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On certain vector valued Siegel modular forms of type (k,2) over
Zp) and Sturm bound

Hirotaka Kodama

Abstract

We give generators of the module of vector valued Siegel modular forms of type (k,2) over the ring of
scalar valued Siegel modular forms of even weight for Z,). This gives an example of the positive solution
to more general problem whether the module of vector valued modular forms of arbitrary degree is finitely
generated over the ring of modular forms for Z,). Moreover we study analogues of Sturm’s bounds for
vector valued Siegel modular forms of type (k,2).

1 Introduction

In this report, we state two kinds of results on the vector valued Siegel modular forms of type (k,2) with
degree 2;

e on the finite generations of the module of them having p-integral rational Fourier coefficients,

e on the Strum type bounds for them.

We state our results more precisely. Let p be a prime number and Z,) the ring of p-integral rational
numbers. Let Mk(Fz)Z(m be the space consisting of all scalar valued modular forms of weight &k of degree 2
whose Fourier coefficients are in Z,). We set M{¥(Z,)) = GreozMi(T2) We take Igusa’s generators
over Z (given in [3]) ¢, X10, X12 of weight 6, 10, 12 respectively.

A Siegel modular form of type (k,2) is a holomorphic function f on the Siegel upper-half plane Hy with
values in Sym, (C), satisfying

Z(py-

F(M(Z)) = det(CZ + D)*(CZ + D) f(2){(CZ + D)

for all M = (C D) in the Siegel modular group I's = Sp2(Z) and for all Z € H,. Here (k,2) comes from the
fact that the automorphy factor is the one of representatives in the equivalence class of the representation
det® @ Sym(2). We denote by My, 2(T'2)z,,, the module consisting of all such f whose Fourier coefficients are
in Sym’z‘(Z(p)) = {T = (tlj) € SyInZ(Q) | tii, 2t7j]' € Z(p)}

The following two results concern the finite generations.

Theorem 1. For each even integer k and cach prime p > 5, there ewist six generators over Mg¥(Zy))

of the module Mj, 2(T'2)z, Zp whose determinant weights are 10,14, 16,16, 18,22. If we write them as @y €
My, 2(T2)z,, (k = 10,14,16,18,22) and V16 € Mi62(I'2)z,,, then we have (as a Z,)-module)

Mi2(T2)z,) =My—10(T'2)z,, P10 © Mi—14(T'2)z,, P14
© My-16(T'2)z,, P16 © Vi—16(I'2)z,, Y16
© Vi—1s(L'2)z,,, P1s © Wi—22(I'2)z,,,) P22,

where

Vi(Ta)z,, = Mk(T2)z,, N Zep)lps, X10, X12],  Wi(T2)z,, = Mi(T2)z,,, N Zp) [ X0, Xi2].
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Theorem 2. For each odd integer k and each prime p > 5, there exist four generators over Mg¥(Zy) of the
module ]\/[kyg(rg)z(p) whose determinant weights are 21,23,27,29. If we write them as ®j, € ]\/[k’Q(FQ)Z(,ﬁ (k=
21,23,27,29) , then we have (as a Zp)-module)

My 2(T2)z,,) =Mi-21(I'2)z, P21 ® Mi—23(1'2)z,,, P23
© My—27('2)z,,, Par © Vi—29(I'2)z,,, P29,

where

Vi(T2)z,, = Mk(T2)z,,, N Zp)lwe, X10, X12]-

Lp) Lp)

We will construct explicitly ®; and ¥, by taking constant multiples of Satoh’s generators given in [9]
and of Ibukiyama’s generators given in [2].
The next two results concern the Sturm type bounds.

Theorem 3. For each even integer k and each prime p > 5, suppose that F is a Siegel modular form in

]Wk,z(f‘z)z(m having the form
e S A
m,n€Z, reil
m,n,mnf'rzZO
With ¢ = ™ g = 27 g, = ¥ and (7<) in the Siegel upper half space Hy of degree 2, where

= {(J%) € Ma(C) | Im([%) > 0}. If A(m,n,r) = 0 (mod p), i.e. all the elements of A(m,n,r) are
congruent to 0 mod p, for every m, n such that

then ' =0 (mod p).

Theorem 4. For each odd integer k and each prime p > 5, suppose that F' is a Siegel modular form in

My 2(T2)z,,, having the form
Fir.rw)= Y  Almnn)dleed
m,n€e”, 7‘6%2
m,n,mn—r2>0
with ¢ = ™7, ¢ = ™7 g, = ¥ and (J%) in the Siegel upper half space Hy of degree 2, where

e
={(7%) € My(C) | Im(7¥) > 0}. If A(n,m,r) =0 (mod p) for every m, n such that

k—17 k—1
<m< |—— <n<|——
O_m_{ }, O_n_{lo},

then F =0 (mod p).

