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Abstract

A motivic approach is presented to Shimura’s zeta functions Z(s,f) [47] attched to holo-
morphic automorphic forms f on unitary groups Uk (n,n) over an imaginary quadratic field
K = Q(v—Dk). A motivically normalized L-function D(s, f) attached to Z(s,f) is defined in
accordance with Deligne’s conjectures [14]. An explicit description of Shimura’s I'-factors is
used.

The attached p-adic L-functions of D(s, f) satisfies conjecture of Coates-Perrin-Riou [11]
and it is constructed via admissible measures of Amice-Vélu, see also [31]. The p-ordinary case
was treated in [17] via algebraic geometry (method of Katz).

The main result is stated in terms of the Hodge polygon Py (t) : [0,d] — R and the Newton
polygon Py (t) = Pnp(t) : [0,d] — R of the zeta function D(s,f) of degree d = 4n. Main
theorem gives a p-adic analytic interpolation of the L values in the form of certain integrals
with respect to Mazur-type measures, saisfying Coates-Perrin-Riou conjectures.

Both Rankin-Selberg and doubling methods are used.

1 Euler products of Shimura

Explicit Euler products were constructed by G. Shimura from the Hecke eigenvalues of automorphic
forms on a classical group (see [47], [45], [46]), where their analytic continuation to the whole
complex plane was proved when the group is a unitary group over a CM field and the eigenform is
holomorphic. Also, an analytic continuation of an Eisenstein series was proved on another unitary
group, containing the group just mentioned defined with such an eigenform.

The idea of a motivic interpretation of Shimura’s zeta functions comes from their explicite
Gamma factors, see [47] compared with the Deligne-Serre’s Gamma factors of Hodge structures on
the Betti and de Rham realisations of a motive [43], [14]. A proceedure of bringing Gamma factors
to a canonical form is described by H.Cohen [13]. When applied to the classical Eisenstein series
Ey, it gives the Gamma factor I'(s) of a classical cusp form. An evidence for the motivic nature of
the Gamma factors could be deduces from the attached p-adic L-functions using their Hodge and
Newton polygons Py (t) and Py p(t) (at p).



1.1 Hermitian modular group I', ¥ and the standard zeta function Z(s, f)
(definitions)

The followng function Z(s,f) is a special clase of Euler products constructed by G. Shimura. Let
0 = O be the quadratic character attached to K = Q(v/—Dk), n’ = {%]

AB On 7171
Fu = 3= (45 < GLaoianar =y = (% 7).

I’Il On
2n
2(s, ) = (H L(2s —i+ 1,01’-1)) > A@)N(a)~F,

i=1
(defined via Hecke’s eigenvalues: £]T(a) = A(a)f,a C Ok)

= H 2q(N(q)"*) '(an Euler product over primes q C O,
q

with deg Zq(X) = 2n, the Satake parameters t; 4,4 =1,--- . n),

‘1
D(s,f) =2(s — 3 + 7 f) (Motivically normalized standard zeta function

with a functional equation s — ¢ — s; rk = 4n, and motivic weight ¢ — 1).

Main result: Assuming ¢ > 2n, a p-adic interpolation is constructed of all critical values D(s, f, x)
normalized by XI'n(s)/Q¢, in the critical strip n < s < £ —n for all x mod p” in both bounded or

unbounded case , i.e. when the product ag = <Hq‘p T, tq7i> p ") s not a p-adic unit.

1.2 Example: Tkeda’s lifting f ~ f = Lift(f)
Its L-function gives a crucial motivation for both complex and p-adic theory of L-functions on
unitary groups, and extends to a general (not necessarily lifted) case. Recall that in [19]
Sgk+1(F0(D), 9) S f f= Lbft(f) < 82k+271/(FK771), if n = 2n’ is even (E)
Sor(SL(Z)) 3 f ~ £ = Lift(f) € Sopron (k). if n=2n"+11s odd (O)
the standard L-function of £ = Lift(™ (f) is a nice product: Z(s, f) =
HL(s +hk+n' —i+(1/2), )L(s+k+n" —i+(1/2), f,0) [19]

i=1

- 1:[ L(s+0/2 —i— (1/2), f)L(s + €/2 — i — (1)2), [.0).

i=0

Notice k + n’ = €/2, then the Gamma factor of the standard zeta function with the symmetry
s+ 1 — s becomes I'z(s) = [/ Te(s +£/2 — i — (1/2))2.

