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Abstract This note is to give exmaples of quandles (or rack) in knot theory from
quadratic algebras, and to deal with related topics associated with the quandles.

§ Introduction (IZL&IZ)

FEREACIRBER Z AL L TV D EEDV LS A 72 quandle DEFIZ 5222 Lh, Z0
INRDHETY . RFDAHIZE LN LS ZDHHED knot theory IZBWTIE, o7z
HENSHNEEAD, FHEERZLEET 2 HNZED, RECRONED S5H LU\ idea
ELTHRAREIETCWEEET.

FERE G HIRBERIZ D W T [K-O] DXk 2 k8, Gz LT, hoD—1k
IZOWTRRTH Y, Z,[\/q], Z,[\/7, V1) FOWRL <, > (| z |, / VL) 2EX
5 LTHRIZE DB ENERA, ULrUVEE, Zho0R2MHES bIFTIdRWTT. K
IZ quandle D&% WFZES 2 OIZHED D A 2121, TH) standard 26 D TIERVWD T,
4%t (—MIZ involution & HDOFE) TH A S Z D/NRDPEIZILDATREMED B 5 & b
F7. HEEBEPSOEADED, TIIBRIETTVWAEEEET.

§1. Preliminary (#{g& EF)

FEM &% I TOD bijective 22 Flko RNEZ 6N/ E (DX Y Ryy=yox LiEL
IR, R, 2% Dbijective) , IRDZM:1) & 2) %723 (M,0) % quandle & S\WVWET.
1) zox==x
2) (zoy)oz=(roz)o(yoz)forany x,y,z € M.

2) DEAMIF rack DEMATT. TS 1d knot theory DFHFETT.

ZZTaxxy=yox & new product ZE&ET 5 &,
3) zxx==x
EEHEEETIENTEET. TLTSy=oxy RT L.

® S,r=ux

©® 538y = Ss,4S: (S ME CHEE G % K BEHRN)
LY, (M,S,) 1F s-mainifold & HBEL £9. D {S,} & s-map, M % s-set LILHR
ZXIZUET (725, Zhid generalized symmetric space DREIRER & & — B L
£9). i, M &S, OZREL UTORMFEMIMATOFEMTI D, T I TG
DWW IXEA Z ' AN, RN RER e BEET S Z L ICEL T ZI .
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— 77 homogeneous presystem 7(z,y,2) PR T n(z,z,y) = S,y = v xy £ TDL,
n(a,b,n(z,y,2)) = nn(a,b,z),n(a,b,y),n(a,b,z)) PEIAFAMEGRDOBZ L 7D, homo-
geneous presystem & S, QMR E BEBRLET. INSIZDOVWTH LK IIBBDOSE X
ik [K-S.1], [K-S.2] 22U TR\,

ZO/NGRTIEL) £ 2)1k3) £ 4) LFEMETT DT, 3) & 4) %z ik« 25 OREC%
THEHELET. DF0, FBEE2EODHIELEOTT, AxA=AXDIT N 2/WDF5ZLT
T, DLEDFEMNS 3) & 4) 2729 S, % ssmap, M % s-set LIERZ LIZLTWET (P4
DEEIXMEL A, FIEOAMUELZRBREEZEZET) .

§2. Results (FEFE)

l<qg<r<ppZFEH qr 2BRE, ¢ =1(mod p) D q &r DVTNEFEE
ThRWeT5. BlZEp=5¢g=2,r=3,p=7,q¢q=3, r=5p=1l,¢q="T,7r =8
FEDOR (p, g, r) BEXD. TLUT, ABRIEZ, =Z/(p) LD Z,[\/q,\/r] ZELET S (B
TIDORMETEZET) . BiXay = (m+nyq+ IVr)(m +n'yg+ 1), &
T=m—n/q—I/rif e =m+n/q+1/r T3 (ZDK% standard product £ IF.XZ &
’bi’é’)
ZTHM (VL) ZIROBRIZERL L.

