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1 Introduction 

For any sequence {叫 ofpositive integers such that x~I Xn+I and x~ ヂXn+ifor all 

sufficiently large n and En E { -1, 1}, we define the sum 

oo En 
S=l+~ ―. 

n=l 
Xn 

In this paper we give the explicit continued fraction expansion of the sum and compute 

its irrationality exponent, where the irrationality exponentμ(a) of a real number a is 

defined by the supremum of the set of numbersμfor which the inequality 

a-p_く上
q qμ 

has infinitely many rational solutions p/q. Every irrational a hasμ(a) ;:::: 2. Ifμ(a) > 2, 
then a is transcendental by Roth's theorem. Our result is as follows (see Theorem 2 in 

Section 3): 

μ(S) = lim sup 
logxn+l 

n→ oo log Xn 

For the proof of Theorem 2, we first expand the partial sums 

Sn= 1+区竺
Xk 

k=l 

in continued fractions in the generic case x1~3, 叶 IXn+1, and x~=J Xn+l (n~1) (see 

Theorem 2 in Section 3), which were given by Hone [4] when En = 1 for all n~1. The 

continued fractions obtained in Theorem 1 have certain symmetric patterns; namely, if 

the continued fraction expansion of the nth partial sum is written using the standard 

notation as 

Sn= [l;a1,a公...,azJ 
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with aらヂ 1,then 

Sn+l = [1; a1, a2, ...'azn+1l 

[1; a1, a公...,aぃXn+il叶ー 1,1, aznー1,azn-1, ...'a1] 

if E:n+I = 1, and otherwise, 

Sn+l = [l; aln+l, ... , aぁ叫

(see the formula (11) in Theorem 1). By means of this recursive construction of the 

continued fraction expansions of Sn, we can compute the irrationality exponent of the sum 

S = limn→co品 usingthe following formula (cf., eg., [5, Theorem l]): The irrationality 

exponent of the simple continued fraction a = [a。;a1, a2, ... ] with the nth convergent 

Pn伽=a。；a1, a2, ...'叫 1sgiven by 

μ(a)= 2+1" 
logan+l 

1m sup . 
n→ oo logqn 

(1) 

The assumption x1~3 in Theorem 1 is indispensable, since the minimal partial de-

nominator in the continued fraction expansions of the sums Sn is x1 -2, which vanishes 

if x1 = 2. In this degenerate case, we remove these zeros using the formula (6) below and 

obtain the simple continued fraction expansions, which will be exhibited in Theorem 3 in 

the final section 4. 

2 Continued fraction expansion of the sums 

We employ the standard notion for continued fractions: 

[a。;a1,a2,---] = J四[a。;a1, ... ,a』,
where 

1 
[a。;a1,a2, ... ] = a。+ 1 

釘＋
a2+ 

1 

・.+...1... 
an 

The numerators Pn and denominators qn of the nth convergent p叶qnsatisfy the following 
relations: 

{ P-1 = 1, Po = a。,Pn = anPn-1 + Pn-1, 
q_l = 0, q。=1, qn = anqn-1 + qn-1, 
qn 
= [an; an-1, ... , a2, a1l, 

qn-l 

Pn伽ー1-Pn-l伽＝（ーir+i.

）
、
ヽ
'
l
)

2

3
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（
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We also use the formulas: 

1 -[O; a1, a2, ... , a』=[O; 1, a1 -1, a2, ... , a』,

[ ... , a, 0, b, ... ] = [ ... ,a+ b, ... ] . 

(5) 

(6) 

A continued fraction [a。;a1, a2, ... ] is said to be simple, if a。isan integer and a1, a2, ... 
are positive integers. We define the length of a finite continued fraction [a。;a1, a2, ... ,a』

by n. 

Theorem 1. Let { Xn} be a sequence of positive integers such that 

Xo = 1, X1 2°': 3, 叶IXn+l, 
Xn+l 

Zn+I =言― ~2 (n~0), 

and let E:n E {-1, 1}. Then the sums 

n Sk 

Sn= l+ L — 

k=l 
咋

have the following simple continued fraction expansions: 

Case 1. Let釘=1. Then 

ふ={ [1; Z1 -1, 1, 砂ー 1,z1] が62= 1, 
[1; Z1, 砂一 l,l,z1-1] if⇔ = -1. 

For n 2'. 2, if th e expansion 

Sn= [l;a1,a公...,azJ 

with aln =J 1 and ln = 3・2n-l -2 (n 2'.'. 2) is given, then 

叫={ [l,a1, ... ,aいZn+l-1, 1, aln―1, aln-1, ...'叫
[1, a1, ... , aらーI,aし― 1,1, Zn+I -1, aln, ・．．，叫

with length ln+ 1 = 2ln + 2. 

Case 2. Let釘＝ー1.Then 

Sn = [O; 1, b1 -1, b2, ... , b叫

with bzn -=J 1, where the expansion 

n Ek 

[1; b1, b2, ... , 如]=1 ーと—
k=l 
Xk 

is given by Case 1. 

if E:n+l = 1, 

if E:n+I = -1 

(7) 

(8) 

(9) 

(10) 

(11) 

(12) 
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Corollary 1. Make the same notations as in Theorem 1. Then 

1+文竺= l鷹 [1;a1, a公...,a1J if釘=1, 

=,x,. L鷹 [D;1, b, -1, le, ... , b叫げ釘＝ー1.
Theorem 1 follows immediately from the following formulas. 

