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ABSTRACT
The statistical behavior of the magnitude of the reaction progress variable gradient [alternatively known as the surface density function (SDF)]
and the strain rates, which govern the evolution of the SDF, have been analyzed for boundary layer flashback of a premixed hydrogen-air flame
with an equivalence ratio of 1.5 in a fully developed turbulent channel flow. The non-reacting part of the channel flow is representative of
the friction velocity based Reynolds number Reτ = 120. A skeletal chemical mechanism with nine chemical species and twenty reactions is
employed to represent hydrogen-air combustion. Three definitions of the reaction progress variable (RPV) based on the mass fractions of
H2, O2, and H2O have been considered to analyze the SDF statistics. It is found that the mean variations of the SDF and the displacement
speed Sd depend on the choice of the RPV and the distance away from the wall. The preferential alignment of the RPV gradient with the most
extensive principal strain rate strengthens with an increase in distance from the cold wall, which leads to changes in the behaviors of normal
and tangential strain rates from the vicinity of the wall toward the middle of the channel. The differences in displacement speed statistics
for different choices of the RPV and the wall distance affect the behaviors of the normal strain rate due to flame propagation and curvature
stretch. The relative thickening/thinning of the reaction layers of the major species has been explained in terms of the statistics of the effective
normal strain rate experienced by the progress variable isosurfaces for different wall distances and choices of RPVs.

Published under license by AIP Publishing. https://doi.org/10.1063/5.0004850., s

I. INTRODUCTION

Reduction in greenhouse gases and the control of pollutant
emissions are becoming increasingly important for the power gen-
eration industry. Hydrogen-rich fuels are being considered as an
alternative fuel for clean and efficient large-scale power gener-
ation.1 This mode of combustion offers a lower environmental
impact and higher energy efficiency2 as hydrogen remains stable
across a range of fuel concentrations during combustion and can
be ignited with relative ease due to a high flammable range and
high burning velocity. However, the aforementioned characteristics
of hydrogen lead to a risk of flashback, which is an uncontrolled

transient upstream propagation of a flame, and therefore make
the development of hydrogen combustors much more difficult.2

Among the many challenges in enabling hydrogen-rich combus-
tion for gas turbine applications, a fundamental understanding of
flame flashback, especially for non-conventional and highly reac-
tive hydrogen-rich fuels, remains an open question.3 The increased
reactivity of hydrogen-rich syngas complicates the problem of
boundary layer flashback considerably. Specifically, compared with
hydrocarbon-air flames, hydrogen-air premixed flames are able to
propagate three times (in relation to the flame thickness) closer to
the wall before the heat loss to the solid surface leads to quench-
ing,4 thus making it harder to understand the already complex
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physical and chemical phenomena5,6 involved in flame–wall inter-
action. When compared with their methane-air counterparts,
hydrogen-air flames can propagate closer to the wall in regions of
the boundary layer characterized by very low flow velocities. This
also leads to increased heat transfer, which can potentially dam-
age the combustor walls, thus consequently leading to a failure
of the combustion equipment. Current modeling approaches [i.e.,
Reynolds averaged Navier–Stokes (RANS) or large eddy simulation
(LES) techniques] used to simulate industrial scale combustors can-
not accurately account for the unsteady flame dynamics involved in
boundary layer flashback.

In turbulent premixed combustion, the unclosed mean/filtered
reaction rate in the context of RANS and LES is usually closed using
gradients of the reaction progress variable (RPV) c and relies on the
generalized Flame Surface Density (FSD)7 or scalar dissipation rate
(SDR)8 modeling. Therefore, understanding of the statistical behav-
ior of the modulus of the RPV gradient |∇c|, commonly referred to
as the Surface Density Function (SDF), is of fundamental impor-
tance in the modeling of turbulent premixed combustion.9 Pope10

and Candel and Poinsot11 demonstrated the role of the tangen-
tial strain rate and curvature on the evolution of |∇c| by deriv-
ing a transport equation for the SDF. Direct Numerical Simulation
(DNS) based analysis of Kollmann and Chen9 focused on the trans-
port of |∇c| and analyzed pocket formation in premixed flames.
The strain rate and curvature dependence of the different terms
of the SDF transport equation have been investigated for differ-
ent turbulence conditions12,13 and for different fuels.14,15 The rela-
tive alignment of ∇c with the local principal strain rates has been
investigated in several previous studies.13,16,17 These investigations
found that ∇c preferentially aligns with the most extensive princi-
pal strain rate when the strain rate induced by heat release domi-
nates over the straining induced by turbulent fluid motion, whereas
a preferential alignment of ∇c with the most compressive principal
strain rate is obtained when turbulent straining is stronger than the
flame-induced strain rate. Recently, the influences of normal and
tangential strain rates arising from flame propagation on the SDF
evolution have been demonstrated18,19 and termed additional strain
rates.