1
|z ||l=v<z,2> and <,y >= §($§+yf).

MinARIAZ, ETO2RMRETT. D0 Lo, 2> B IIWETHY, DD oz — (z+
Tr+Tr=0 7220 7. XAESRBOWE || zy =)z |||y | BHRZLES. LrLZ
IT|z|P=<z,2>=2T€Z, TY. DED <zy,ay >=<uz,2><y,y> <1,y >=<

y, x> T
NS DHEMDE & T, ATFDEIRD AT
m ng +1
My(p,q,r) :={ ? |m,n,l € Z,}
n+Ir

GL(M:(p,q,7)) :={A € Ma(p,q,r)|det A # 0},
SL(My(p,q,r)) :={A € My(p,q,r)|det A =1},
N(p,q,r) = {z € Z,[\/a, V]l || = ||=1}
IRBEEEEAL, HWBZEIZUET.

EE1 (FHle )V LADBFR) LEORHEDOH LT
¢ Zy[\/q,\/7] = My(p,q,7) (as algebra, ¢ is a homomorphism)
Zy[\/7,/r] * = GL(Ms(p,q,r)) (as group)
N(p,q,r) = SL(Ms(p,q,7)) (as group)
LN WRVACN

m  ng+I
n+lr m

SIEAR x—m—ﬂ—n\/cj—l—l\/FZA_( )ﬁs‘zpj:‘@gﬁiﬂbj, LT

|z ||>=< 2,2 >=m? — n’q — *r — 2nl = det A
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MWD DDT, ||z]=1 & det A=1 DEAEMEPREET. Ziw <z, 2 >>0 DRIT,
B p TH X, well-defined IZKELFT. O

Remark. 3(n,l) € Z, X Z,,s.t. ng+1=0 (mod p) and n+Ir =0 (mod p) 2 Ker ¢
DILEHEKRLET (In=0D&E). ng+1 & (ng+1)r £ dim Ker ¢ = 1.

Remark. SL(M(p,q,7))<GL(Ms(p,q,r)). (EHEBIHE)
Q(N(p.q,r)) :={\ € N(p,q,r)|]A\ = X, \is invertible},
£ Q(N(p,qr)) 2EHLET (weak quandle DJFHLTY).
THY=1TY
IZ& 5> Tnew product 2B AT SHE, ZOFs TM=A1FAx A=)\ &RXEEZT.
Remark (/< A\ A>)2=| A |?= M\ 2D T

Q(N(p,q,7)) 2 X D invertible ;;; <=> || X ||# 0.

DED AL = 1if <A A>#0 L0 X Finvertible TY. HIZA? =X &0 || A2 [|=[| A
DO A#E 0 Z=SE | ay =) = [ y || 2 Va,y € Z[y/g.v/r] TRYIZDDT
A=A 25 [FAP= A€ Zp [ AlIA0 DEZF, [ Af=1. Z05 LD, A
invertible, D \N2 =X D& E, JIVLA1DIET, Q(N(p,q,r)) 2FEZ5 I ENARETT.
ZIZT, ADBOTRLTH | A=02,RD2/NVL0DTENBHEETDHIEICHELTT
TV (W<, >DIERILEIFRY £BA) . BATEFELEEA (lxx=7). DF
D, MOEEGNERTRETT.
Q(Zy[/2, V7] = {) € Z,[\/G,V/T]|]) ¥ X\ = A X : invertible}.

Ik Q LKL T weak quandle LS. —fRIZ Z i« ORETHLE TV EHA.

WIZQr = {NEQILANY L Q) 2EHTS. 2L QDN X1 DEETS. BAED
FEDH LT, IROFEMVEDLD.

FE 2. (Y RLOMK)  Q, iFquandle TH D, Q= UrnoaaQx

(DFED WX =)\ 2HZT NICEDERINDS Q) EOHES) D DILD. Zim,
Muama @y = {1} GLEESIX 1 DOATT) .

