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On the complexes from posets of p-subgroups

EHRZEZE  #HZET (Ryousuke Fujita)
School of Medical Sciences, University of Fukui

B =

ZDJ — NTIE, EoRHEERICET 2R E MY —HERIZB T 2 5L £ TOWIRRIZE
T 5. TO®%IZ, Quillen PAMRIZIANT TOX ) VFNVRTA T T 2BRD,

1 BRDEEEDORMENRR
G & HIEE, p & G DD | DORNKETH. TOLE, ROREEHEAD.

S,(G) = {G DI E I p I RE )
A (G) = (G DIEBIAIEART — <L p i e}

INOIFEFOUEBERIZE D, PIHFES (poset) 12725, r+ 1 {HDRIEFE I HES] % r-
BAK (r-simplex) & 9 2 BIKEIAIEIE A D . £ DEEE ZNENA(S,(G)), A(A(G))

e, Iiabb,

A(S,(G))={(Ho<Hi<---<H,)|H € 5,(G), re NU{0}}
A(4,(G) = {

A(S, (@), A(A(G)) ZENE N p 21T % Brown #F, Quillen EHE L WD,

(Hy< Hy <---< H,)|H; € A)(G), re NU{0}}

1 DD poset P AHNIX, LOELZE U THREWERA(P) PVERTED. i P»
5 E £ B IIEF#EMA (order complex) &\ 5. ZDZ &iX%& S & Brown #{A & I1F poset

S,(G) Mo E X DIEFEERDZ L THS. Quillen BRIZDWTE [HRE

A(S,(@)), A(A,(G)) DITEMFEBZ ZNEN|A(S,(Q)], |AAL(G))| &< Sl
MEHOEZZHMIZL L 5. A(S,(Q)) DIEFMES S,(G) DAROEBEn T DL, niIk
7t Buclid 221 R" 25 X, H, € S,(G) ZE R" D fie; = (0,---,0,1,0,--- ,0) LA—HT 5.
272U, e X i BEHORAS D 1 THOEA R0 L WS HERT. 0= (Hy < H < -+

H,) € A(S,(G) KRLT, 0 ik EDHEBNS, R OMEA% |o| L. b5,
|O'| = {l‘,oH0++trHr|tz z 0, Ztl = 1} Cc R
i=0

TDEE,



LBE|AS,(G))] 12 R DS ZEHOAIEE AN S DM A(S,(G)) DRTERFERT
H%. |AA4,(G) LoV THRBICERT 3.

Bl G=CyDEE, 55(Cy) = Ax(Cy) = {Ca} = A(S2(Cy)) = A(A(Cy)) = {(Co)} =
|A(Sz(cz))‘ = |A(A2(Cz))‘ = { 1 15}

Bl2. G = Co DEE, S,(Cp) = {C), Oz}, AC) = {C)} = A(S,(C)) =
{(C), (Cp < Cpa)}, A(Ap(Ch2)) = {(Cp)} = |A(Sp(Cre)) | = BALXRI L, [A(A,(Cpe))| =
{1 &}

WU 3. G = CQ X 02 DE g’, SQ(OQ X OQ) = AQ(CQ X Cg) = {0217 022, 037 02 X CQ} —
A(S(C)) = A(A2(Cy)) = {(C2), (C3), (C3), (C3 < Cyx (), (CF < Cpx (), (CF <
Cox )y 22T, 08 (=1, 2, 3) XM 2 DKEBTH 5.

= |A(S2(C9))| = |A(A2(Cr))| = THID K 5 7% tree

{§|J4 G= D12 D& %7 S2(D12) = AQ(D12) = {0213 0227 Ogv 0317 Cg? 0267 Cga ‘/:117 ‘/:127 ‘/:13}7
Sg(Dlg) = Ag(Dlg) = {C3}7 : :"C“, C% (] = ]_, 27 Y 7) Li'fﬁ%&Z @ME%, ‘/4k (k =
1, 2, )7 74 VLT H. Ny KB TFO@ED.

Vi Vi VP

) c; C§ i3 cs cl
BI5. G =A (=4 REREE) DEHBED N Y LIZLATFOMED TH 5.
2,

Gy G GGy

e}
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FlcEboPr2ED, FEE G OMBP/NZ WE DI & PIRIZHIT 205, £ TRITN
W, ETHEURBRWHRTIZAZRN. £ ZTHRE M=% T, Brown £ Quillen
AR Z RS 72\ ZOHEOWGEE 5 D381 T2 LT W ziw ik, Daniel Quillen
IZEBIRODEDTH 5:

Homotopy Properties of the Poset of Nontrivial p-Subgroups of a Group, Advances in
mathematics 28, 101-128(1978)

