ¼ 1, the
potential does not reproduce the correct behavior. The
reason is that the second derivative of the Legendre
polynomial P00

nðxÞ is zero for n ¼ 0 and 1, and thus the
Laplacian term in the potential from the spherical harmon-
ics amplitude vanishes. The small contribution to the
potential at nmax ¼ 1 comes from the time-derivative terms
[the first and second terms in Eq. (10)]. Thus, it is necessary
to take nmax ≥ 2, for which we find that the potentials are
almost stable against changes in nmax. While we observe
small oscillations of the potential for nmax ≥ 4, they are
probably due to the numerical instabilities associated with
small eigenvalues of GAB caused by a large nmax, as
discussed in Sec. III C. Recall also that the discretization
errors of the radial orthonormal basis function GR;Δ

n ðrÞ are
known to be OðΔnmaxþ2Þ [19]. Since the discretization
errors in our lattice QCD action [20] are Oða2Þ, a choice
nmax ¼ 2 with Δ ¼ OðaÞ is reasonable.
We next present the Δ dependence of the potential

in the middle two panels of Fig. 6, where we take
Δ ¼ 0.2a; 0.5a; a; 1.5a, and 2a with nmax ¼ 2 and
lmax ¼ 4 fixed. For Δ ¼ 0.2a and 0.5a, we find the
comb-like structures even in the potential constructed from
the l ¼ 0 component, while such structures are absent for
the potential with Δ ≥ a. This can be understood from the
fact that the number of data points in the spherical shell
becomes too small for small Δ to accurately reproduce the
spherical harmonics amplitude. For larger Δ, on the other
hand, there appear small deviations from the potential with
Δ ¼ a at short distances, while the potentials at long
distances are stable against changes in Δ. This may be
explained by the fact that variations of the R correlator in
the spherical shell become sizable for larger Δ, so we need

FIG. 5. The potential for the spin-singlet ΛcN system at mπ ≃ 700 MeV, constructed using the time-dependent HAL QCD method
from the Aþ

1 -projected R correlator at t − t0 ¼ 13a. The gray points show the potential from the conventional Aþ
1 projection, while the

red points correspond to that from Misner’s S-wave extraction.
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to enlarge nmax accordingly to approximate the spherical
harmonics amplitudes precisely. In fact, by taking larger
values of nmax in the case of Δ ¼ 1.5a; 2a, we find that the

results tend to converge to that with Δ ¼ a and nmax ¼ 2.
From these observations, we take Δ ¼ a and nmax ¼ 2 in
this paper.

FIG. 6. The parameter dependence in Misner’s method for the potential. The red line (with triangles) shows the HAL QCD potential
constructed with Misner’s method with the parameters nmax ¼ 2, lmax ¼ 4, and Δ ¼ a, while the other lines (with other symbols)
represent those with the parameters specified in the legends.
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Finally, we investigate the lmax dependence with Δ and
nmax fixed, as shown in the lower two panels of Fig. 6. We
take lmax ¼ 0, 4, 6, and 8, while keeping Δ ¼ a and
nmax ¼ 2. The potentials are stable against changes in
lmax. While the potential is rather reasonable even in the
case of lmax ¼ 0, small oscillations are observed in the
potential for this case. Such oscillations are absent for
lmax ≥ 4, indicating that the lmax ¼ 4 component has small
but non-negligible contributions in the R correlator, while
lmax > 4 components are sufficiently small. The l ¼ 6
component in the R correlator obtained with lmax ≥ 6 is
actually found to be negligible. Therefore, we take lmax ¼ 4
in this paper as a conservative choice to avoid numerical
instabilities for larger lmax.