(BEFA) Qx> "AITHLT
AA =N Ax A=A 1x1=1, Ax(AxA)=(AxA)x(A*)),
and
Ak (A% A) = (AxA)x AxA), Tx (Ax ) = (15 A)* (1))

INSOEBRED LAXNDENEND, B RLOMES) L 4) 25328 %2xR
BIELVDTYT. ZLTQ IR AxA=XNA2 )N DTLD, ZOREAZ N IEstandard BTl
M=X&%0, [M=1ZHAVTIA=1 A=A\ 256\ =17T7. ZOXIXQ,
DETY. O
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Remark. (Z,[\/q,/r],*) DEREDIT 2z 1
zxr— (x4 T)xx+axxT=0

272U £ 9 (para quadnratic algebra LIFO'E9) . 1% 2 =T (para unit).
ZHFBALIEZ B 7270 2 IR R B U 728K (Z,[ /g, /7], %) THRRZ

(Q(N(p,q,7)),*) DI+ 1ZFEFEAH (nonassociative) TY. DX D (wxy)*z # r*(y*2)
729, standard product DFLETRT &, (79)2 # 2(72) 2 BT 2D T, FEHEOMHE
Hox ZREOREBRTT (ZZT-I3HETT. L Lax(yxz) = (vxy) sz =<xz,2>Yy
Zi7- U £ 9) . quasi symmetric composition algebra MDA T,

PAE XD Z ORAREBERD weak 7Y RV OFIZH2 52T, { /L1 HhDhE
7C (idenpotent) ' weak quandle (38\\) AV NI ZEKLET }. 1x1=1TIH
LA =X T, Q(Z,[\/q V7)) P "a,y IR LTIz %y € Q(Z,[\/,V7]) LIFBRD
A, LU Z,[/q PEOEEIZQ=Q, TT.

§3.Examples (ZfIIZDWVWT)

Z,\/q, /] IZBWT, FHIRB p HNE WD weak quandle DFZ L FIZFIZEL 9.

CZs[VZ, VB Ax A=\ DT (MR A £ 0).
(m,n,0): X=m+n/qg+1/r B,

(1,0,0) (2,0,1), (2,0,4).
(2,1,2), (2,1,4), (2,2,0),
(2,2,2)  (2,3,0), (2,3,3)
(24,1) (2/4,3)

INSIFIEFEELET. A =2+V3 251 EN=2+4V3 TY.
- standard product IZEWVWTIEAIN =\ 272U ET. WoTZ;[V2,V3] TBWVWTI,
weak quandle Q % B{KMIZRD SN E T,

A=2+3DL & Qx = {1\ A}
p=2+2/20¢ % Qu=1{1,p, 7}
v=2+4+V2+2/30% Q,={1,v7}
K=24+V2+4/30¢E Q. ={1,k 7}
E=2+3V2+3/308&E Q¢ ={1,¢¢}.

INED 5D Qy,Qu, Quy Qr, Qe BENF N quandle TH Y, weak quandle Q 1%
Q=0Q\UQ,UQR,UQ.UQ: (QIE1ADELDES), ZULT M@y = {1} (Gt
BEAETOHR) TT. 24+V3)*2+2v2) =1+v2+2v3¢ 0. Q REAL TV EEA.

IA]|=1 DFTEDMEIL30 M. &6 =1 % 4> =1 DTOBM N DETT.

ZulVT,VE Ax A=A DL



(m,n,l):

(1,0,0), (5,0,5), (5,0,6) (5,1,9),
(5,1,10) (5,2,2), (5,2,3), (5,3,6),
(5,3,7), (54,0), (5,4,10), (5.5,3),
(5,5,4), (5,6,7), (5,6,8), (5,7,0)
(5,7,1), (5.84), (58,5), (5,9,8)
(5,9,9), (5,10,1), (5,10,2)

INSIFBMEFAELEYT. Q F1LEDH Y FILOFMESTT. Q O xoMfEikid 23
<Y
A =1 DT 1324, <2=1& pt =1 DTOMAN DTTYT.

