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In chaotic dynamical systems, non-hyperbolicity or bifur-
cations such as an onset of type-I intermittency (a tangent bi-
furcation) and a crisis, which can be observed, for example,
at both ends of the period-three window of the logistic map,
cause characteristic large fluctuations in a finite range of the
local expansion rate, whose long time average is equal to the
maximum Lyapunov exponent. This appears as a non-analytic
rate function of the local expansion rate. Some researchers
call it a “q-phase transition”.?)

For a one-dimensional chaotic map xn+1 = f (xn), the local

expansion rate λ(xn) is given by λ(xn) = log
∣∣∣∣∣d f (xn)

dxn

∣∣∣∣∣. If the

map has a smooth extremum at x = x∗, λ(x∗) goes to nega-
tive infinity. Although a smooth extremum is a special case of
non-hyperbolicity in a one-dimensional map, diverging local
expansion rates due to non-hyperbolicity in general chaotic
dynamical systems such as higher-dimensional maps and dif-
ferential equations also cause a non-analytic rate function of
the local expansion rate.?)

The Lorenz plot with the classical parameters?) has a cusp-
shaped maximum, at which the local expansion rate goes to
positive infinity. Szépfalusy et al. studied thermodynamics
(large deviations) of the local expansion rate in such Lorenz-
type maps to derive some phase transitions.?)

In this short paper, we consider a hyperbola-shaped one-
dimensional map, which is an iteration of the Newton method
of solving x2 + 1 = 0, and is topologically conjugate to the
Bernoulli shift. Its invariant density turns out to be a Cauchy
distribution. By use of this map, we obtain an exact rate func-
tion of the local expansion rate, which has a non-analytic
point. Owing to the limited space of Short Notes, readers are
kindly requested to refer to the literature?) for a detailed intro-
duction and detailed derivation of thermodynamic functions.

Applying the Newton method to the equation x2 + 1 = 0,
which has no real roots, we have the iterative map

xt+1 =
1
2

(
xt −

1
xt

)
(−∞ < x < ∞),

which is topologically conjugate to the Bernoulli shift zt+1 =

2zt (mod 1) (0 ≤ z < 1), whose invariant density is uniform,
via the variable transformation x = − cot πz, as indicated by
Devaney.?) This map is not contained in the list of solvable
chaotic maps in the literature.?)

The invariant density and the Lyapunov exponent are not
mentioned by Devaney,?) which can be derived straightfor-
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wardly. Owing to the conservation of probability p(x)dx =
1 ·dz, the invariant density is given by the Cauchy distribution

p(x) =
1

π(1 + x2)
.

By use of the transform x(z) = − cot πz and the conserva-
tion of probability p(x)dx = 1 · dz, the Lyapunov exponent
Λ∞ can be obtained from the average of the local expansion
rate with respect to the invariant density as

Λ∞ = log 2 =
∫ ∞

−∞

(
log

1 + x2

x2 − log 2
)

p(x)dx

=

∫ 1

0

(
log

1 + cot2 πz
cot2 πz

− log 2
)

dz = −2I − log 2,

where the following relations are used:

I =
2
π

∫ π/2

0
log(cos θ′) dθ′

=
2
π

∫ 0

π/2
log(cos(

π

2
− α))d(

π

2
− α)

=
2
π

∫ π/2

0
log(sinα) dα

2I =
2
π

∫ π/2

0
log(cos θ′) dθ′ +

2
π

∫ π/2

0
log(sin θ′) dθ′

=
2
π

∫ π/2

0
log(

sin 2θ′

2
) dθ′ = I − log 2,

leading to I = − log 2, where the relation θ′ =
π

2
− α is used.

Several frameworks of the thermodynamic formalism of
the temporal fluctuation have been introduced. We hereafter
adopt the formalism introduced by Mori et al.?) The average

of the local expansion rates over n steps Λn(x0) =
1
n

n−1∑
k=0

λ(xk)

also fluctuates. When we introduce the probability P(Λ; n)dΛ
for Λn(x0) to take a value in the interval [Λ,Λ + dΛ] for a
given n, the probability density function is given by P(Λ; n) =
⟨δ(Λn(x)−Λ)⟩, where δ(g) is the δ-function of g and ⟨ f (x)⟩ is
the average over the natural invariant measure

∫
f (x)p(x)dx.

The rate function of the local expansion rate ψ(Λ) is defined
by the limit

ψ(Λ) = − lim
n→∞

1
n

log
P(Λ; n)

P(Λ∞; n)
.

For a real parameter q (−∞ < q < ∞) conjugate to Λ, we in-
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troduce the partition function Zn(q) = ⟨exp(−n(q − 1)Λn(x))⟩,
the free-energy-like function Φ(q) = − lim

n→∞

1
n

log Zn(q), and

the magnetization-like function Λ(q) =
dΦ(q)

dq
. Among these

functions, the following Legendre-transform-like relations
hold: Φ(q) = ψ(Λ(q)) + (q − 1)Λ(q) and ψ(Λ) = Φ(q(Λ)) −
(q(Λ) − 1)Λ, where q(Λ) is the inverse function of Λ(q).