V. PHASE SHIFTS FOR THE SPIN-SINGLET
ΛcN SYSTEM

Here we compare the scattering phase shifts calculated
from the HAL QCD potential obtained by Misner’s S-wave
extraction with those obtained by the conventional Aþ

1

projection, in order to estimate the effects of l ≥ 4 partial
waves on physical observables. For this purpose, we fit
both potentials using the fit function

VfitðrÞ ¼ a1e
−ð r

a2
Þ2 þ a3

�
ð1 − e−a4r

2Þ e
−a5r

r

�
2

; ð39Þ

with the fitting range r ∈ ½2a; 16a�, where both the fit and
original data are shown in Fig. 7. While the conventional
HAL QCD potential has large comb-like structures, the fit
parameters ai are almost identical for both potentials, and,
more surprisingly, the magnitudes of statistical errors are
also found to be similar. This observation indicates that
l ≥ 4 contributions in the conventional HAL QCD potential
hardly affect the fit of the potential. The agreement for the

fit parameters between the two cases is most likely due to
the fact that the fit function for the potential is taken to be
isotropic [see Eq. (39)]. In the fit, we employ the uncorre-
lated fit; a more systematic study with the correlated fit is
left for future studies.
By solving the Schrödinger equation numerically with

the fitted potentials, we extract the scattering phase shifts,
which are shown in Fig. 8. As expected from the fit results
for the potentials, both the central values of the scattering
phase shifts and their statistical errors are almost identical
for the two methods.
In the analysis with the conventional HAL QCDmethod,

while the potential is affected by contaminations from

FIG. 7. Fits for the HAL QCD potential obtained from the conventional Aþ
1 projection (left) and from Misner’s S-wave extraction

(right). The fit range is r ∈ ½2a; 16a� for both cases.

FIG. 8. Scattering phase shifts for the spin-singlet ΛcN system.
The blue dashed line shows the phase shifts calculated from the
potential by the conventional Aþ

1 projection, while the red solid
line represents the phase shifts calculated from the potential by
Misner’s S-wave extraction.
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higher partial waves with l ≥ 4, it is confirmed that the
results for the scattering phase shifts are not affected by
such systematics for both central values and magnitudes of
errors. The conventional HAL QCD potential sometimes
shows large fluctuations, in particular for NN channels at
lighter pion masses. The results in this paper tell us that
these fluctuations are mainly systematic and are due to
contaminations of higher partial waves enhanced by the
Laplacian. By removing higher partial-wave components
from the R correlator and calculating the Laplacian
analytically, the analysis with Misner’s method reveals
genuine statistical errors of the potential. The agreement
between errors of the scattering phase shifts (or equiv-
alently the fitted potential) in the two analyses with the
conventional method and Misner’s method provides a
valuable check of the results.

VI. SUMMARY AND CONCLUSION

In this paper, we have performed the approximated
partial-wave decomposition by Misner’s method to lattice
QCD data in order to extract the l ¼ 0 component of the
Aþ
1 -projected NBS wave functions and its Laplacian for

the ΛcN system in the spin-singlet channel, calculated in
the (2þ 1)-flavor QCD on ð32a fmÞ3 × ð64a fmÞ at mπ ≃
700 MeV [20].
We obtained the following results. While the Aþ

1 -
projected NBS wave functions contain small contamina-
tions from l ≥ 4 partial waves, such contaminations are
enhanced if the Laplacian approximated by the second-
order difference is applied to the NBS wave function,
which cause large fluctuations in the conventional HAL
QCD potential. With the use of Misner’s method, since the
Laplacian can be calculated analytically for the designated
(l ¼ 0) partial-wave component in the NBS wave function,
the potential is free from contaminations from higher partial
waves, and thus its fluctuations become much smaller.
Therefore, Misner’s method is very useful for reducing
superficial fluctuations of the potential. If we fit the
potentials as a function of r, both the central values and
statistical errors of the fit parameters are almost indepen-
dent of whether the conventional HAL QCD potential or
the potential extracted with Misner’s method is used as
input. Consequently, the scattering phase shifts agree
between the two methods. This agreement demonstrates
not only that Misner’s method works well in the HAL QCD
method, but also that the contaminations from higher
partial waves in the study of S-wave scatterings are well
under control even in the conventional HAL QCD method.
Since one can approximately obtain the spherical har-

monics amplitude for an arbitrary l component by Misner’s
method, it is interesting to apply the method to extract the
potentials from higher partial-wave channels. For example,
in order to extract the tensor potential, one needs to obtain
the l ¼ 0 and l ¼ 2 components of the NBS wave function
separately. In the conventional HAL QCD method, one

extracts the l ¼ 2 component from the NBS wave function
by the projection ð1 − PAþ