2 Preliminary

2.1 Siegel modular forms of type (k,2) and degree 2
The Siegel upper-half space of degree 2 is defined as

Hy := {Z = X +14iY € Sym,(C) | Y > 0 (positive definite) }.
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The real symplectic group Sp,(R) acts on Hy in the following way:

Z — M{(Z) := (AZ + B)(CZ + D)™},

A B
Z eHy, M= (C D) € Spy(R).

A Siegel modular form of type (k,2) on T'y is a holomorphic function f on Hy with values in Sym,(C),
satisfying

F(M(Z)) = det(CZ + D)*(CZ + D) f(Z)(CZ + D)
for all M = (’é g) € I'y and for all Z € H,. Here (k,2) comes from the fact that the automorphy factor is
the one of representatives in the equivalence class of the representation det” @ Sym(2).

We denote by My, 2(T'2) (resp. Sk2(T2)) the module of Siegel modular forms (resp. cusp forms) of type
(k,2) on Ty .
2.2 Fourier expansions

Any F(Z) € My,»(T'2) has a Fourier expansion of the form

F(Z) = Z a(T; F)exp(2mitr(TZ)), a(T; F) € Symy(C),
0<T€eA,

where 7" runs over all positive semi-definite elements of Ay defined as
A2 = {T = (ti]’) S Symz(Q) | tii, Qtij S Z}
Taking ¢, := exp(27i7), ¢, := exp(2miw) and ¢,/ := exp(2wit’) for Z = (Z:’,) € Hy, we can write
q7 = exp(2mitr(TZ)) = g2z ging's.

Using this notation, we have the generalized g-expansion:

F= Z a(T; F)qT
0<TeA,
= Y (alT; F)gh#)gi ¢ € Symy(C)lay ", qullar, a1
0<(tij)EA2

For any subring R of C, we denote by My 2(I'2) g the R-module consisting of those F in My 2(I's) for
which a(T; F) is in Sym3(R) for every T' € Ay where

Sym%(R) = {T = (t”) € Sme((C) ‘ tii, Qti]‘ € R}

From this, any element F in My 2(I'2)r can be regarded as an element of the ring of formal power series
Sym;(R) [q;17 qw} [[qu CIT’]]-

2.3 Generators of scalar valued Siegel modular forms

Let ¢4, pg, X10, X12 be Igusa’s generators over Z of weight 4, 6, 10, 12, respectively given in [3]. Let M (T2)
(resp. Sk(T'2)) be the C-vector space consisting of the scalar valued Siegel modular forms (resp. cusp forms)
of weight k£ on I's . We denote by ]\Ik(l"z)z(p) (resp. Sk(FQ)Z(p>) the Z,)-module consisting of the scalar
valued Siegel modular forms in M (I'2) (resp. cusp forms in Si(I'9)) for which a(T; F) is in Z,) for every
T € Ay. By the result of Nagaoka [7], we have

M (Zy) = @ My(T2)z,,
ke27,

= Zp)lpa, po, X10, X12], if p > 5.



2.4 p-order of modular forms

We shall define p-order of modular forms. Let p be a prime with p > 5 and v, the additive valuation on Q
normalized as v,(p) = 1.
Let F be a formal power series with bounded denominators of the form

F= Z a(T; F)q',  a(T;F) € Sym,(Q).

Te+ A

In the scalar valued case, let v, be just as in Bocherer-Nagaoka[l] and elsewhere. Define a value v, for I’
with a(T; F') € Sym,(Q) as

1
vp(F) :=inf {up(a(T; F)|Te NAQ} ,
where v, (%/, b—b/,% = vp(ged(a’, V', ')/ ged(a, b, c)) for a, a’, b, V', ¢, ¢ € Z. Moreover, we define an order

“=" for two elements of %Az following [6]. The following statement and its proof are due to Kikuta:

Lemma 1. (1) For f = Z a(T; f)¢" and g = Z a(T; 9)q" with a(T; f), a(T;g) € Q, we have
TeXAs TeXAs
vp(fg) = vp(f) + vp(9)-
(2) Let F = Z a(T; F)q" with a(T;F) € Sym,(Q) and g be as in (1). Then we have v,(Fg) =
Tet Ay
vp(F) + vp(g)-

The proof of Lemma 1 is, for example, in [4].
We remark that, for a formal power series of the form

F= Y a(T;F)q", aT;F) € Symy(Q),
TeFN2

we have a(T; F) € Sym}(Z,) for all T € £As if and only if v,(F) > 0.

2.5 Generators of vector valued Siegel modular forms

Let R be a subring of C . For a formal power series f of the form

f= Z a(T; f)qT € R[q;l-,qw][[qﬂ'7q7"]]7

TeN

the theta operator ©1 is defined by

el(f) =" T-a(T;f)q" € Sym3(R)lq, ", ullar: - ]-
TeN,

Let f € My(T2) and g € M;(T'2). We put
Loy - Lo
[f.9] = }f@ (9) - E!]@ (f)-
Then the results of Satoh [9] states that [f, g] € My, 2(T2).