1.3 A motivic normalization for the scalar-valued automorphic forms

For the general case see in [9].
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n—1

The Gamma factor I'z(s) =[]/, Tc(s+ £/2 —i — (1/2))2. suggests the following nice motivic

n—1
normalization D(s) = Z(s — (¢/2) + (1/2)) = H L(s—1,f)L(s — i, f,0) with the Gamma factor
i=0

n—1

Tp(s) = Ta(s — (€/2) + (1/2)) = H I'c(s — i)?, and the L-function D(s) satisfies the symme-
i=0

try s — £ — s of motivic weight ¢ — 1 with the slopes 2-0,2-1,...2-(n — 1),

2-(t—mn), -+ ,2- (¢ —1), so that Deligne’s critical values (as in [14]) are at s =n,...,s ={ —n.

Moreover the existence of p-adic L-funcions in Tkeda’s case f = Lift(A) of degree 3 directly
follows in this case from the abnove product (even in the non-ordinary case, e.g. for f = A, p=17,
7(7) = —16744 = —23.7-13-23, for any K, but n = 2n’+1 must be odd) with ¢ = 2k+2n’ = 12+2n/.

1.4 General zeta functions: critical values and coefficients

More general zeta functions are Euler products of degree d

Do) = 3 x(mann~ =[] W An(s,X) = Tn(5)D(s, X),

where deg D,,(X) = d for all but finitely many p, and D,(0) = 1.

In many cases algebraicity of the zeta values was proven as

D*(SOa X)

oF € Q({x(n),an}n), where D*(s, x) is normalized by I'p,
D

at critical points sg € Z¢; as linear combinations of coefficients a,, dividing out periods 9%7 where
D*(s0,x) = Ap(s0, x) if K = 0.

In p-adic analysis, the Tate field is used C, = @p, the completion of an algebraic closure @p, in
Ip Q— C,
iso : Q= C,
values D4 (s, ) = A(S,X).D}g+’<) to s € Zyp, x mod p", where A(s, x) is a polynomial elementary
factor of [11], p.29. :

place of C. Let us fix embeddings { and continue analytically the normalized zeta

1.5 The Hodge and Newton polygons of D(s)

are used in order to state our Main result.

The Hodge polygon Pp(t) : [0,d] — R of the function D(s) and the Newton polygon Py ,(t) :
[0,d] — R at p are piecewise linear functions:

The Hodge polygon of weight w has the slopes j of length; = h#**~J given by Serre’s Gamma
factors of the functional equation of the form s — w +1 — s, relating Ap (s, x) = I'n(s)D(s, x) and
Ape(w + 1 — s,X), where p is the complex conjugation of a,, and I'p(s) = I'pe(s) equals to the
product I'p(s) = H].S% Ijw—j(s), where

T (S): F(C(s_j)hjﬂ J7 1f.7<w7
pemay Tr(s — )" Tr(s —j+ 1), if 2j = w, where



Ir(s) =73 (%) ,Te(s) = Tr(s)Tr(s + 1) = 2(27) °I'(s), h¥7 = hf;j + hd, Zhj’w*j =d, see
J
[13] for the various examples with Gamma factors.
The Newton polygon at p is the convex hull of points (i,ord,(a;)) (i = 0,...,d); its slopes A
are the p-adic valuations ord,(a;) of the inverse roots ; of D,(X) € Q[X] C Cp[X]: lengthy =
#{i | ord,(e;) = A}. According to [6], Th. 8.36, Pnewton,p(t) > Prodge(t) on [0,d].

Hodge/Newton polygons for f = Lift(A),n =3, U(3,3)

Let us draw Ppoqge(t) (slopes 0,1,2,11,12,13), and Pnewton,p(t) (slopes 1,2,3,10,11,12), symmetry
for slopes: j — 13 —j, forp="7, f = Lift(A), k=12, n' =1, { =14 =k +2n/, d = 4n = 12,
Ip(s) = Te(s)?Te(s — 1)2Tc(s — 2)%, symmetry s — 14 — 8. Prewtonp(6) = 12, Prodge(6) = 6,

12 3 4 5 6 7 8 9 10 11 12

h =6 ("a motivic Hasse invariant")

1.6 p-adic analytic interpolation of D(s, f, y)