Lemma 1 (cf. [6]). Let A, a1, a2, ... , ak be positive real numbers and letpk/qk = [O; a1, a2, ... , a吐
Assume that ak > 1 and A > 1. Then 

Pk 
＋ 
(-l)k 

[O; a1, a2, ... , ak, A -1, 1, ak -1, ak-l, ... , a2, a1] = - (13) 
qk Aq~' 

肛 (-l)k
[O; a1, a2, ... , ak-1, ak -1, 1, A -1, ak, ... , a2, 叫＝一ー (14) 

qk Aq~. 

Proof of Theorem 1. The expansions (9) can be obtained by direct calculation. Noting 

that Xk I Xk+l, we have by (8) and (10) Xn = qzn (n 2". 1). 

Case 1. Let釘=1. Assume first that E:n+i = 1. Applying the formula (13) with k = ln, 

A=  Zn+l, and仰=Xn, we get 

Pln (-1)1n 1 
[l; a1, ...'aln, Zn+l -1, 1, aln -1, aln-1, ...'a1] =—+ 2 =品+ =Sn+i・

伽 Zn+l仇 Xn+l

Similarly, we can prove (11) with E:n+l = -1 using (14). 

Case 2. Let釘＝ー1.The expansion (12) follows from Case 1 and the formula (5), and 

the proof is completed. ロ

3 Irrationality exponent of the sum 

Theorem 2. Let { Xn} be a sequence of positive integers such that 

x; I Xn+1, x; c/ Xn+l (15) 

for all sufficiently large n and let En E { -1, 1}. Then the i汀ationalityexponent of the 

sum 
00 

S=l+L三
n=l 
Xn 

is given by 
logxn+l 

μ(S) = lim sup 
n→ 00 log Xn 

Corollary 2. The sum S as in (16) is transcendental, if 

μ(S) = limsup 
log Xn+1 
> 2. 

n→ oo Iogxn 

(16) 

(17) 

(18) 



192

Corollary 3. Let { Xn} and { En} be as in Theorem 2. Then 

μ(1十畠） = li巴門p1~。gご (l = 1,2, ...). 

For the proof of Theorem 2, we need the following lemma (cf., eg., [3, Lemma 1]): 

Lemma 2. If a is an irrational number, then 

μ(a)=μ(:::!) 

for any integers a, b, c, and d with ad -be =J 0. 

Proof of Theorem 2. We may assume in view of Lemma 2 that {xn} fulfills (7). So we 

can apply Theorem 1 to the sum S = limn→ 00Sか

Case 1. Let釘=1. Then by (10) and (11), we have 

log ak log ak log(Zn+i -1) 

1<~ 塁 logqk-1 = max { 1謬 logqk-1'log q,n } 

if En+i = l. Otherwise, namely, if En+i = -1, the last formula holds with the equality 

replaced by the ineq叫 ity::::;. Hence, we obtain 

r logak = limsup log(zn+l -1) = limsup logxn+l 1msup -2, 
K→ oo log qk-1 n→ oo logxn n→ oo logxn 

and the formula (1) yields (17). 

Case 2. Let釘＝ー1.Then 

μ(S) =μ(2 -S) =μ(1 +±+言―~:k) = li巴門p1~ ごご
by Lemma 2 and Case 1, and the proof is completed. 

4 Continued fraction expansions in the degenerate case 

□ 

In this section we give the continued fraction expansions of the sums Sn in the case 

x1 = 2. We focus on the case釘=1, since the other case can be dealt with by using 

the formula (5). By the formulas (10) and (11) in Theorem 1, partial denominators 

ak (1 :S k :S Zn+i) in the expansion of Sn+l consist of those in the expansion of Sか

namely, 保 (1:S k :S Zn), plus 1, Zn+1 -1(ヂ0),and azn―1. We start with the expansions 
of品withlength Z3 = 10. 
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Example 1. The continued fraction expansions of S3 with釘=1. 

[1; 釘ー 1,1, 砂ー 1,Z1, Z3ー1,1, Z1 -1, 令ー 1,1, 釘ー 1]

[1; Z1 -1, 1, 硲ー 1,Z1 -1, 1, 硲ー l,zぃ令ー 1,1, Z1 -1] 

[1; Z1, 砂ー 1,1, Z1 -1, Z3 -1, 1, Z1 -2, 1, 砂ー 1,叫

が（年臼） = (1, 1), 
if (砂臼） = (1, -1), 
が（砂臼）＝（ー1,1), 

[1; Z1, Z2 -1, 1, Z1 -2, 1, Z3 -1, Z1 -1, 1, Z2 -1, 叫 if (r::2, 臼）＝（一1,-1). 