Let ¢4, @6, X10, X12 be Igusa’s generators over Z of weight 4, 6, 10, 12, respectively given in [3]. It is
known that the M¢¥(T'y)-module of Siegel modular forms of type (k,2) has six generators:
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Theorem 5 (Satoh [9]). For each even integer k, we have (as a C-vector space)
My2(T2) =Mi—10(T'2)[pa, 0] © My—14(T'2)[pa, X10]
© My—16(I'2)[pa, X12] & Vie—16(I'2) 06, X10]
© Vi—1s(I'2) w6, X2  Wi—22(1'2)[X10, X12]

where
Vi(T2) = My(T2) N Clgs, X10, X12],  Wi(T2) = Mp(T2) NC[X10, Xi2].

We construct ®; (k= 10, 14, 16, 18, 22) and ¥4 by taking constant multiples of these generators:

1
by = *m[%wpa], @14 = 10[p4, X10], D16 = 12[p4, X12],
W16 = 10[ps, X10], P15 = 12[p6, X12), Dy = —60[X10, X12].

Then we have

()G (5D0)-GD (D)
(Do) -G (6D G ~(Ee)- )

For modular forms Fy € My, ('), I € My, (T'2) and F3 € My, (T'2), we define
OFy OFy _ OF, OFy  9Fy OFy _ OF, OFy

iy
— Nl
N———

1 o1 Ow dw O or o' or’ Ot
(11, B, B3] = —— | kI
4 OFy OF; _ OF, OF3  OF3 9F3 _ OF, OF;
or or’ or’ or Ow OT' o1’ dw
OF Ok _ OIy OFy  OFy OF3 _ OFy OFy OF OFy _ OFy OF,  OFy OFy Ok OF,
T Ow dw OT or ot ar’ oT IT  Ow Ow Ot or o7’ T’ or
—ko P + ks Py
OF, 0F3; _ OF, 0F3 OF, OFs _ OF, OF3 OF, OF, _ 9F, 0F, OF, OF, _ OF, OF,
or o1’ o’ Ot dw O’ 1T’ dw or o' ar’ oT dw o1’ T’ dw

Then the results of Ibukiyama [2] states that [F1, Fa, F3] € My, kytkq+1,2(2).

Let ¢4, @6, Xi10, Xi12 be Igusa’s generators over Z of weight 4, 6, 10, 12, respectively given in [3]. It
is known that the M (I's)-module of Siegel modular forms of type (k,2) with an odd integer k has four
generators:

Theorem 6 (Ibukiyama [2]). For each odd integer k, we have (as a C-vector space)
My, 2(T2) =Mp—21(T2) |04, 96, X10] © My—23(T2)[¢4, v6, X12]
© My—27(T2)[a, X10, X12] © Vi—20(T2) 06, X10, X12],

where
Vi(T2) = Mi(I'2) N Clps, X10, X12].

We construct @y, (k= 21, 23, 27, 29) by taking constant multiples of these generators:

L 1
Hoyy = oa. X Bou — e
21 3456 [‘:04, ©6, 10]7 23 —3456 [¢47¢67 12]’
1 1
Ba7 = — ——[ip, X10, X12], oy =  ==[ps, X10, X12].
27 Y (4, X10, X12], 29 - (06, X10, X12]

Then we have



2.6 The Witt operator
Let F' be a holomorphic function on Hs. Then the Witt operator is defined by
70
07’

This operator was first introduced in Witt[8]. We extend the Witt operator to the case of vector valued

forms. Let G = (gi; g;i) € My 2(I'2,v) be a vector valued Siegel modular form of type (k,2) on I'y with

character v, then we define

W(G)(r,7') == (W(G12) %(Gzz)> , (r,7) € Hy x Hj.

For later use, we introduce some examples:

W (F)(r, ") ::F< ) (r.7') € Hy x H.

W (a)(7,7") = Ea(7)Ea(7'), W(pe)(7,7") = Es(1)Es(7'),
W (X10)(7,7') =0, W (X12)(r,7') = 12A(T)A(T)),
W (A5)(r,7") =0,
L (A@E(Es(r) 0
widg) = - (AOBGE L ae)
1o (Es(T)A(T)Es(T)A(T) 0
W(®ig) = —12 ( 0 E4(T)A(T)E6(T')A(T')> :
1o (Es(7)?A(T)Es(7") A7) 0
W) = 12 (PR B rMEAR))

W(®g1) = W(Pa7) = W(Py) =0,

where

g := 10[ip4, As], Py = 10[ps, As), @17 := —60[As5, X12],

1
and 7 is the usual Dedekind eta function defined as n(7) = ¢2* [[_; (1 — ¢™). Then we have ®14 = A5 - &},
Ui = As - @11, Poo = As - Py
In [7], Nagaoka proved the following property.