The result expresses the zeta values as integrals with respect to p-adic Mazur-type measures. These
measures are constructed from the Fourier coefficients of Hermitian modular forms, and from eigen-
values of Hecke operators on the unitary group.
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Pre-ordinary case: Py(t) = Pny(t) at ¢ = g The integrality of measures is proven by
T.Bouganis [7], representing D*(s, x) = I'n(s)D(s, x) as a Rankin-Selberg type integral at critical
points s = m. Coefficients of modular forms in this integral satisfy Kummer-type congruences and
produce certain bounded measures pup from integral representations and Petersson product, [10].
For the case of p inert in K, see [7].

Admissible case: h = PN(g) - PH(%) > 0 The zeta distributions are unbounded, but their
sequence produce h-admissible (growing) measures of Amice-Vélu-type, allowing to integrate any
continuous characters y € Hom(Z;,C;) = Y,. A general result is used on the existence of h-
admissible (growing) measures from binomial congruences for the coefficients of Hermitian modular
forms. Their p-adic Mellin transforms Lo (y) = fz; y(z)dps(z), Lo + Y, — C, give p-adic an-

alytic interpolation of growth 10g2(~) of the L-values: the values Lp(xz}') are integrals given by

- (D*(m,f,x)
’Lp <Q—f S (Cp.

2 The explicit form of the standard zeta function

For all integral ideals a C O let T(a) denotes the Hecke operator associated to it as in [47], page
162, using the action of double cosets ['éT" with ¢ = diag(D, D), (det(D)) = (), D = (D*)71,
a € a.

Consider a non-zero Hermitian modular form £ € M,(T'), for a (congruence) subgroup I' C Ty, f,
and assume f|T(a) = A(a)f with A(a) € C for all integral ideals a € O. Then

2n

2(s, ) = (H L(2s—i+1, 91'—1)) > A@)N(a)~*,
i=1 a

the sum is over all integral ideals of O

This series has an Euler product representation Z(s, f) = [](Zq(IV (q)~%)~1, where the product
is over all prime ideals of Ok, Zq(X) is the numerator of the series > . A(q") X" € C(X),
computed by Shimura as follows. a
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2.1 Euler factors of the standard zeta function, [47], p. 171

The Euler factors Z4(X) in the Hermitian modular case at the prime ideal q of Ok are

n

= [T (@ = N(@)""tq.X) (1 = N(@)"t, 1 X))

i=1

—1

if ° = q and q /¢, (the inert case outside level c),
2n

. . _ ~1
(ii) Zq, (X1)Zq,(X2) = H (1= N(a1)*"t5 i X1) (1 = N(02) M q,00.iX2))
i=1
if q1 #q2,9] =q2 and q; fc for i = 1,2 (the split case outside level)

n
(iii) Z H ) lt(“-X)_1 , if ¢° = q and q|c (inert level divisors ),

i=1
. e e -1
(iv) Zqy (X1)Z4g, (X2) = [[ (1 = N(a)" M55, X0 (1 = N(a2)" Hgyq0iX2))
i=1
if g1 # q2,q;|c for i = 1,2 (split level divisors).

where the ¢, ; above for ? = q,q1q2, are the Satake parameters of the eigenform f.

2.2 The standard motivic-normalized zeta D(s,f, x)

The standard zeta function of f is defined by means of the p-parameters as the following Euler

product:
(5., = HH{( Ap)) <1 B x(p)a;:xp))}l’

p i=1

where x is an arbitrary Dirichlet character. Motivically, this should be L(s, Resg /q(My) ® x) with
tkx (Myg) = 2n, rkg(Resg/g(My)) = 4n. The p-parameters a;(p), . . ., aun(p) of D(s, £, x) for p not
dividing the level C' of the form f are related to the the 4n characteristic numbers

(Y'l(p)v R (Mgn(])), “2n+1(p)7 ) ()‘471(1))

of the product of all g-factors Zq(Nq(‘{*l)/mX)*1 for all q|p, which is a polynomial of degree 4n of
the variable X = p~* (for almost all p) with coefficients in a number field 7' = T'(f) .

The relation between the two normalizations Z(s — % + 1@, f) = D(s,f) also was discussed in [9]
and [22] for more general L-functions.