O Quillen DF X, £/ DZOHFIZET M LTS, Kty b & ZOIEFEEK, X
SIZZFDHFAFFEBEFE UKL B TRHR L TWB 720, FIFEEIZIXEILLPEL TV, Lz
MoT, 2D/ — N TIHBATZDENETT 572012, AT TICERIER L TV 5.
DE Y, Ky ML S,(G), HIKIE AS,(G)), TDOEMAEMER L |AS,(G) £V &5
12, Z DHSUIES DY | SRR D BB T |A(S,(G))] R |A(A,(G))| @
REME—MEEZFAR EIFTWE. BEEE TR G B IEEHER p- ERR I Z £
DO DBEHNEME, [AA(G))| BRI REZETHE] THY, WHHEEAL
—MROERBOEG %, A—T Y - a7 LA UTIRRLTWS. DX 0, BIfF “ Quillen
Conjecture” & XIENTWBEDIZIRTH 5:

[EREOAIREE G X, |AA(G))| BTHTH 57 513, G IIFEEIE p EHIBHREE E D)
SE. WO, ThbbFAROIHRERIRT I EHNTES.
RE N —MEMEE D ¢ & D ARV AR Y M &R 223 TEATH
5. flz1E, 012 LT Bouc ik A(B,(G)) B 5. TDEHIE
By(G) ={P € S,(G)| Op(Nc(P)) = P}

ZZT, O,(Ng(P)) 1% P DIEKLEE No(P) DA ER p MoEEE2 ERT 5. EHA0
5ZDFREY M Sylow p AL EZEL I EAESDHLN2S. L |A(B(G))| IF
IA(A(G))] & HE b E—RIHE, L2, |AGS,(G)| £ 625 Thd. —IZ, B,(G) A
—BILDMEEBANE W r S, Boue K% & —77y MZ U T Quillen Conjecture 127 X v 2
LED LT 2DRMDTEHRLRILTHD.

iz, BRI NzBlkd Rty bEfML & .

Ny(G) = {U € S(G) | U 13 G DIEBEM R~ =% p i 8E ),
Ly(G) = A{U € No(G) | U > O,(Z(Na(U)))}
LB EE DK O

£ ([3], 2016, Tiyori and Sawabe)
AEEG L |AB(Q))| = AL Q)| IFFRERE—FMETHS. Lz >T,

[A(SHG))] = [A(A(G))] = |A(By(G))] = [A(Ly(G))]-



2 McCord O EE

—7, Stong 13 1960~70 FERIZ T TEBRAMHZERGR] | FHIZZOKRE P E—HER%Z A
D Bz, T OB BEERER & 13T S BRIV & S I Bb D Y, EIE R WIZBRS
H 5. Stong DIERZBRD &,

TER T, 22 S, (G) DWIHEIZ 72 % T2 D DA I3 =M, G DHEEIZ p- IERR %
HEDILTHDB]

statement 2* & U C, Stong & Quillen Conjecture 2 < i L TW/z Z D3R THN 5.
EIRKE Y b ZﬁF‘ETO ZERNE 1 LSRG T 2205, S,(Q) IFERT, EfTHh s Z LI
FEELTEL. T, BRT, 2 S,(G) & |AA(G)| DX vy T Dn? IR
BrE 2D McCord TH 5. X T, McCord DFERZ R LS.

McCord D EHE
IR Ty 220 X ¥ 2 IS/ T 5 3 282 M SR |AX)] KEHE N E—FfE (= &008
DFE ME—HLRFEB) TH > T, pux : |AX)] = X 2T NE—FAMGHE LTRD
GIE/AETE=Y

A 2 A

x| I

x 5 v

PEET D, 22T, fIFART, Z2M X, Y MOELEE, |A(f)| 1FZHE |AX)],|AY)]
MOEBGERTH 5.

FOARED Tf 255 E NE—AMEGHRTHD] 2 TA(f)| BT b E—FAHEGH
Thd] ZLEAMETHL. FHZ X = A,(G),Y =5,(G), f = (= BEEH) LB L&,
HEHRE  E—RBERTH B 2 L AbEB. BB AW 1 |AA(G))] = JAS, (@) &
BE NE—[AMAEEMSTH 5. Stong, McCord DA RAAZERIFHDIED & W5 &, Quillen
B (R0) L2 RTWEZ EI2R3725 5. MRANS [|AX)| #THTHE L L,
X 7% homotopically trivial T 25 Z & IRl ( “ homotopically trivial 7 & 134 TDIRIT
DFE ME—FED trivial LTEFKT D) 7255, #5/F, Quillen Conjecture 1%

[H R T, #14 S,(G) 7 homotopically trivial 72 51E, S,(G) IXFHETH 5 ]

LEWMZ B ENTES. T4D5, 5,(G) TR EEHAE MY —FAERSIE, FE b
V—HMEIZRD L FRELTWS. £ 5A, ZARIZ L IZERMHEZERTE —IZITAD
M7z, [RENE—[AE] & T§5RE NE—FE] OF vy T2EIZLTWS DI
T, MARBRY—NIZIEIEREICHE 2 ZZ 5 NBRETH 5.