Lemma 2 (Nagaoka[7]). Let F € Q[g,.q,/] be a formal power series of the form

F= > W (0a)"W(06)"W(X12)%,  Yave € Q.
a,b,c>0

If vp(F') > 0, then we have Yape as Vp(Yape) > 0 for all a,b,c > 0.
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From this Lemma, we get the following corollary.

Corollary 1. Let F' € Q[gr,q-] be a formal power series of the form

F= 3" 5acW(0a)"W(06)"W(X12)".  Yabe € Q.
a,b,c>0

If vp(F') > 1, then we have Yape as Vp(Yabe) > 1 for all a,b,c > 0.

Proof. Since v,(F) > 1, we get Vp(%F) > 0. Hence from Lemma 2, we can take

1 1 1
—-F = Z _'Yach(SD4)aW(WG)bW(X12)Cv Vp(_’yrabc) 2 0.
p a,b,c>0 p p
Hence we can take v, (vqpe) > 1 for all a,b,c > 0. |

3 Proofs
3.1 Proof of Theorem 1

Since ®; and ¥4 have Fourier coefficients in Z, the inclusion “O” is clear. We can prove also the converse
inclusion “C” by an inductive argument on the determinant weight with application of the Witt operator.
For more details, see [4].

3.2 Proof of Theorem 3

We prove it by an inductive argument on the determinant weight. By Theorem 1, for any F' € My 2(I'2)z,,
we can write I in the form

F =(P1 + X10Q1)P10 + (P2 4+ X10Q2) P14 + (Ps + X10Q3) P16
+ (Ps + X10Q4) W16 + (P5 + X10Q5) P18 + (Ps + X10Q6) P22,

where P1 € My 19(I'2) N Zp)[ea, w6, X12], Q1 € Mi20(l2)z,,, Po € Mi—14(T2) N Zpy 04, 06, X12], Q2 €
My—24(T2)z,, Ps € Mi—16(T'2) N Zp) (4, 6, X12], Q3 € Mi—26(I'2)z,,,
Py € Vio16(T'2) N Zpy[ps, Xi2], Qa € Vi26(T2)z,,,» Ps € Vio1s(T'2) N Zpy[ps, X12], Qs € Vi-2s(T2)z,,
Ps € Wi—22(T'2) N Z,)[X12], Q6 € Wi—32(T2)z,,,,-

Here we regard P; as polynomials (with coefficient Z(,,)) P1 = P1 (¢4, 6, X12),
Py = Pa(¢4, 06, X12), P3 = P3(04, 06, X12), Py = Pa(ps, X12), P5s = Ps(pe, X12), Ps = Ps(X12).

We apply Witt operator to F. Since W(X10) = W(P14) = W(T16) = W(P22) = 0, we get

W(F) = W(P)W(®10) + W(P3)W(®15) + W(P5)W(P1s)
> f(r)g(r") 0
fEMyi2(I'1),g€E Mk (T'1)

0 > 9(n)f(7)

SfEMp42(T1),9€ M (T1)
_(ME, 0
- 0 MEs

Z Bii(m,n)q g 0

m,n>0
0 > Ba(m,n)qlq

m,n>0



where

MEi= Y C16,i)A() Ea(r) Bg(r)' A(r) Ey(7') Eo(7')"
12i+4j+6t=k+2
120’ +4j5'+6t' =k
t,t'=0,1

ME, = > Co(i, i)V A(T) Ea(7) Eg(7) A(T) E4(r')7 Eg(+) .
12i+45+6t=k

121’ +4;5'+6t'=k+2
t,t'=0,1

The g,-expansion of A(7)"E4(7)? Eg(7)! has the form
AGY Ay Bo(r)' = a4+

The numbers j and ¢ are uniquely determined by choosing a value of i.

For each m, n such that 0 < m,n < [&], A(m,n,r) = 0 (mod p). We have that if m < [&] and

n < [&], then Biy(m,n) = Bas(m,n) = 0 (mod p). This implies that Cy(i,i’) = Ca(i,7') = 0 (mod p) for
1,4 < [1—’“0} Note that 4,7 < [%] since 12i +4j + 6t = k or k+ 2 and 12¢' + 45" + 6t/ = k or k + 2 and
[£] < [E£2] < [%} Thus we have W (F) =0 (mod p).

Lemma 3. P, P3, Ps =0 (mod p).
Proof of Lemma 3. Using fact that W(As5) = 0, we get

W(F) =W (P1)W (®10) + W (P3)W(P16) + W (P5)W(P15s)
A(T)Eq(T") Eo(T")
= — W(Pl) ( * 0 6 E4 T)E(;(T)A(T,))

Es(r)A(r) Es(T) A7) v
— 12W/(P) ( 0 E4(T)A(T)E6(r’)A(T’)>

Ey(7)2A (1) Eg(T) A(T) 0 )
0 Eo(1)A(T)Ey(7')?A(r")

:{7W(P1) <E4(T’)OE6(T’) 0 )

— 12W/(Ps) (

S (HOETA e | (8 ai)

0
(") (0 aln)

where the (1, 1)-component and (2, 2)-component of W(F) are

JuA(7) = (=W (P1)Es(7") Es(") — 12W (P3) Eo (1) Ea(7") A(7") — 12W (P5) Ea(7)* Eg (7)) A(7')) A(7),

For A(T") = (=W (Py) Eq(T) Es (1) — 12W (P3) E4(T) A(T) Eg (') — 12W (P5) Eg (7) A(T) E4 (")) A (7).