ZulVB VT A% A=A O

(m,n,1)):
(1,00,  (8,0.3),  (8,0,14),
(8.19), (8115, (8,2.4),
(8.2,10),  (8,35),  (8:3,16),
(84,0),  (84,11), (85,0),
(8512), (861), (8,67,
®872), (8713), (888),
®8,14), (893), (89,9,
(8,104), (8,10,15), (8,11,10),
(8,11,16), (8,12,5), (8,12,11),
(8,13,0), (8,13.6), (8,14,1),
(8.14,12), (8,15,7), (8,15,13),
(8.16.2), (8,16,8)

INSE3MEELELET. Q Z1THEDOH Y RIL Q) DHESTT. Q OO 35
fiTd.
| A |=1 OFTOMEEIL 306 fH. =1 & pt" —1 DFTOED N DFTLTT.

Remark Zjo[v7,V11], ZEWVWTIH, 2x 19+ 1{HD A« N\ =\ 22T FELET.
ZLUT|A||=1 OROMEEA 18 x 19 fHTT. Zip[V3,V13] DL EE A+ )\ =)\ R 5T
FEA=1D 1. | A|=1D5mEIx19 x 20 ETT.

Remark Z;[v/3,V5] IZEWVWTIEE | A ||=1 DIIE56 HTTA, s\ =)\ Dyt 11
TY. p,q,r DIEIZE > TZ,[\/q,\/r] 1%, weak 71> FILOMEEA R £

Remark EEOHIET, 2p+1 HDTEE D weak 7> NADERTEL LB VWET.

Remark Z,[\/q,\/r] D p,q,r DEOTHIZED, Ax A=\ DuiF 1 HOGAEHFEL
£9. LU || A =1D5RE, pp+1) Xidpp—1) OkkTT (F4) .

Remark Z;[V2], Z;[V2]| FIZBI 2 Z,[/g] 0<q<pPERDEE, \xA=\742
TIEELTHEIMETT. Q=Q\ = {1\ A} TY. /o> THIE LTIEBKARTEZHA.



18

UL LETIERET &, 2R Z,[\/q](p # 2) ICDWTIE

(a) Zp[\/a] VARYEN iff < JIVA 1 @ﬁ@fﬁbs‘p—‘- 1 1

(b)  Z,[\/q] DIETIR 4y = /WL 1 OTOMEEH p— 1 {H

a) DEE, p+1 B3O/ SIE, M=)\ DI\ £ 1 BHEHET 5.

b)DEE, p—1 33 DR SIE, A =X DTN # 1 BEFET S, U TAut, Z,[,/q] =
S3(if INA L AxA=)N). TNPUMNEZ, TY. ELzxy=7y DEDH L TTY.

PAED Z,],/q] D#E5IE unpublished paper (in preprint [2017]) T A%, AL XL
(Tsukuba Univ. ® A.Masuoka K & OHLFFZE) . Z T ITEEKDO I L TH E X

Remark  Z,[\/q,/r](qr = 1(mod p)) IZ2H1F 2 A« X =X OIuOMEL || X [|=1 7%
BILDMEBIZOWTH, FRVFRETT. Z,[\/q] & Z,[\r] Bl EBETRNZ LA
p(p—1) HTH2BEFRERMATY (FETT).

§4. Generalizations (—f&{LICDWT)

HIE £ T2 Z,[\ /7, /r] 1281F % weak quandle DFI 2B L U7, £ TODidea I3,
IRORRIZ—ffLTE B e FEZET.

A % associative, commutative involutive (Zg = 7 T) algebra &3 %. ZZTuoxy=71Ty
Tnew product ZEHET 5. A IR MVZERE L TIEE U TYI D, REBEEENRRR S
xy L axxy OEPEFELUET.