1 Þ, which however also contains
l ≥ 4 components. By employing Misner’s method, on the
other hand, one can extract the l ¼ 0 and l ¼ 2 components
separately without contaminations from higher partial
waves, and thus obtain the tensor potential as well as
the central potential without comb-like structures.
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APPENDIX: APPROXIMATED PARTIAL-WAVE
DECOMPOSITION AT FIXED r

In this appendix, we propose a simpler method to extract
g00ðrÞ from the discrete data, which is compared with
Misner’s method. Here we consider the Aþ

1 -projected NBS
wave function defined by

ψAþ
1 ðx⃗Þ≡PAþ

1 ψðx⃗Þ
¼Y

Aþ
1

00 ðθ;ϕÞg00ðrÞþ
X

m¼0;�4

Y
Aþ
1

4mðθ;ϕÞg4mðrÞþ �� � ;

ðA1Þ

where PAþ
1 is the projection operator to the Aþ

1 representa-

tion, Y
Aþ
1

00 ðθ;ϕÞ and Y
Aþ
1

4mðθ;ϕÞ stand for the Aþ
1 -projected

spherical harmonics, given by

Y
Aþ
1

00 ðx; y; zÞ ¼ Y00ðx; y; zÞ ¼
1ffiffiffiffiffiffi
4π

p ; ðA2Þ

Y
Aþ
1

40 ðx; y; zÞ ¼
7

8
ffiffiffi
π

p x4 þ y4 þ z4 − 3ðx2y2 þ y2z2 þ z2x2Þ
r4

;

ðA3Þ

Y
Aþ
1

4;þ4ðx; y; zÞ ¼ Y
Aþ
1

4;−4ðx; y; zÞ ¼
ffiffiffiffiffi
5

14

r
Y
Aþ
1

40 ðx; y; zÞ; ðA4Þ

and the ellipsis denotes higher angular momentum com-
ponents such as l ¼ 6; 8;…. In the Aþ

1 representation, the
l ¼ 4 components become nonzero only for m ¼ 0;�4.

Since Y
Aþ
1

40 (and Y
Aþ
1

4;�4) has an angular dependence, the NBS
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wave function at given r is multivalued, which gives rise
to comb-like structures in the potential in the radial
coordinate.
Let us assume that there are N points x⃗i ði ¼ 1;…; NÞ

that satisfy jx⃗ij ¼ r but cannot be transformed into each
other by a cubic rotation. Neglecting components with
l ≥ 6, we have

ψAþ
1 ðx⃗iÞ ≃ Y

Aþ
1

00 g00ðrÞ þ
X

m¼0;�4

Y
Aþ
1

4mðx⃗iÞg4mðrÞ

¼ Y
Aþ
1

00 g00ðrÞ þ Y
Aþ
1

40 ðx⃗iÞg4ðrÞ; ðA5Þ

where we omit the arguments for the constant Y
Aþ
1

00 ,

and g4ðrÞ≡g40ðrÞþ
ffiffiffiffi
5
14

q
ðg44ðrÞþg4−4ðrÞÞ. Equation (A5)

can be compactly written as

0
BB@

ψAþ
1 ðx⃗1Þ
..
.

ψAþ
1 ðx⃗NÞ

1
CCA ¼

0
BB@

Y
Aþ
1

00 Y
Aþ
1

40 ðx⃗1Þ
..
. ..

.