Since v, (W(F)) > 1, and v, (A(r)) = v,(A()) = 0, we have vy(f11) = vp(faz) > 1. Then we get
vp(Ey (T)A(Tg ) fi1 = Eo(1)Eo(T")A(T') f22)

= vp((Ba(r)*A(r') = A1) Ea (7)) (Ba() Ea(r)W (P1) + 2% - 3T A(T) A() W (P5)))
>1
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and

Vp(—=E4(7)E6(7) fi1 + Ea(7')Es(7') f22)
= 1p(2° - 3(Ea(r)’ A7) — A(T) Es((7)*) (Ba(7) Es (7 )W (Ps) + Es(7) Es ()W (P5)))
> 1.

Since v, (Ea(T)2A(T") — A(T)E4((7')3)) = 0, we get

vp(Ba(T)Ea(TYW (Py) + 28 - 3 A(T) A ()W (P5)) > 1, (1)
vp(E4(7)Ea(T")W (Ps) + Eg(7)Ee(T")W (P5)) > 1. (2)

(Case k # 0 (mod 6)) we have W(P;) = 0. Hence we have v,(W(P;)) > 1 and v,(W(Ps)) > 1. From
Corollaryl, we get vy, (P (¢4, v6, X12)) > 1 and vp(Ps(pa, 6, X12)) > 1.

(Case k=0 (mod 12)) We can write

W(Py) = Es(7)Es(r') > YabeW (92)*W (05)" W (X12)°,
a=2 (mod 3)
4a+12b+12¢=k—16

W(P) = Z Véch(¢4)aW(W§)bW(X12)c7
a=2 (mod 3)
4a+12b+12c=k—16

W(Ps) = Es(T)Es(T)) > 7.W(pg)"W(X12)“.
12b+12¢=k—24

Using these formulas, we can write
Ey(T)By(r")W(Py) + 28 - 3*A(1) AT )W (P5)

=E(7)Eo(7") > Ya—16cW (02) W (93)"W (X12)°
a=0 (mod 3), a>3
4a+12b+12c=k—12

+20- B3 Eg(N)Ee(7) Y. e W(9d) W (X12)"
>
12b+1c22i1<712

=Lg(7)Eo(1') Z Ya—10eW (02) W (106)° W (X 12)°

a=0 (mod 3), a>3
4a+12b+12¢c=k—12

420030 N Ay W (e) W (X12)"

c>1
12b+12c=k—12

Since v,(LHS) > 1, we have v,(RHS) > 1 for both of two formulas above. From Corollaryl, we get
vp(P1(pa, 06, X12)) > 1 and vp(Ps (¢4, 6, X12)) > 1. From the formula (2), v,(Ps(p4, ps, Xi12)) > 1.

Case k =6 (mod 12)(k = 2 (mod 4) and k£ = 0 (mod 6)): Similarly to the case of k = 0 (mod 12), we
can prove the assertion of Lemma 3.

a



Since the lemma above, we get

F=As5 - {As5(Q1P10 + Q3P16 + Q5P1g) + (Po + X10Q2)Pg + (Ps 4 X10Q4) P11
+ (Ps + X10Q6) P17}

11
We denote RHS by As - G. It is known that As # 0 (mod p) and ¢Z¢? | As but ¢-q- [As5. Next we apply
Witt operator to G.

W(G) = W(P2)W(®g) + W (Py)W (®11) + W(FPs)W (P17)

- T g () 22 (OF
10

FEMy—10(T1),9€EM)—10(I'1)

03(2.7 i/)A(T)iE4(T)jEG(T)tA(T/)i/ELI(T/)JJEG(T’)t’n(T)HT](T/)lQ (?é)

12i+45+6t=k—10
12i’ +45’+6t'=k—10

t,t'=0,1
m,.n 12 12 01
= Y Bulmn)g qn(r)*nr) (10>-
m,n>0
It is known that 7(7)'2 £ 0 (mod p) and qé | n(7)'2 but ¢, [n(7)'?. Hence we have that if m < [%J -1
and n < [£] — 1, then Bya(m,n) =0 (mod p). This implies that C5(4,i') = 0 (mod p) for i,7 < [£] — 1.
Note that i,7 < [£] — 1 since 12i + 4j 4+ 6t = k — 10 and 12i’ + 4’ + 6t = k — 10 and [ET10] < [E] -1

Thus we have W(G) =0 (mod p).
Lemma 4. P5, Py, Ps =0 (mod p).
Proof of Lemma 4. Using fact that W(A5z) = 0, we get

W(G) =W (Po)W (D) + W (Py)W (P11) + W (Ps)W (P17)
() (2B B ) ()

+W(E) (*2E6(T)EG(T')n(T)“n(r/)“ (01))

+ W (Fs) <724 SB2A(P)A( )y (r) 2n() 12 (01)) .