The finite-time average of the local expansion rates over n
steps is obtained from the chain rule as∣∣∣∣∣dxn

dx0

∣∣∣∣∣ = ∣∣∣∣∣ dxn

dxn−1

dxn−1

dxn−2
· · · dx1

dx0

∣∣∣∣∣ = 2n

∣∣∣∣∣∣ sin2 πz0

sin2 πzn

∣∣∣∣∣∣ ,
where the relation

dx
dz
= − π

sin2 πz
is used. Its partition func-

tion is given by

Zn(q) =

∫ 1

0
h(z0)dz0 = (

∫ 1/2

0
+

∫ 1

1/2
)h(z0)dz0

= 2
∫ 1/2

0
h(z0)dz0 = 2

∫ 1

1/2
h(z0)dz0,

where the integrand h(z0) is given by h(z0) =

2n(1−q)

∣∣∣∣∣∣ sin2 πz0

sin2 πzn

∣∣∣∣∣∣1−q

, and the conservation of probability

(p(x)dx = 1 · dz) is used.
For 1 − q > 0, i.e., q < 1, zero points of sin πzn make

a singular contribution to the integral. If zn is found in the
interval 0 < zn < δ, the initial point z0 exists in the inter-
val 1/2 < z0 < 1/2 + 2−nδ with a width of 2−nδ (if zn is
found in the interval 1 − δ < zn < 1, z0 exists in the inter-
val 1/2 − 2−nδ < z0 < 1/2 with a width of 2−nδ). From the
approximation sin2 πzn ∼ sin2 πδ ∼ (πδ)2, we have

Zn(q) ∼ 2(2n(1−q)δ−2(1−q) · 2−nδc′2 + 2n(1−q)c′0)

= 2−nqδ2q−1c2 + 2n(1−q)c0,

where c′2, c′0, c2, and c0 are constants of order O(δ0), and the
second term originates from a non-singular contribution to the
integral. For q < 1 and 2q − 1 < 0, i.e., q < 1/2, we have
Zn(q) → ∞ as δ → 0. For q < 1 and 2q − 1 > 0, i.e., 1/2 <
q < 1, we have Zn(q) ∼ 2n(1−q) as δ→ 0D

For 1 − q < 0, i.e., q > 1, zero points of sin πz0 make a
singular contribution to the integral. When we set z j = ϵ j and
ϵ j = 2 j−nϵ ≪ 1 for 0 < z0 < 2−nϵ (when we set z j = 1 − ϵ j

and ϵ j = 2 j−nϵ ≪ 1 for 1 − 2−nϵ < z0 < 1), and we use the
estimation sin2 πz j = sin2 πϵ j ∼ (πϵ j)2 = 2−2nϵ2, we have

Zn(q) = 2(
∫ 2−nϵ

0
+

∫ 1/2

2−nϵ

)h(z0)dz0

= 2(2n(1−q)(2−2nϵ2)1−q2−nϵc′1 + 2n(1−q)c′0)

= 2n(q−2)ϵ3−2qc1 + 2n(1−q)c0,

where c′1, c′0, c1, and c0 are constants of order O(ϵ0), and the
second term originates from a non-singular contribution to the
integral. The sign of the power of ϵ determines which is the
main contribution to the integral between the first and second
terms for ϵ → 0. We have Zn(q) ∼ 2n(1−q) for q > 1 and
3 − 2q > 0, i.e., 1 < q < 3/2, and Zn(q) ∼ 2n(q−2) for q > 1
and 3 − 2q < 0, i.e., q > 3/2.

In short, the partition function is obtained as Zn(q) ∼ ∞ for

q < 1/2, exp[n(1− q) log 2] for 1/2 < q < 3/2, and exp[n(q−
2) log 2] for q > 3/2, so that the free-energy-like function and
the magnetization-like function are given by Φ(q) = −∞ for
q < 1/2, (q−1) log 2 for 1/2 < q < 3/2, and −(q−2) log 2 for
q > 3/2; Λ(q) = ∞ for q < 1/2, log 2 for 1/2 < q < 3/2, and
− log 2 for q > 3/2. The inverse function of the latter is given
by q(Λ) = 1/2 for Λ > log 2, 3/2 for − log 2 < Λ < log 2,
and ∞ for Λ < − log 2. The Legendre-transform-like relation
ψ(Λ) = Φ(q(Λ)) − (q(Λ) − 1)Λ yields the rate function of the
local expansion rate ψ(Λ) as follows:

ψ(Λ) =
Λ

2
− log 2

2
(Λ > Λ∞ = log 2)

log 2
2
− Λ

2
(− log 2 < Λ < Λ∞ = log 2)

∞ (Λ < − log 2).

Although the central limit theorem yields in general a
parabolic form ψ(Λ) ∝ (Λ − Λ∞)2 around the long-time
average Λ = Λ∞, the Lyapunov exponent in this case, the
above rate function does not contain any parabolic form due
to the topological conjugacy to the Bernoulli shift without
any fluctuation of the local expansion rate, which is always
equal to log 2. The magnetization-like function Λ(q) has two
non-analytic points at q = 1/2 and 3/2. Correspondingly,
the rate function ψ(Λ) has two linear parts with slopes of
dψ/dΛ = 1/2 and −1/2. The former and latter correspond re-
spectively to the q-phase transition caused by a diverging local
expansion rate and by a crisis, in which the points x = 0 ± ϵ
collide with the infinity points x = ±∞ on the asymptote
xt+1 = xt/2. This simultaneous appearance of two q-phase
transitions caused by a crisis and a diverging local expansion
rate is also found in the logistic map yt+1 = 4yt(1 − yt).?)

The simultaneous appearance of two q-phase transitions
occurs frequently and is caused by crises such as a colli-
sion between a chaotic attractor and an unstable periodic
orbit in non-hyperbolic dynamical systems, in which non-
hyperbolicity originates from smooth extrema in the case of
one-dimensional maps.?) Rigorous derivations of thermody-
namic functions is in general impossible due to a singular
invariant measure. One-dimensional maps that are topologi-
cally conjugate to the symmetric tent map or the Bernoulli
shift listed in the literature?) are often called “fully-developed
chaos” and these invariant densities are smooth functions, so
that the thermodynamic functions can be analytically derived
as shown in this short paper.
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