PLED &S BT EROmNZ R E 2 T, RO FED Quillen Conjecture ~ND A Y ¥F
V-7 Ta—Fid TERAHEZEMGRZEA L, S,(G) KD HH 0 LT WVEDIZELD
AT, ZOBENSTRAY I T5] 6DThHotz. L THH, By(G) % Ay(G) \THLD #iz 7=
LI AT, ZOENDEMOFRMED & —FRVPEF T E R\, 272U, G PR EG,
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Bl Z IR X BEOBEIZIE B (G) 711 55 (= Sylow p-iHEE) IZEE 5D T, #IZ |A(B,(G))|
ETHE, 20 AB,(G)) KIS Z L b hs

3 Quillen Conjecture ~O7 7O—F

BEZETY®S. 0,(G)=1&95. ZOLEHRT, %M S,(G) EHHE TR, S,(G) =0
THDROHIE, A(S,(G) =0 &m>TLEW, |AS,(Q))| WAffETHD I LITNTD. L
=05 T, S, (G)£0DTHD. PeS,(G) L >T,

() |A(S,(G)<p)| BTHED & 2, (i) |A(S,(G)<p)| HIETIHD & =

THARTTB. (1) DEE, pWHRE P DBEAT — 8 5IE, |A(S,(G)p)| BIETHIZ
%oTLEIDT, PeS,(G)\A(G) ThB. 22T,

Lkas, ) (P) = A(Sp(G)<p) * A(S,(G)sp)

2HHET L. TIT, Lkas,e)(P) EAS(G) D PIZBII2Y v HIETHS. 45
|A(S(G)p)| BETTHETE D5,

|Lkacs, @) (P)] = {1 &} * [A(S,(G)sp)| = {1 &}

U723 5T, |Lkas, ) (P)| BAHETH S, £oT, |AS(G))| ~ [A(S,(G)\{P}| ~
IA(S,(G)\{P})]. BIRT, ZEH & LT S,(G) & S,(G)\{P}FBHFE P —[FAETH LN 5,
X(9p(G)) = X(Sp(G)\{P}) THB. KiEX(S,(G)) = x(A(S,(G)]) = x(AS(GN\{PH]) =
XS, (GO\{PH) =1THhb. ZIZT,x(X)ZXDAA 7 —EHTHS.
—4,
Sp(G) = (S,(G)\{P}) U{P} (disjoint union)

Zho,
X(5p(G))) = x(Sp(GO\{P}) + x({F})
DEXED x({P})=0L%%. TNFFPETHD.
(u)@ta&,p-% MHE P DIERAR T — N 51 |A(S,(G)<p)| DIFHEIZ RO TULE D
DT, PeA(G)THb. ZIZT, (i) LHEKIZ

|Lkags,@)(P)] = [A(S,(G)<p)| * [A(SH(G)>p)|

EEHELUED. SP e A(G) DS, S)(G)ep = Ap(G)cp THS. LTzido>T, |A(A4,(G)<p)|
DIEMHMEE 205, £T A(Q)ep 02T D, TDEEIE, PITIEAE p? DDA
REBLIDEEETS. 5 U(Z(P) = WU(P) < P&, Q(P) e AJ(G)cp TH 5. T
I |A(AYG)<p)| DHIHIIZ D Z L ZHKT EDTFETHS. AYG)p =0 TH 5.
A(S)(G)sp) =0 251K, S,(G) = {P} 7> TULEW, S,(G) EHHEIC B> THFETH
5. HBE

={P} U — {P}) (disjoint union)



TH>T, < P, > P BEEEHD |AS,(G)| RTHEE NS, P LIEFR%R S0 L2
V. k5T, S (G) = {PYTHB. MU, S,(G)op £0 LT 5.

Claim |A(S,(G)sp)| XTHITH 5.
Proof |A(Sy(G)sp)| = [ANG(P)sp)| & b, BT |A(NG(P)sp)| RTIHITH 5 2 & &R T.
S, (G)op>QELB. FDLE, P < No(P) < No(P) TH%. No(P) < QT2 ¢,

P < No(P) = 0,(No(P)) < Oy(Na(P)).
£oT, JANG(P)sp)| = {14},

IA(S,(G)sp)| BTMRIC RN (1) & 4 < ARAREHRIVEHETE S, 5, |A(S,(G)sp)| At
DS,

Lk, ) (P)] = |A(Sy(G)<p) % |A(Sp(G)>p)| = |A(Sy(G)<p) |+ {1 A}

L7285 T, |Lkas, ) (P)| BAMETH 5. (1) OHRICE D x({P}) =0 2254, Zhik
FETHD.

S 3k
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