Q(A) :={z € Alzxa =z, x is invertible}, Q(A) = {\ € Q(A)|\ = puxr, ",k € Q(A)}

CREBETDHE, Nxp)x(\xk) = Ak (uxk), pxr € Q(A) DKV LDDT, Q(A) I& weak
quandle DHEEZFFH £3. 72720, xxy IFIEEOLRTE « 2R ORECR, £ LU THRE
DEM TR, D250 1x2=TTY. ZOZRQ(A) £ Q(A) 2K T 20, ¥
RADFETY (IMEFETOWMEZTAND) . FHIRBCR (rxy) sz = wx(yxz) =< z,2 >y
%% Z % (quasi symmetric composition alg. DHFSE) .

§5. Conclusions and References (&% & H°E & k)

ZONRTIHFPHERZ IZLALIKELEEADT, BERIIZIIEBTELA. Z
ZTHhARTZZ,[\/q, /1] FD 2 IRAREUX, symmetric composition algebra @ variation (&
LEO—M) T, Afi<, > BPIERILTHRVWEETEATVET.

symmetric composition algebra ODME, DXV ||zy [|=| = ||| v || 72 BB Z 729
REGR L, B ORBEEOILED =X B (triality of groups and algebras) IZDWTI%, X
DRI D LN E T

[K-OJ; N.Kamiya and S.Okubo, Algebras and groups satisfying triality relations, Mono-
graph (Book), Aizu Univ., (2015).

X, IROXHERD quandles DIGHE LTY > o - X7 AX—FHERN e OB#ET, %25
DEEVWETOTHEIFCHEET.

[K-S.1]; N.Kamiya and Y.Shibukawa, Dynamical Yang-Baxter maps associated with
homogeneous presystems, J.Gen. Lie theory, (2011) Art ID,G110116.



[K-S.2]; N.Kamiya and Y.Shibukawa, Dynamical Yang-Baxter maps and weak Hopf
algebras with quandles, Proc.the Meeting for Study of Number Theory, Hopf Algebras
and related topics, to appear, (Yokohama Publisher) JX#%Gf 3.

FHZ [K-S.2] A Y BV Y Y2 - 802 Z— AR, 2L Thy 7REBEIRT 5 =
RS BN TY.

Al Z D7 2 & & Z 72 D7D motivation DI & B HITRAR F T
BHEE(C*), (vxy =Ty) ICBWVWTHEZXS. DD new product r*xy ZEFHT D
—1+/3i —1—/3i 1
2 ’ 2 ’
LiE< &, Zhid quandle DFITH Y, Z L T weak quandle DFITHH D £ 7.
—fRIZ A 2R EFRIOHHIRBRE LT

QC,*) = {AAx A=A} ={

Q(A) = {\ € AJ]A* A =\, \is invertible}

LECLE, ZOQ M THUTVEEA. LAL QuA) = {pecQ|l,ua}, =
EUa i ORETLELE, Z0Q, 3h Y RLOBITT. Q(A) = UnaaQy  (FIEE
B) MDD, ZLUT M@y = {1} LEEGE {1} oA) TT. Tn60HAH
BB 2 D— LD =52 55 L 72\ WD T (triality relations DT ) . Z, ED
4T, S TEBUZ DWW TIIRERBHE D2 DH D £ 3D T, BOBERITHERZVWE B WET.

OB UIZRDEDHH D £ID, ZONGRD Z[\/q), Z,[\/q, /] & —Bib LIz D%
Ky DH e, LD TIIRVD, ZDLEFTH S para unit (1xz =7T) ZFFD quasi
symmetric composition algebra & IERXAR EHERHAEATE 9. ] X 1E para quadratic
algebra 5. FEROWFLHETY. KMEFIAKTTH, (%) BN ZOEHIT TS, £
I 51 % Gell-Mann @ pseudo octonion algebra DR p ik & #7535 Z LA H
BTy, REFLYHPZOME VMRS T LZEEZTVET.