2.3 Description of the Main theorem

Let Q¢ be a period attached to an Hermitian cusp eigenform f, D(s,f) = Z(s — % + é,f) the
standard zeta function, and

af = Qfp = (HQIp [T tq-ﬂ') p~HD, b= ordp(og ).
The number oy turns out to be an eigenvalue of Atkin’s type operator Uy, : >~ 5 AHqH =Yg Apmg?

(the Hermitian Fourier expansion) on some fo, and h = Py () — Py (%), d = 4n, - = 2n.
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Definition 1. Let M be a O-module of finite rank where O C C,,. For h > 1, consider the following
C,-vector spaces of functions on Zj : €" C €/¢=*" €. Then

- a continuous homomorphism g : € — M is called a (bounded) measure M-valued measure on
7.

i

-2 C" — M is called an h admissible measure M-valued measure on Z,, measure if the following

growth condition is satisfied
/ (x —a)dp| < pfv(h*j)

a+(p*) »

for j = 0,1,...;h — 1, and et Y, = Homeont(Z;,C;) be the space of definition of p-adic Mellin
transform

Theorem 2 ([1], [31]). For an h-admissible measure p, the Mellin transform L, : Y, — C, exists
and has growth o(log") (with infinitely many zeros).

Theorem 3 (Main Theorem). Let f be a Hermitian cusp eigenform of degree n > 2 and of weight
> 2n. There exist distributions up s for s =n,--- ,{ —n with the properties:

i) for all pairs (s, x) such that s € Z withn < s < {—n,

D*(s,f,x
/ xdpo,s = Ap(s,x)(—X)
. Z; Qf

(under the inclusion i,), with elementary factors Apy(s,x) = Hq pAq(s, X) including a finite Euler
product, Satake parameters tq;, gaussian sums, the conductor of x; the integral is a finite sum.
(i) if ord, ((Hq‘p I, thi)p*”(”+1)> = 0 then the above distributions pp s are bounded mea-
sures, we sel jlp = [1p s+ and the integral is defined for all continuous charactersy € Hom(Zy, Cy) =:
Yp-
Their Mellin transforms £,.,, (y) = fZ; ydpn s, Ly 2 Yp — Cp,
give bounded p-adic analytic interpolation of the above L-values to on the Cp-analytic group Y,; and
5

these distributions are related by: Xdpp,s = / xz® Cpupse, X = Z;, where s* =L —n, s, =n.

(#ii) in the admissible case as;;me that 0 < h < s* — s, +1 = £+ 1— 2n, where h =
ord,, ((Hq‘p T, tqﬂ-)p*"(”*l)> > 0, Then there exists an h admissible measure pp whose inte-
D*(s,£,%)

Qg
transforms Lo (y) = fZZ ydpp, belong to the type o(log xl).

grals [, xxz3dpp are given by i (Ap(s,x) € C, with Ap(s,x) as in (1); their Mellin

(iv) the functions Lo are determined by (i)-(iii).

Remarks.
(a) Interpretation of s*: the smallest of the "big slopes" of Py
(b) Interpretation of s, — 1: the biggest of the "small slopes" of Pyy.



3 Proofs via the doubling method

Based on the pull-back identity, it is valid for many classical groups. In the Sp case it gives a
double integral representation for D(f,s,y) and its critical values at t with k& + ¢ = £, through a
certain Eisenstein series QE%T”X on the Hermitian space Hy,, of degree 2n using an algebraic linear
form g — F(g) applied to a function 3, (2, w) in a certain tensor product of arithmetical nearly
holomorphic functions

‘D(f»t'/ X) = ?(}Ct’x)

described in [5] for a holomorphic Siegel modular form f of weight ¢ for the congruence subgroup
To(N) in Sp,, which is a Hecke eigenform.

Special values of the standard L-function used in the proof are of the type DM)(f, s) and
attached to f and to twists D) (f,s,y) of the L-function by Dirichlet characters y, where M
denotes a common multiple of N and the conductor of y, and the Euler factors at primes dividing
M are removed.

3.1 A formula for D(f,t,x) = F(IH,,)

Is the following pull-back double integral representation:

<<f |f <(; 701) 7g(*7*)>;u0(1\]2p)7.f ‘f ((1) Ng5)>
<f"f>12—‘0(N2P)

z

I'o(N?2p)

F(9) =

Here g(z,w) = H;(—Z,w) is a function in the tensor product of certain spaces of automorphic
forms
Hix € CF My (To(M),9)]- ®c O My (To(M), 9)|uw,

obtained from the above Eisenstein series Q‘Sif’x applying

1. an arithmetical operator of higher twist,

o
2. a diagonal differential operator ©;, , with a = k + ¢ acting on nearly holomorphic forms and
preserving their arithmeticity.