Example 1 implies that, if s2 = -1, there is only one zero z1 -2 in the expansions of 

S3 and a1 = azn = z1 for all n~3. Hence, since az - = z ・  1 1 1ヂ0,all zeros appeanng 

in the expansion of S are generated from the zero z1 -2 in S3 by the recursive procedure 

from (10) to (11). On the other h皿 d,if s2 = 1, there is no zero in the expansions of S3. 

To study this case more precisely, we observe: 

Example 2. The continued fraction expansions of S4 with (釘心） = (1, 1). 

[1; aい..., ag, z1 -1, Z4 -1, 1, z1 -2, ag, ... , a1] if 臼=1, 

[1; a1, ... , a9, z1 -2, 1, Z4 -1, z1 -1, a9, ... , a1] if 臼＝ー1

with length l4 = 22, where the expansions S3 = [l; a1, ... , a10] are given in Example 1 with 

c2 = 1. 

Example 1 and 2 with (11) imply that, if r:;2 = 1, there is only one zero z1 -2 in the 

expansions of S4 and a1 = aln = z1 -1 for all n 2'. 3. Hence each of the expansions of Sn+l 

(n 2'. 4) contains zeros which come from that of品 plusone new zero azn―1 = Z1 -2. 
In this way, we can locate all zeros, namely, z1 -2, in the expansions of S and remove 

them using the formula (6). Rewriting the continued fractions of the form [ ... , 1, z1 -1] 

as [ ... , 2] , we obtain: 

Theorem 3. Let { Xn} be a sequence of positive integers such that 

X1 = 2, x~lxn+l, 

and let E:n E {-1, 1}. Then the sums 

Xn+l 
Zn+1=~2 (n~l), 

X 2 n 

n 

Tn = l + L竺
Xk 

k=l 

have the following simple continued fraction expansions: 

Case 1.1. Let (釘，叫=(1, 1). Then 

[1; 1, 1, ⇔ ー1,2, 硲ー 1,1, 1, 砂ー 1,2] if c3 = 1, 

孔={ [l; 1, 1, 硲ー 1,1, 1, 硲ー 1,2,z2-1,2] if r::3 = -1 
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with length 9. Forn 2". 3, if the expansion Tn = [1; 1, 1, aふ...,aい 1,2] with tn = 5.2n-2_ 1 

is given, then 

[1; 1, 1, aか...,a杯ー1,1, 1, Zn+l -l, 2, atn-2, ...'a3, 2] if 

Tn+l = { [1; 1, 1, aふ...'atn-2,2, Zn+l -l, 1, 1, aい I,...'a3, 2] が

with length tn+l = 2tn + 1. 
Case 1.2. Let (釘，叫=(1, -1). Then 

花={ [1;2, 砂ー 1,1, 1, 硲ー 1,2, 砂ー 1,2] 

[1; 2, Z2 -1, 2, 硲一 1,1, 1, Z2 -1, 2] 

if 臼=1, 

if 臼＝ーl

E:n+l = 1, 

E:n+l = -1 

with length 8. For n 2 3, if the expansion Tn = [l; 2, a2, ... , aら一1,2] with length tn -1 is 

given, then 

[1; 2, a2, ... , atn-1, 2, Zn+l -1, 1, 1, atn-2, ... , a2, 2] if 

Tn+l = { [l; 2, a2, ...'atn-2, 1, 1, Zn+l -1, 2, a柘ー1,... ,a2,2] if 

with length tn+l -1. 

Case 2. Let釘＝ー1.Then 

where th e expansion 

Tn = { [O; 2, bぁ...,b叫 if

[Q; 1, 1, b2, • • •, btn-1] if 

n 

€2 = -1, 

c2 = 1, 

i-L竺=[l; b1, b2, ... , buJ 
Xk 

k=l 

with Un= tn if E2 = -1, = tn-1 if E2 = 1 is given by Case 1.1 or 1.2. 

En+l = 1, 

En+l = -1 

After the conference Amou kindly sent the last named author his joint paper [1] with 

Bugeaud, in which our Theorem 2 was already generalized (see [1, Lemma 3]). Recently, 

the authors proved the following theorems which improves the result in [1]. 

Theorem ([2, Theorem 1]). Let { xn} be a sequence of rational numbers greater than one 

and let Sn E {1, 1} with釘=1. Put Z1 = X1, Zn+1 = Xn+lx;;:2 (n~1) and define 

ふ=denzぃ 6n+l =社denzn+l

Assume that the following two conditions hold: 

(i) Zn~1 for all sufficiently large n, 

(ii) log 8n+l = o(log Xn). 

(n~1). (19) 
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Then the irrationality exponent of the number 

en-Xn 

00•>
＝
 
s
 is equal to 

T = lnnsup . 
. logxn+l 

n→ oo logxn 

Theorem ([2, Theorem 2]). Make the same notations as in Theorem 2. Put Xn = tn/ Sn 
with tn, Sn E Z>o• Assume that the following two conditions hold: 

(i)'s;lsn+l, 社ltn+lfor all sufficiently large n, 

(ii)'log Sn+l = o(log tn). 

Then the irrationality exponent of the number S is equal to 

logtn+i 
T = hmsup 
n→ oo logtn 
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