Most numerical investigations on the SDF transport and strain
rate dependence of the SDF have been performed on canonical
configurations (i.e., flame interacting with isotropic decaying turbu-
lence).12–15,17–20 Recently, some attempts have been made to under-
stand the influence of mean shear on the behavior of scalar gradients
and the SDF in the case of Bunsen flames,21 turbulent jet flames
under high Karlovitz numbers,22 and temporally evolving slot jet
premixed flames.23 Sankaran et al.21 reported that the flame thickens
in the mean sense, which is in contradiction to the earlier find-
ings from a canonical configuration.20 It has been found that the
statistical behavior of the strain rate induced by flame propagation
in the case of high Karlovitz number jet flames22 is in contradic-
tion with the earlier results obtained from flames interacting with
decaying turbulence.18 The SDF statistics in the case of the turbulent
bluff body burner have been found to be significantly affected by the
downstream distance away from the bluff body due to variations in
the shear rate in the axial direction.24

However, all of the aforementioned studies have been carried
out for flames without the influence of the wall. Although fluid-
dynamic straining and strain rates arising from flame propagation

are known to have influences on the SDF evolution,12–15,17–24 the
effects of wall-induced straining on the SDF evolution in the turbu-
lent boundary layer is yet to be analyzed in detail for wall-bounded
turbulent flows. In the present work, we analyze the SDF evolution
by interrogating a DNS database25,26 of turbulent boundary layer
flashback. This database has previously been used to investigate the
effects of pressure oscillations25 and turbulent kinetic energy trans-
port physics26 during turbulent boundary layer flashback, but none
of the previous analysis focused on the statistical behavior of the
reactive scalar gradient evolution and the strain rates, which affect
the SDF evolution. Understanding of the aforementioned statistics
related to the SDF is necessary for improving FSD7 and SDR8 mod-
eling. The main objectives of the present work are to understand
the statistical behaviors of the different mechanisms, which control
the evolution of the SDF in turbulent boundary layer flashback of
hydrogen-rich premixed flames.

The paper is organized as follows. In Secs. II and III, the details
for the DNS data and the mathematical background for the current
analysis are provided. This is followed by the results in Sec. IV, and
the conclusions are summarized in Sec.V.

II. DIRECT NUMERICAL SIMULATION DATA
The DNS data of boundary layer flashback performed by Kitano

et al.25 have been considered in this study. The flow configura-
tion, turbulence, and flame characteristics are similar to the one
used in the earlier work of Gruber et al.4 This database is rep-
resentative of flashback in a channel flow at bulk Reynolds num-
ber Reb = ρub2h/μ = 3500, where h is the channel half height and
ub = 1/2h ∫2h0 udy = 19.83m/s, and the Reynolds number based on
the channel half height and friction velocity Reτ = ρuτh/μ = 120,
with uτ =

√∣τw ∣/ρ and τw = μ∂u/∂y|y=0 or y=2h being the fric-
tion velocity and wall shear stress, respectively. The simulation has
been performed using the code known as FK3, which has been
used in several previous studies on turbulent, reacting, and multi-
phase flows.27–31 The code solves conservation equations for mass,
momentum, enthalpy, and chemical species in the context of the
finite volume framework. A skeletal chemical mechanism compris-
ing nine chemical species and twenty reactions32 is used to represent
hydrogen-air combustion. The spatial derivatives for the momen-
tum equation are evaluated via a fourth-order centered scheme. The
convective terms of enthalpy and species mass fractions are calcu-
lated by using a third-order quadratic upstream interpolation for
convective kinematics (QUICK)33 scheme. A second-order centered
scheme is used to calculate all the other terms in the scalar trans-
port equations. This way of solving the scalar equations is a common
practice in many numerical investigations of heat transfer in wall
bounded flows34,35 and ensures numerical stability of the code. The
pressure-based semi-implicit algorithm for compressible flows pro-
posed by Moureau et al.36 is used to solve the equations. In this
algorithm, the governing equations are solved by using a fractional-
step method based on “characteristic splitting” to separate advection
and acoustics (i.e., decoupling acoustics from advection). In this
fractional-step algorithm, the first step (predictor step) consists of
advecting the conserved variables, and the third-order explicit total
variation diminishing (TVD) Runge–Kutta method is used for the
time integration of the convective terms. Chemical kinetics are also
solved and integrated using the multi-timescale (MTS) method in
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this step with a minimum time resolution of 1 × 10−9 s. The sec-
ond step of this fractional-step algorithm is the pressure-correction
step, wherein a Helmholtz equation is solved implicitly using the
Stabilized Bi-Conjugate-Gradient (BiCGStab) solver. Hence, acous-
tic waves are solved implicitly. The multicomponent diffusion for
different chemical species is evaluated via the diffusion velocities
by solving the system of linear equations proposed in Refs. 37 and
38 for all grid points at all time steps and in all directions. The
binary diffusion coefficients required for diffusion calculation are
obtained from CHEMKIN.39 Further details on the numerical tech-
niques used in this simulation can be found in the earlier work of
Kitano et al.25