Case k #4 (mod 6): In this case we have Py = P; = 0 as polynomials. Therefore we get
vp(W(Ps)) > 1. From Corollaryl, we get v,(Pa(p4, ps, X12)) > 1.

Case k=4 (mod 12): We can write

W(P,) = Es(7)Es(r') > YabeW (92)*W (95)" W (X12)°,
a=2 (mod 3)
4a+12b+12¢=k—20

W)= Y W) W(X12)",
12b+12¢=k—16
W(Py) = 0.
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Using these formulas, we can write

W(G) =~ 2( Z Ya16eW (02) W (06) P W (X 12)°
a=0 (mod 3), a>3
4a+12b+12c=k—16

P> ”/ch(%)ZbW(Xlz)U) Es(7)Es(r")n(r) ?n(r')"? <01>-

1
12b+12c=k—16 0

Again from Corollaryl, we have vp(7a—15c) > 1 and vp(7;,) > 1. These mean that
Vp(Pa(pa, p6, X12)) > 1 and vp(Ps(ps, X12)) > 1.

Case k=10 (mod 12): We can write

W(P) = > YabeW (92) W (03) "W (X12)°,
a=2 (mod 3)
4a+12b+12c=k—14

W(P) = Es(NEs(T') > %WV (9d) W (Xr2)",
12b-+12c=k—22
k—22

W(Ps) = i W(X12) ™ .
12
Using these formulas, we can write

w(e) = (- S vamaneWW (0a) W (0 W (X12)°
a=0 (mod 3), a>3
4a+12b+12c=k—10

—2 > o Wle) W (X12)°

b>1
12b4+12c=k—10

- 01
722 S’YLJ (XIQ)kuw)n(T)mn(T/)lZ( >
T2 10

Again from Corollaryl, we have vp(—2v,-30c) > 1, vp(—27)_1.) > 1 and vp(—22 - 37} ,,) > 1. These
12

mean that I/p(Pz((,04,Lp67X12)) Z ].7 I/p(P4(<,06,X12)) 2 1 and I/p(PG(X12)) 2 1.
This completes the proof of Lemma 4.
O

Since Lemma 4, we get
F= X0 (Q1®P10 + QP14 + Q3P16 + QuVis + Q5P1s + QsP22) (mod p).

Then Hy := Q1®10 + Q2P1a + Q3P16 + Qu¥16 + Q5P1s + QePo2 € My—10,2(I'2)z,,, and
A((m,n,r); H1) = 0 (mod p) for every m, n such that 0 < m < [%}, 0<n< [%] Moreover
vp(F) = vp(Hy) since v,(X19) = 0.

By repeating this argument, there exists the modular form H,; of weight k£ — 10t and t( such that

F=H, X!, (mod p)
where 1 <t <ty and
A((m,n,r); H) =0 (mod p)
for every m, n such that 0 < m < [’“’1—(1)0'5} , 0<n< k’l(l)oq
vp(I) = vp(Hy,).

Since the weight of Hy, < 22, we should check the case k& < 22 directly.

. Thus we have



(Case k=0 (mod 10)) Hy, € Mig2(T'2) and to = 2530, Since

Xio=(-2+q+q," )+,

we have that if n < [%} —to=1and m < [%] —to = 1, then a((m,n,r); Hy,) = 0 (mod p). With a1 € Z,)
we can write

a0
Hy, = ay - 010 = <010)q7+--~

Hence we have a; =0 (mod p). Hence we have F' =0 (mod p).

(Case k = 4 (mod 10)) H;, € Ms2(T2) and ty = %. Then we have that if n < [%] —to =1 and

m < [%} —tg =1, then a((m,n,7); Hy,) =0 (mod p). With a1, az € Z,) we can write

Hy, =a1 - 04®10 + 2Py
a0 00
(50 ) o+ (g o o
+ { (30(11 + 2(12 0 ) + < 728(1,1 — ap 714(11 — %ag) q
0 30ay + 2az —14ay — Jaz  —28ay —ag ) ¥
—28a; —ay lda; + La _ ajay a; —ap\ _
+ (14a1 L %aj ~28a; _2a2> @'+ (alal)qi + (—a1 al)qwg}qrqw +oe

Hence we have a; =0 (mod p) and —28a; — a2 = 0 (mod p). Hence we get a2 =0 (mod p). Hence we have
F =0 (mod p).