Y
Aþ
1

00 Y
Aþ
1

40 ðx⃗NÞ

1
CCA
 
g00ðrÞ
g4ðrÞ

!
; ðA6Þ

where the matrix on the right-hand side is (in general)
a N × 2 rectangular matrix. If N > 2, we solve Eq. (A6)
using the singular-value decomposition (SVD) for
the rectangular matrix. The SVD for a M × NðM > NÞ
rectangular matrix A is denoted as A ¼ UΣV†, where U, V
are unitary matrices and Σ is a diagonal matrix of the
singular values. Then, the generalized inverse matrix
is defined as A−1 ¼ VΣ−1U†, where Σ and Σ−1 are
given by

FIG. 9. The R correlator for the spin-singlet ΛcN system at mπ ≃ 700 MeV (upper panels) and its Laplacian term (lower panels). The
R correlator is calculated at t − t0 ¼ 13a. The spherical harmonics amplitude g00ðrÞ and its Laplacian term extracted using the method in
this appendix are plotted (blue points), together with those from Misner’s method (red points) as well as the original Aþ

1 -projected R
correlator and its Laplacian term (gray points).
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Σ≡
 
diagðσ1;…; σNÞ

0ðM−NÞ×N

!
; ðA7Þ

Σ−1 ≡ ð diagðσ−11 ;…; σ−1N Þ 0N×ðM−NÞ Þ; ðA8Þ

where 0M×N represents the M × N zero matrix. Here we
assume that all singular values are nonzero; otherwise, the
generalized inverse matrix cannot be defined.
An extension to higher angular momentum components

than l ¼ 4 is straightforward. Including the l ¼ 6 compo-
nent, for instance, we can extract the radial functions for
l ¼ 0, 4, and 6 by solving the equation
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ψAþ
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1
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g6ðrÞ

1
CA:

ðA9Þ

Since the matrix on the right-hand side is a N × 3
rectangular matrix, we need at least three points that satisfy
jx⃗ij ¼ r but are not transformed by the cubic rotation.
We next consider the extraction of the Laplacian for a

radial function such as g00ðrÞ in order to construct the
potentials. Neglecting components with l ≥ 6 again, the
Laplacian of the NBS wave function in Eq. (A5) becomes

∇⃗2
ψAþ

1 ðx⃗iÞ ¼ Y
Aþ
1

00 ∇⃗2g00ðrÞ þ ∇⃗2½YAþ
1

40 ðx⃗iÞg4ðrÞ�; ðA10Þ

where the second term is evaluated in the continuum
relation as

∇⃗2½YAþ
1

4 ðx⃗iÞg4ðrÞ�¼Y
Aþ
1

4 ðx⃗iÞ
�
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r2

�
g4ðrÞ: ðA11Þ

Combining Eqs. (A5) with (A10), we have
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1
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which can be solved using SVD. Note that the Laplacian
on the left-hand-side of Eq. (A10) is approximated by
the second-order difference, which has Oða2Þ discretized
errors.
An advantage of this method over Misner’s method is

that we do not need a parameter to extract the l ¼ 0
component of the NBS wave function. Applying this
method, we extract the l ¼ 0 component of the Aþ

1 -
projected R correlator for the spin-singlet ΛcN system.
In Fig. 9, g00ðrÞ and its Laplacian are compared with those
extracted by Misner’s method. The spherical harmonic
amplitude g00ðrÞ extracted by this method does not show

FIG. 10. The potential for the spin-singletΛcN system. The potential is constructed using the time-dependent HAL QCDmethod from
the Aþ

1 -projected R correlator calculated at t − t0 ¼ 13a at mπ ≃ 700 MeV. The gray points show the potential calculated using the
conventional HAL QCD method, while the blue and red points correspond to the potential constructed from the spherical harmonics
amplitude g00ðrÞ calculated using the method in this appendix and Misner’s method, respectively.
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comb-like structures and is consistent with g00ðrÞ in
Misner’s method, while its Laplacian has comb-like struc-
tures, which probably originate from discretized errors due
to the Laplacian on the left-hand-side of Eq. (A10).
Consequently, the potential constructed from the l ¼ 0

component using this method (shown in Fig. 10) also has
comb-like structures. Therefore, Misner’s method works
better for the HAL QCD potential than the method in this
section, which however may be used to extract g00ðrÞ
only [21].
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