The computational domain for the DNS is divided into two
regions, namely, the channel flow region and the buffer region, as
shown in Fig. 1. The channel flow region is further sub-divided into
two parts, namely, the turbulence generation region and the flash-
back region as described in Refs. 25 and 26. The dimensions of the
channel flow region are 173 mm × 20 mm × 30 mm, of which the
flashback region consists of 103 mm × 20 mm × 30 mm. In the tur-
bulence generation region of the channel flow, a fully developed
wall-bounded turbulent flow is generated by imposing a pressure
drop and a periodic boundary condition in the x direction. Further
details on the non-reacting turbulence introduced into the flashback
region of the channel can be found in Ref. 26. In the flashback region
of the channel, the outflow characteristics of the upstream channel
are introduced, and a freely propagating planar flame is initialized
in the domain after 100 ms of the flow becoming fully turbulent in
the channel. A no-slip isothermal boundary condition at 750 K is
applied on the walls in the y direction, while the z direction is treated
as periodic. The Navier–Stokes Characteristic Boundary Condition
(NSCBC)40 is applied at the outflow boundaries in the buffer region,
as shown in Fig. 1.

The initial gas temperature, pressure, and equivalence ratio are
750 K, 0.1 MPa, and 1.5, respectively. The laminar burning veloc-
ity SL and the thermal flame thickness δth = (Tad − TR)/max∣∇T∣L
(where TR is the reactant temperature, Tad is the adiabatic flame
temperature, and the subscript L represents the laminar flame quan-
tities) under these conditions are determined to be 14 m/s and

FIG. 1. Computational grid used for the direct numerical simulation shown on the
x–y mid-plane.

0.48 mm, respectively.41 The grid resolution in the flashback region
of the simulation is 50 μm, which in non-dimensional wall units is
Δx+ = Δy+ = Δz+ = 0.6. This level of resolution is appropriate as
it ensures that the laminar flame thermal thickness δth is resolved
in approximately 10 grid points and satisfies the resolution criteria
for turbulent boundary layers, as recommended by Moser et al.42 A
larger grid spacing of 700 μm (Δx+ = 8.4) is used in the x direction
of the turbulence generation region of the simulation as this level of
resolution is sufficient to resolve the non-reacting turbulence at the
conditions used in this work. A total of approximately 0.4 × 109 grid
points are used in the simulation of which 1150 × 400 × 600 are in
the flashback region of the simulation.

In the post-processing of the data, the quantities of interest at
a given value of the progress variable are ensemble averaged for 2.2
× 10−5 s and also in the periodic (z) direction for a given value of
y/h. The data are sampled after 1.6 ms from the time when the flame
is initialized in the domain, which ensures that a steady flashback
speed has been attained, and a further explanation of this is provided
in the earlier work of Kitano et al.25 A similar technique has been
used in the analysis of freely propagating statistically planner tur-
bulent premixed flames7,43 and laboratory scale jet flames,21,22,24 and
no area-weighting is carried out in the current analysis. Note that
in the results presented below, only the region containing the flame
(i.e., flashback region of the channel) is considered as the gradients
of the chemical species remain zero outside this region during the
simulation and will not affect the statistics presented in this work.

III. MATHEMATICAL BACKGROUND
The reactive flow field can be expressed in terms of RPV c,

which can be defined as c ≡ (YR − Yk)/(YR − YP), where Yk rep-
resents the mass fraction of species k (i.e., the species chosen to
define the progress variable) and the subscripts R and P indicate
the values of the species in the unburned and fully burned gases,
respectively. Note that the progress variable derived from the non-
dimensional temperature is not valid in this case as the wall tem-
perature is the same as that of the unburned gases, which leads to
a non-dimensional temperature or the temperature based progress
variable to be zero in the near wall region even though chemical
activities remain strong close to the wall in the case of flashback.
Moreover, local differential diffusion effects may lead to local occur-
rences of super-adiabatic temperature in H2-air flames, which gives
rise to unphysical c > 1 values. This makes it impossible to compare
the SDF in the near wall region with the SDF toward the middle of
the channel flow. The transport equation for c is given by

ρ
∂c
∂t

+ ρuj
∂c
∂xj
= ∂

∂xj
(ρD ∂c

∂xj
) + ω̇c, (1)

where ρ is the density, uj is the velocity component in the j-th direc-
tion, D is the mass diffusivity of the progress variable, and ω̇c is the
chemical reaction rate. The mass diffusivity of the progress variable
in this case is evaluated as D = (1 − Yk)/(Σj≠kXj/Djk),38 where Xj
is the mole fraction of species j, Djk is the binary diffusion coeffi-
cient, and species k is used to define the reaction progress variable.
Equation (1) can be expressed in the kinematic form for a given c
isosurface as