(Case k = 6 (mod 10)) Hy, € Mg2(I'2) and to = k%c& Then we have that if n < [%] —tp =1 and

m < [%} —tg =1, then a((m, n,r); Hy,) =0 (mod p). With a1, az, a3 € Z,) we can write

Hiy =a1 - peP10 + a2®P16 + azVie

_(w0), (00
—OOQT 0 ay qr

i —714a; + 10as — 2as3 0 —28a1 + a2 + as —14a; + %ag + %ag
0 ~Tl4a; + 10a2 — 2as —ldai + fas + Las  —28a1 faztas )W
—28ay +asz +asz  lday — %az — %as . aiar \ o ar —a1\ _o
+ <l4a1 — %(12 - %a:s —28a1 + a2 + a3 G+ aiaq %t —a1 a1 e &4+ ’
Hence we have a; = —714a; + 10as — 2a3 = —28a; + as + a3 = 0 (mod p). Hence we get ay = 221.3(10112 —

2a3 + 2(az + az)) = 0 (mod p) and ag = 535 (—(10az — 2a3) + 10(az + ag)) = 0 (mod p). Hence we have
F =0 (mod p).

(Case k = 8 (mod 10)) Hy, € Mig2(T'2) and ¢y = %. Then we have that if n < [%] —to = 1 and
m < [%} —tg =1, then a((m,n,7); Hy,) =0 (mod p). With a1, a2, a3 € Z(,) we can write
Hy, =ay - <PZ¢10 + a2ps®1s +azdis
_(w0), (00
oo/ 0w )T

+ 270a1 — 2a2 + 10a3 0 I —28ay + a2 + as —14a, + %ag + %a3
0 270a1 — 2as + 10as —lar + Las+ tas  —28arfas+as )P

—28a1 + az + as 14a; — %az — %ag 1 aiar \ o a; —air\ _o
+ <14a1 — %02 — %as —28a1 + a2 + a3 G+ aray %t —a1 a1 o (974 + '
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Hence we have a1 = 270a; — 2as + 10a3 = —28a1 + a2 + a3 =0 (mod p). Hence we get as = 22—1'3(—(—2(12 +
10as) + 10(az + as)) = 0 and as = 535(—2a2 + 10a3 + 2(az + as)) = 0 (mod p). Hence we have F = 0
(mod p).

(Case k = 2 (mod 10)) Hy, € Mas»(T2) and tg = %722, Then we have that if n < [£] —#, = 2 and
m < [%} —tg = 2, then a((m, n,7); Hy,) =0 (mod p). With a1, az, a3, a4, as, ag, a7 € Z,) we can write

Hyy =(ay - @5 +az - @p+as - Xi2)®@10 + aspiPra + aspe®ie + as - i + a7 - Poo

a1 +az 0 0 0
,(0 O)qTJr (0 a1+a2)q7,
510a; — 1218as — 2a4 — 2a5 — 2ae 0
0 510a; — 1218as — 2a4 — 2a5 — 2a¢

+ 728a1728a1+a4+ar+a6 714a1714a2+%a4+%a5+%a6

—14a; — l4as + ay + & sas + —28a; — 28as + a4 + a5 + ag 9w
n —28ay 728a2+a4+ar+a5 14ay + 14as — 7(147 7a— - %as —1

14aq + 14as — —a4 — —H,r' - %as —28a; — 28as + aq + as + ag 9w

+

<a1+az ay +az)qg+(a1 + a2 7(117112)[14 g
, ,
ay +az ay +ag/ ¢ —ai; —az ay +az’/ " i

696a; — 1032a2 0 ) Py 0 O) 2
- ( 0 0 )4t (o 696a; — 1032a2/ 17
4 (548241 + 3500280z — 1404as + 564a; +2052a5 0
0 279432a; + 1088136as + 10as — 168a4 + 1800a;5 + 408as
4 (—46464a;1 +1920a5 + 704as — 280a5 — 1024ag —23232a1 + 960az + 352a4 — 140a5 — 512a6
—23232a; + 960as + 352a4 — 140a5 — 512as  17952a; + 114720as + a3 + 88a4 — 896a5 — 200as ) 4
4 (—46464ay +1920a5 + 704a, — 280as5 — 1024ag 23232a; — 960as — 352a4 + 140as + 512a6 1
23232a; — 960as — 352a4 + 140as + 512a¢ 17952a; + 114720as + a3 + 88a4 — 896a5 — 200ags
510a1 — 1218as — 2a4 — 2a5 — 2ap 510a1 — 1218as — 2a4 — 2a5 — 2a¢ 2
{5100, — 1218as — 2a4 — 2a5 — 2a5  1020a; — 2436as — 4as — 4as — dag ) 9
n 510a; — 1218as — 2a4 — 2a5 — 2a¢ —510a; + 1218as + 2a4 + 2a5 + 2a¢ —2 2
—510a; + 1218as + 2a4 + 2as + 2ag  1020a; — 2436as — 4ay — das — 4ag ) Yo [ 9797/
Ay Co A —C2\ -1
{(% ) (& B)ws (8 0w
Az Cy Az —C3
+ (c3 B) e+ (e, B)e”
17952a1 + 114720a5 + as + 88a4 — 896a5 — 200ag  41184a; + 113760as + as — 264as — 756as + 312a6) 3
(411844, + 1137600z + a3 — 264as — 756a5 + +312a¢  17952a1 + 114720az + az + 88as — 896as — 200ag ) 9«
4 17952a1 + 114720a; + a; + 88a4 — 896as — 200aq —41184a; — 113760as — as + 264a, + 756a_312a6) —3
—41184a; — 113760as — as + 264a4 + 756as5 + —312as  17952a; + 114720as + ag + 88a4 — 896a5 — 200ag ) 9
4 (6961 — 103205 696a; — 103205 4 696a; — 103205 —696a1 +1032a5) 4 2.2 .
696a; — 1032a2  696a; — 1032as ) 4 T \ —=696a; + 1032a2  696a; — 1032a, ) Lo [ v/ '
where