e AR + BRI | = [ B~ b

I RE & LT, ZORARAF—L2ERRRo5RIETWARZE £ U GHEERE
D) . HR28-ME LT

|BORRVE |4 | R0 | = | BORARKCY
75 RHOBRSE HIEL TV E T,

BBz, SEEEIIE (IR IERBI AR R AR E (2018 4E241F) ) 1255
B2z kD, recheck 2 U CTHW - Z 2 IZEHOEEZRLI-WE B WET.
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IBEE by N.Kamiya (|| A ||=1 in Z,[\/q,/7])

p=5q¢g=2,r=3 D& X,

(m,n,l) =
(170,0), (1,1,3), (1,2,1), (1,3,4), (174,2), (2,0,1), (2,04), (2,1,2),
(2,14), (2.2.0), (222), (23.0), (233), (24,1), (243), (30,1),
(3.04), (312), (3,14), (3.20), (322), (330) (333), (34,1),
(3,4,3)  (4,0,0), (41,3), (4,2,1), (4,34), (44,2

25T 30 .

p=7,q=3,r=5D&LZ,

(m,n,l) =
(0,02), (0,05), (0,1,2), (0,16), (0.2,3), (02.6), (0,3.0), (0,3.3),
(0,4,0), (0,4,4), (0,5,1), (0,5,4), (0,6,1), (0,6,5), (1,0,0), (1,1,4),
(1,2,1), (1,3,5), (1,4,2), (1,5,6), (1,6,3), (2,0,3), (2,04), (2,1,0),
(2,1,1), (2,24), (2,2,5), (2,3,1), (2,3,2), (2,4,5), (2,4,6), (2,5,2),
(2,5,3), (2,6,0), (2,6,6), (5,0,3), (5,04), (5,1,0), (5,1,1), (5,2,4),
(5,2,5), (5,3,1), (5,3,2), (54,5), (5,4,6), (55,2), (55,3), (5,6,0),
(5,6,6), (6,0,0), (6,1,4), (6,2,1), (6,3,5), (6,4,2), (6,5,6), (6,6,3)

BT 56 1.

p=11,q=7,r=8 D& &,

(m,n,l) =

0,0.2), (0,09), (0,1,2), (0,16), (02,6), (0,210), (0,33), (0,310),

043), (047, (050), (057, (060), (0,64), (074), (0,7.8),

081), (088), (09.1), (095), (0,105), (0,10,9), (1,00) (1,1,4)

128, (131, (145, (159), (1,62), (1L,7.6), (1,810), (1,9.3),

(1,10,7), (3.0,1),  (3.0,10), (3,1,3), (3.15), (327), (329, (3:3.0),

(3,3,2), (344), (34,6), (3,5,8), (3,5,10), (3,6,1), (3,6,3), (3,7,5),

(3,7,7),  (3,8,0), (3,8,9), (3,9,2), (3,9,4), (3,10,6), (3,10,8), (5,0,5),

(5.06), (51,9, (51,10, (52.2), (52.3), (53.6), (537), (54,0),

(5,4,10), (5,5,3), (5,54), (56,7), (5,6,8), (57,0), (57,1), (584),

(585, (598), (599, (5101), (5102), (605), (606), (6,19)

(6,1,10), (6,2,2), (6,2,3), (6,3,6), (6,3,7), (6,4,0), (6,4,10), (6,5,3),

(6,5,4), (6,6,7), 6,6,8), (6,7,0), (6,7,1), (6,8,4), (6,8,5), (6,9,8),

(6,9,9), (6,10,1), (6,10,2), (8,0,1), (8,0,10), (8,1,3), (8,1,5), (8,2,7),

(8,2,9), (8,3,0), (8,3,2), (8,4,4), (8,4,6), (8,5,8), (8,5,10), (8,6,1),

(8,6,3), (8,7,5), (8,7,7),  (8,8,0), (8,8,9), (8,9,2), (8,94), (8,10,6),

(8,10,8), (10,0,0), (10,1,4), (10,2,8), (10,3,1), (10,4,5), (10,5,9), (10,6,2),

(10,7,6), (10,8,10), (10,9,3), (10,10,7)

2T 132 8.