(∂c
∂t

+ uj
∂c
∂xj
) = Sd∣∇c∣, (2)
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where Sd is the displacement speed and is defined as44,45

Sd = (ω̇c +∇ ⋅ (ρD∇c))
(ρ∣∇c∣) . (3)

It is evident that the displacement speed is affected by the reaction
diffusion balance ω̇c +∇ ⋅ (ρD∇c) and the SDF. As the displacement
speed depends on the interplay between the reaction and the molec-
ular diffusion rate, it is useful to express Sd in terms of three different
components as Sd = Sr + Sn + St .45 The expressions for the reaction
component Sr , normal diffusion component Sn, and the tangential
diffusion contribution St in displacement speed are given by45

Sr = ω̇c

ρ∣∇c∣ , Sn = N ⋅ ∇(ρDN ⋅ ∇c)
ρ∣∇c∣ , St = −2Dκm, (4)

where κm = 0.5∇ ⋅ N is the flame curvature and N = −∇c/|∇c| is the
flame normal vector.

The evolution equation of |∇c| is given as12,13,21

∂∣∇c∣
∂t

+
∂(uj∣∇c∣)

∂xj
= aT ∣∇c∣ − ∂(SdNj∣∇c∣)

∂xj
+ 2Sdκm∣∇c∣, (5)

where aT = (δij − N iN j)(∂ui/∂xj) is the tangential strain rate. Equa-
tion (5) can be rearranged as15

∂∣∇c∣
∂t

+ Vc
j
∂∣∇c∣
∂xj

= −aN ∣∇c∣ −Nj
∂Sd
∂xj
∣∇c∣

or
1
∣∇c∣

d∣∇c∣
dt
= −aN + Nj

∂Sd
∂xj
= −aeffN , (6)

where Vc
j = (uj + SdNj) is the j-th component of propagation veloc-

ity of a given c isosurface, aN = N iN j∂ui/∂xj is the flame normal
strain rate, aeffN is the effective normal strain rate that influences
the evolution of |∇c|, and d/dt = ∂()/∂t + Vc

j ∂(. . . .) is the total
derivative associated with flame movement. It was demonstrated
by Dopazo et al.18 that aeffN can alternatively be expressed as aeffN
= (ΔxN)−1(dΔxN/dt), where ΔxN is the normal distance between
two c isosurfaces. This suggests that a positive value of aeffN acts to
increase ΔxN , which, in turn, leads to a drop in |∇c|. Similarly, a
negative value of aeffN acts to decrease ΔxN and promotes an increase
in |∇c|. In this regard, it is also useful to consider the evolution of
the flame surface area, A,10,11,18,46

1
A
dA
dt
= aT + 2Sdκm = (δij −NiNj)∂ui

∂xj
+ 2Sdκm = aeffT . (7)

In Eq. (7), 2Sdκm is the tangential strain rate due to flame propaga-
tion, and aeffT is the effective tangential strain rate.18,46 The quantities
aeffT and 2Sdκm are alternatively referred to as stretch rate and cur-
vature stretch, respectively.10,11 Note that in the following analysis,
the statistics of the SDF have been investigated for RPVs based on
H2, O2, and H2O. In the present work, only the mean values of the
terms on the right-hand sides of Eqs. (6) and (7) have been analyzed
because the current analysis focuses on the statistical behaviors of the
SDF and different strain rates, which affect the SDF evolution. This
is consistent with several previous analyses,15,18,24,46 where a similar
approach has been adopted.

IV. RESULTS AND DISCUSSION
A. Flow behavior

Figure 2 shows the instantaneous isosurface of the tempera-
ture at 1700 K and the vorticity magnitude field within the flashback
region of the flow. It can be seen from Fig. 2 that the flame alters
the boundary layer structure and the turbulence decays across the
flame in the near wall region, whereas turbulence is generated in the
middle of the channel due to the merging of the two flame branches
from the top and bottom walls.26 Figure 2 also shows the localized
reverse flow regions of the flow (blue isosurfaces), which are clearly
visible immediately upstream of each flame bulge and are limited to
the near wall region. This behavior is consistent with the earlier find-
ings of Gruber et al.4 The physical mechanism that leads to these
reverse flow regions upstream of the flame has been discussed else-
where4,26 and thus is not repeated here. Figure 3 shows the progress
variable computed from the H2, O2, and H2O mass fraction in the
x–y mid-plane of the channel. The differences in the location of the
RPVs calculated from different species mass fractions are clearly vis-
ible at the trailing edge of the flame, which is typical of hydrogen
flames. It can also be seen that the flame is highly stretched toward
the middle of the channel due to the high flow velocity in the cen-
ter (y/h = 1) of the channel. This leads to a slower propagation of
the flame into the reactants at y/h = 1, whereas the flame propa-
gates at a much faster rate in the vicinity of the walls (at y/h = 0 and
y/h = 2). This raises the possibility of the differences in the behavior
of the displacement speed at different y/h locations in the channel.
In this work, the results are reported at y/h = 0.005, 0.1, 0.5, and
1; which in terms of the non-dimensional wall distance in the non-
reacting channel [y+ = (ρuτy)/μ] is representative of y+ = 0.6, 12, 60,
and 120, respectively.