Ay = By = —59095920a; — 257328624as — 2288a3 — 75776a4 — 364544a5 — 329216a¢ — 18ay
Ay = By = —20671008a; — 53005344as — 577as + 33960a4 + 153984as + 144840a6 + 8ar

Cy = —24544032a; + 15272544a2 — 139a3 + 239160a4 + 14556a5 + 511608as + 35a7

As = Bs = —688416a1 + 217056a2 — 8asz + 3840a4 + 29184a5 + 19968as + ar

1
C3 = *344208(11 + 108528(12 — 40,3 + 1920(14 + 14592&5 + 9984(16 + 5(17

Hence we get
1

a]p = 33(

1032(a1 + ag) + (696a; — 1032az)) =0 (mod p),

1
a2 = 553 (696(a; + a2) — (696a; — 1032a2)) =0 (mod p).



Then we get

9 1 1
~ 53504 + 5+ ag) = 5 (~1404as + 564as + 205206) + o (10a5 — 168as + 1800a; + 408a5)

— 235—3(a3 + 88a4 — 896a5 — 200ag) = 205a5 = 5-4las =0 (mod p)
and

41 1
- ?(04 +as +ag) + §(4a3 —1920a4 — 14592a5 — 9984a¢ — ar)

1
- W(72288a3 — 75776a4 — 364544a5 — 329216as — 36ar)
19

1
- W(ag + 88a4 — 896a5 — 200ag) — ﬁ(7352a4 + 140a5 + 512a6) = 401las =0 (mod p).

Hence we get a5 = 0 (mod p). Then we get ag+ag =0 (mod p) and —352a4+512a6 = 0 (mod p). Hence we
get ay = 55tz (512(as+ag) — (—352a4+512a6)) = 0 (mod p) and ag = 5555 (352(as+ag) +(—352a4+512ag)) =
0 (mod p). Hence we get ag = a; =0 (mod p). Hence we have F' =0 (mod p). O

3.3 Proof of Theorem 2 and 4

We can prove Theorem 2 and 4 similarly as the proofs of Theorem 1 and 3, respectively. Namely, the proofs
are inductions on the determinant weight with applications of the Witt operator. We omit the details here
(see [5]).

References

[1] S. Bécherer, S. Nagaoka, On mod p properties of Siegel modular forms, Math. Ann. 338, 421-433(2007)

[2] T. Ibukiyama, Differential operators and structures of vector valued Siegel modular forms, in Algebraic
Number Theory and Related Topics (Kyoto, 2000) Surikaisekikenkyzsho Kokyuroku 1200, Res. Inst.
Math. Sci. (RIMS), 71-81(2001), (Japanese).

[3] J.-I. Igusa, On the ring of modular forms of degree two over Z, Amer. J. Math. 101, 149-183(1979)

[4] H Kodama, On certain vector valued Siegel modular forms of type (k,2) over Z,, Acta Arithmetica,
188, 83-98 (2019)

[5] H Kodama, On certain vector valued Siegel modular forms of type (k,2) over Z,) II, preprint

[6] T Kikuta, H. Kodama, S. Nagaoka, Note on Igusa’s cusp form of weight 35, Rocky Mountain J. Math.
45, 963-972(2015)

[7] S. Nagaoka, Note on mod p Siegel modular forms, Math. Z. 235, 405-420(2000)

[8] E. Witt, Eine Identitdt zwischen Modulformen zweiten Grades, Abh. Math. Sem. Hansischen Univ. 14,
323-337(1941)

[9] T. Satoh, On certain vector valued Siegel modular forms of degree two, Math. Ann. 274, 335-352(1986)
[10] J. Sturm, On the congruence of modular forms, Number theory, Springer, 275-280(1987).

Hirotaka KoDAMA

Academic Support Center
Kogakuin university

Hachioji Tokyo 192-0015, Japan
kt13511@ns.kogakuin.ac.jp

43