FIG. 2. Instantaneous distributions of iso-
surfaces of the temperature at 1700 K
(colored in red) and the instantaneous
normalized vorticity magnitude in the
flashback region of the channel. The
negative flow velocity regions are shown
on the top and bottom walls (blue color).
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FIG. 3. The instantaneous reaction progress variable (RPV) based on the H2, O2,
and H2O mass fraction in the x–y mid-plane of the flashback region of the channel.

B. Mean behavior of SDF and flame thickness
The thickness of the reaction layer in a mean sense under tur-

bulent conditions is important for the understanding of the flame
surface area. In this context, the flame thickness is commonly deter-
mined by the mean gradient of c. Figure 4 shows the values of |∇c|
× δth conditioned on c at different wall distances for the RPV based
on H2, O2, and H2O. The maximum value of the profile for the mean
value of |∇c| × δth conditioned upon c is henceforth referred to as
the peak mean value of the SDF in this work. Figure 4 shows that
the value of c at which the peak mean value of the SDF is obtained

can be different for different choices of the RPV. Note that the peak
mean value of |∇c| × δth indicates a propensity toward flame thin-
ning or thickening in a mean sense relative to the unstrained freely
propagating laminar flame conditions.21–24 In addition to the aver-
aging method, as illustrated by Yu et al.,47 the flame thickening vs
thinning depends on the choice of the species used for c, as shown in
Fig. 4. The peak mean value of |∇c| × δth increases (thinner flame)
up to y/h = 0.5 for all species and then decreases toward the middle
of the channel. Furthermore, H2 and O2 based RPVs show a thin-
ner flame when compared with the H2O based RPV across all the
y/h locations considered here. The variation in the SDF for all the
RPVs at different y/h arises due to the changes in the levels of turbu-
lence experienced by the flame in the turbulent boundary layer. The
flow is laminar in the vicinity of the wall, and a higher level of turbu-
lence exists at y/h = 0.5 before decreasing again toward the middle
of the channel.26 Furthermore, the wall temperature plays an impor-
tant role in determining the SDF based on different species in the
near wall region.

C. Mean behavior of aerodynamic strain
and dilatation rates

The variation in the SDF (and also the reaction zone thickness)
with different species can be explained via Eqs. (5)–(7), which pro-
vide a means to analyze the specific contributions from the statistical
behaviors of Sd, aN , and aT to the SDF and its evolution. The instan-
taneous c = 0.5 isosurfaces for different definitions of the RPV in the
bottom half of the channel colored by aN , aT , and ∇ ⋅ u are shown
in Fig. 5. The dilatation rate ∇ ⋅ u = aT + aN is vanishingly small

FIG. 4. Variations of the mean values
of |∇c| × δth conditioned on c for all
the RPVs considered at different y/h
locations.
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FIG. 5. Bottom half of the instantaneous turbulent flame represented by the c = 0.5 isosurface colored by∇ ⋅ u × δth/SL (top row), aT × δth/SL (middle row), and aN × δth/SL
(bottom row) for H2, O2, and H2O based RPVs.

close to the wall and assumes high values away from the wall for all
the RPVs considered in this work. The value of aN becomes nega-
tive close to the wall and assumes positive values toward the center
of the channel, whereas aT is maximum in the near wall region and
assumes vanishingly small values away from the wall. The low level
of variation in these statistics in the wall normal direction exists due
to the low Reτ of the non-reacting channel flow. Figure 6 shows that
the mean values of dilatation rate ∇ ⋅ u, normal strain rate aN , and
the tangential strain rate aT conditioned upon c for different choices
of the RPV. In the near wall region, the mean values of∇ ⋅ u remain
lower when compared with aT and aN . This trend changes as the dis-
tances from the wall increases and∇ ⋅ u takes higher values, while the
contribution from aT decreases. The dilatation rate ∇ ⋅ u assumes
mostly positive values in premixed flames due to heat release, but
the effect is attenuated in the near wall region due to the cold wall

and also due to the constriction of the velocity gradient in the wall
normal direction.

The mean value of aN remains positive away from the wall,
but in the near wall region, it assumes negative values. The nor-
mal strain rate aN can be expressed as aN = (eα cos2 α + eβ cos2 β
+ eγ cos2 γ), where eα, eβ, and eγ are the most extensive (i.e., most
+ve), intermediate, and most compressive (i.e., most −ve) principal
strain rates, respectively, and α, β, and γ are the angles between ∇c
and the eigenvectors associated with eα, eβ, and eγ, respectively. It is
well known that ∇c aligns with the eα-eigenvector when the strain
rate due to heat release dominates over turbulent straining.13,16,17

In contrast, ∇c preferentially aligns with the eγ-eigenvector when
the turbulent strain rate overcomes the strain rate arising from heat
release.13,16,17 The trends for the alignment between the strain rate
eigenvectors and the gradient of the progress variable are presented
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FIG. 6. Profiles of the mean values of
∇ ⋅ u, aN , and aT normalized by δth/SL
conditioned on c at different y/h loca-
tions. The different colors represent RPV
definitions based on H2 (blue lines), O2
(red lines), and H2O (black lines).

in Fig. 7, where the values for eα cos2 θα, eβ cos2 θβ, and eγ cos2 θγ
are shown at different y/h locations. In the current analysis, the
strain rate arising due to heat release remains low in the near wall
region because of the low temperature at the wall leading to a small

reaction rate magnitude and a weakening of the strain rate aris-
ing from thermal expansion. This consequently leads to ∇c aligning
with eγ-eigenvector, thus giving rise to negative mean values of aN .
In the regions away from the wall, the strain rate arising due to

FIG. 7. Profiles of the mean values of
eα cos2 θα, eβ cos2 θβ, and eγ cos2 θγ
normalized by δth/SL conditioned on c at
different y/h locations. The different col-
ors represent RPV definitions based on
H2 (blue lines), O2 (red lines), and H2O
(black lines).
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heat release remains high, and ∇c aligns with the eα-eigenvector,
as shown in Fig. 7, and leads to positive mean values of aN . From
Eq. (5), it can be inferred that in the regions away from the wall, the
normal flow strain has a net flame thickening effect, whereas in the
near wall region, it has a flame thinning effect. It should be noted
here that this qualitative behavior is independent of the definition of
the RPV.

The influence on the flame surface can be determined by exam-
ining the behavior of aT . The mean value of aT =∇ ⋅ u − aN is deter-
mined by the relative magnitudes and signs of ∇ ⋅ u and aN . In the
near wall region, the large negative mean value of aN and a small
mean positive value of ∇ ⋅ u lead to a large positive mean value of
aT = ∇ ⋅ u − aN . According to Eq. (7), this implies that aT strength-
ens in the near wall region, leading to a higher flame surface area.
In the regions away from the wall, the mean values of ∇ ⋅ u and aN
remain close to each other, leading to a small positive mean value
of aT .

D. Mean behavior of displacement speed
Figure 8 shows the mean values of Sd/SL conditioned on

c, which are representative of the effects associated with flame
propagation. The mean value of Sd/SL increases from the unburned
to the burned gas side of the flame-front for all the species except
for H2, where the mean value of Sd/SL decreases sharply at high
values of c in the near wall region due to the heat loss at the wall.
Further away from the wall, the mean Sd increases toward the mid-
dle of the channel, and the peak mean value of Sd/SL is observed
close to the middle of the flame-front but slightly skewed toward the
products.

The differences in the mean behaviors of Sd/SL for different
species can be explained by examining the statistical behaviors of Sr ,
Sn, and St . The variations of Sr/SL, Sn/SL, and St/SL conditioned on c
are shown in Fig. 9. The mean values of (Sr + Sn)/SL (not shown here)
and Sd/SL remain close to each other as the mean contribution of
St = −2Dκm remains negligibly small in this case. Figure 9 shows that
the mean value of Sr/SL remains positive throughout the flame-front,
whereas the mean value of Sn/SL assumes positive (negative) values
toward the unburned (burned) gas side of the flame-front. Note that
the qualitative distributions of Sr/SL and Sn/SL are different for dif-
ferent species at all distances away from the wall, which contribute to
the differences in Sd/SL for different RPV definitions and are consis-
tent with the earlier findings from the statistically planar turbulent
premixed flames.15

E. Mean behavior of the strain rates due to flame
propagation

In order to assess the contributions from the flame propagation
to the SDF, as appearing in Eq. (5), the mean values of N j∂Sd/∂xj
normalized with δth/SL conditioned on c for different choices of the
RPV at different y/h locations are shown in Fig. 10. The mean value
of N j∂Sd/∂xj is dominated by N j∂(Sr + Sn)/∂xj, while the effect of
N j∂St/∂xj is negligible for all RPVs at all locations, as shown in
Fig. 11. In the near wall region, N j∂Sd/∂xj remains close to zero for
all RPVs. At y/h = 0.1, N j∂Sd/∂xj becomes negative for all RPVs,
which acts to promote flame thinning. Toward the middle of the
channel, N j∂Sd/∂xj shows both positive and negative values for all
RPVs, which implies local thickening and thinning of the flame
due to the merging of the two flame branches from the top and

FIG. 8. Profiles of the mean values of
Sd /SL conditioned on c for different RPVs
at different y/h locations.
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FIG. 9. Profiles of the mean values of
the components of Sd /SL conditioned on
c at different y/h locations. The blue,
green, purple, and orange colors denote
y/h = 0.005, 0.1, 0.5, and 1.0 locations,
respectively.

bottom walls, as shown in Fig. 3. The behavior of the flame prop-
agation effects associated with the curvature stretch 2Sdκm, last term
in Eq. (5), is also shown in Fig. 10. Note that 2Sdκm and its compo-
nents, as shown in Fig. 12, remain predominantly negative at all y/h

locations investigated in this work. This is due to the contribution
arising from the tangential diffusion component of displacement
speed (i.e. 2Stκm = −4Dκ2

m) and also owing to the negative or very
small positive values of κm at all y/h locations investigated. The

FIG. 10. Profiles of the mean values
of Nj∂Sd /∂xj and 2Sdκm normalized
by δth/SL at different y/h locations. The
blue, red, and black colors denote RPVs
based on H2, O2, and H2O, respectively.
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FIG. 11. Profiles of the mean values of Nj∂Sα/∂xj (α = d, (r + n) and t) normalized by δth/SL conditioned on c at different y/h locations for H2, O2, and H2O based RPVs.

differences in Sd statistics and c distributions contribute to the
qualitative and quantitative differences in the mean behaviors of
N j∂Sd/∂xj and 2Sdκm for different RPV definitions.

F. Mean behavior of effective normal and tangential
strain rates

The mean values of the effective normal strain rate aeffN con-
ditioned on c for different RPV choices at different y/h locations

are presented in Fig. 13. According to Eq. (6), the effective nor-
mal strain rate assumes both positive and negative values within
the flame-front at y/h = 0.005, 0.1, and 0.5 locations, whereas at
y/h = 1.0 aeffN , the effective normal strain rate assumes only posi-
tive values for all RPVs. It is also important to appreciate that an
averaging of aeffN and aeffT does not yield information about mean
values of |∇c| and A because the mean values of |∇c| and A can-
not easily be extracted from the mean values of |∇c|−1(d|∇c|/dt)
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FIG. 12. Profiles of the mean values of 2Sακm(α = d, (r + n) and t) normalized by δth/SL conditioned on c at different y/h locations for H2, O2, and H2O based RPVs.

and A−1(dA/dt) [see Eqs. (6) and (7)]. However, both |∇c| and A
are positive quantities, and thus, positive values of aeffN and aeffT sug-
gest a propensity of a decrease in |∇c| and an increase in the flame
surface area A, respectively.15,18,19,22–24,46 The changes in the SDF
of the turbulent flame at a given y/h location relative to the
freely propagating planar laminar flame (i.e., |∇c|T/|∇c|L, where the

subscripts T and L represent the values for turbulent and planar
laminar flame, respectively) are shown in Fig. 14. A comparison
between Figs. 13 and 14 reveals that the negative mean aeffN occurs
for the y/h locations at which |∇c|T/|∇c|L attains the highest value
relative to the other y/h locations, which is consistent with the
propensity of obtaining higher values of |∇c| in the turbulent flame
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FIG. 13. Profiles of the mean values of
aeff
N and aeff

T normalized by δth/SL at dif-
ferent y/h locations. The blue, red, and
black colors denote RPVs based on H2,
O2, and H2O, respectively.

than in the corresponding laminar flame, as observed in Fig. 4.
By contrast, the positive mean aeffN occurs for the y/h locations at
which |∇c|T/|∇c|L attains the lowest values relative to the other y/h
locations.

Figure 13 also shows the mean aeffT conditioned on c for differ-
ent RPV choices at all y/h locations. A positive (negative) value of aeffT
is indicative of flame area generation (destruction). Figure 13 shows
that in the near wall region, the mean aeffT remains negative at small

FIG. 14. Variations of the mean values of
|∇c|T /|∇c|L, where subscripts T and L
imply turbulent and planar laminar flame,
conditioned on c for all the RPVs consid-
ered at different y/h locations.
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values of c and becomes positive toward the higher values of c for all
RPVs considered, which implies that the flame surface is destroyed
at the front of the flame due to the cold wall and the flame surface
is generated in the reaction zone. Toward the middle of the channel,
the mean aeffT assumes small positive values within the flame-front,
whereas at the middle of the channel, the mean aeffT becomes nega-
tive for all the RPV definitions considered due to the merging of the
top and bottom flame branches.

G. Implications on modeling
The statistical behaviors of the different strain rates, which

affect the evolution of the SDF, as identified in subsections
IV C–IV F, have a significant influence on the modeling of boundary
layer flashback. The two most common approaches used for mod-
eling in LES and RANS simulations of premixed turbulent flames
are the generalized FSD7 (i.e., Σgen = ∣∇c∣) and the SDR8 (i.e., Nc

= D|∇c|2) approaches. The transport equation of the generalized
FSD can be obtained by multiplying Eq. (5) by 2|∇c| as48

∂∣∇c∣2
∂t

= uj ∂∣∇c∣
2

∂xj

= −2aN ∣∇c∣2 − 2Nj
∂Sd
∂xj
∣∇c∣2 − SdNj

∂∣∇c∣2
∂xj

, (8)

and upon Reynolds averaging/LES filtering, Eq. (8) leads to the
transport equation for Σgen. Furthermore, algebraic manipulation of
Eq. (8) leads to the SDR transport equation as8,48

ρ
∂Nc

∂t
+ ρuj

∂Nc

∂xj
= −2ρaNNc − 2ρNj

∂Sd
∂xj

Nc − ρSdNj
∂Nc

∂xj

+ ρSdNjNc
1
D
∂D
∂xj

+
ρNc

D
(∂D
∂t

+ uj
∂D
∂xj
), (9)

and further simplification of the expression in Eq. (9) leads to

ρ
∂Nc

∂t
+ ρuj

∂Nc

∂xj
= −2ρaeffN Nc − ρSdNj

∂Nc

∂xj

+ ρSdNjNc
1
D
∂D
∂xj

+
ρNc

D
(∂D
∂t

+ uj
∂D
∂xj
). (10)

It can be noticed in Eqs.(8)–(10) that the statistics of the strain rates
aN , aT , N j∂Sd/∂xj, 2Sdκm, aeffN , and aeffT play a significant role in the
evolution of FSD and SDR. Furthermore, it should also be recog-
nized that the choice of the RPV in the case of detailed chemistry
simulations is important and should be accounted for in the mod-
eling of SDR and FSD approaches, as suggested by the statistics
presented in subsections IV C–IV F. The existence of the cold wall
changes the displacement speed statistics in the near wall region,
consequently altering the flame dynamics and the behavior of |∇c|.
Moreover, the existence of the boundary layer and the heat loss at
the wall changes the velocity gradient dynamics affecting the scalar
gradient alignment with the strain rate eigenvectors, which conse-
quently leads to changes in the normal and tangential strain rates.
These effects need to be explicitly included in the FSD and SDR clo-
sure strategies for the accurate modeling of turbulent boundary layer
flashback.

V. CONCLUSIONS
The mean behaviors of the SDF (|∇c|) and the strain rates

affecting |∇c| transport have been analyzed for different RPV defi-
nitions by using a DNS database for flashback of the hydrogen-air
premixed flame in a fully developed turbulent channel flow. The
non-reacting turbulence characteristics of the channel flow are rep-
resentative of the friction velocity based Reynolds number Reτ = 120,
while a hydrogen-air mixture with an equivalence ratio of 1.5 has
been considered. A detailed chemical mechanism with nine species
and twenty reactions is employed for an accurate representation of
hydrogen-air combustion. The SDF and the strain rate statistics have
been analyzed for RPVs based on H2, O2, and H2O mass fractions.
The differences in |∇c| statistics for different definitions of RPV have
been explained in terms of the statistics of strain rates in the flame
normal and tangential directions. It is found that the dilatation rate
effects weaken in the near wall region due to the cold wall, and
the alignment of ∇c with the most extensive (compressive) princi-
pal strain rate strengthens (weakens) as the distance from the wall
increases. This leads to differences in the behavior of normal and
tangential strain rates at different distances away from the wall. The
mean behaviors of Sd and its components for different choices of
the RPV have been found to be qualitatively different. This leads
to differences in the normal strain rate arising from flame propa-
gation and the curvature stretch for different choices of the RPV. It
is also found that the underlying turbulence in the boundary layer
and the existence of the cold wall have a significant influence on the
aforementioned statistics.

It should be recognized here that the results presented in this
work may be sensitive to the Reτ of the channel flow, and more data
at different Reτ need to be analyzed to investigate the influence of
the variation in turbulence on SDF statistics. The findings show that
the qualitative behaviors of the aerodynamic strain and dilatation
rates do not depend on the choice of the RPV, but the mean behav-
iors of displacement speed and its components are affected by the
choice of the RPV and have implications on the submodels used to
close the mean/filtered reaction rate in RANS and LES approaches.
These submodels usually rely on Flame Surface Density (FSD)7 or
scalar dissipation rate (SDR)8 based formulations. Hence, the mod-
els used to close the FSD and SDR transport equations need to
accurately capture the respective behaviors of the unclosed terms for
different definitions of the RPV at different distances away from the
wall in the case of turbulent boundary layer flashback of premixed
flames.
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