In the Sp case the operator of higher twist, attached to the unipontent radical U of a parabolic P,
is described through matrix Gauss sums in [4] .

3.2 Explicit pull-back identity in the Sp case

is based on the "unfolding trick": twisting of the standard zeta function with a Dirichlet character
X equals to a series obtained from a summation of eigenvalues of f, twisted by x It is represented by
the scalar product of a series obtained from a summation of Hecke operators applied to an eigenform
for the appropriate Hecke algebra ((2.28 ) at p.1389 [5]) . Let S be a square free number, p | S and
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Let ¢ be a Dirichlet character mod M > 1, y a Dirichlet character mod N, N2|M, { = k+v € N
with x(—1) = (—1)*p(~1) and g € 8¢ (To(M), @), then in the Sp case one has the following

(e 02 M Np 0 9)
0

Qy V(s) 2%k 1. n(ntD) e
_ ) —1)*(N" +v+2s5—n 11‘[72 5
it 2510 zs,w)X( )*(N™)

0 -1 _ 0 -1 M
x DM) (f‘g(zw 0>7k‘,+257’n,7x)f|g (M O)|U<m>7

n n
with the normalizing product £(s,v) = L(s, ) H L(25—2i,4?), Gamma factor ', (s) = 7 m H I(s—
i=1 i=1
n—

2
O (s) = (—1) ¥ 2l —2ns g

1
) of degree n, Atkin’s operator U (L), and Hua’s integral [24]
n(ni1) Ch(l+s—5)Th(l 45— ”TH)

Th(k+8)Th(k+s— %)
tinuation of the twisted L-functions to the whole complex plane (Corollary 3.3 in [5], p.1399).

, providing a meromorphic con-

3.3 Strategies to prove Main theorem by doubling method (Unitary case)

Let us follow the strategy developed for the symplectic group in [5] in the ordinary case, and in
[15] in the admissible case.

To construct the admissible measure p satisfying extensions of (i) and (ii ) for Unitary group
we follow four steps: following the technique of Amice-Vélu [1], p is given by a certain sequence of
distrbutions {z;};>0 on the ground p-adic space X

1. Construct a certain sequence of modular (automorphic) distributions {3;(z,w)};>o
valued in a tower of arithmetic (nearly holomorphic) automorphic forms of levels Cp¥(v > 1).

2. Apply a suitable algebraic linear form (represented by a double Petersson scalar product in

(z,w)).

3. Check the admissibility properties (h-admissible measures). This is equivalent to proving
congruences for the Fourier coefficients in J7, T3 € A (symmetric or hermitian matrices).

4. Prove that certain integrals of Dirichlet characters y and arithmetical chracters xyz/, j = s* —t
coincide with the algebraic normalized special values of the standard zeta function DI (£, ¢, )
twisted with .

4 Existence of h-admissible measures

of Amice-Vélu-type gives an unbounded p-adic analytic interpolation of the L-values of growth
logg(~)., using the Mellin transform of the constructed measures. This condition says that the



product []}, ¢, is nonzero and divisible by a certain power of p in O:

ord, | [T <ﬁ tw‘) p D | = p,

qlp \i=1

We use an easy condition of admissibility of a sequence of modular distributions ®; on X = Zj
with values in the semigroup algebra O[[q]] = O[[¢”]]zea(o)+ as in Theorem 4.8 of [10]. It suffices
to check congruences of the type (with » = 4)

v "”(i (7 ) (—ap)? 7' @y (a+ (1)) € Cp0lg]

!
J'=0 J

for all j = 0.1,...,¢h — 1. Here s = s* —j', ®;(a+ (p”)) is a certain automorphic-valued
distribution in nearly holomorphic arithmetical functions H; (2, w) We use a general sufficient
condition of admissibility of a sequence of modular distributions ®; on X = Z; with values in O[[q]]
as in Theorem 4.8 of [10].

4.1 Proof of the Main Theorem (iii): admissible case

Using a certain double Petersson product F(3y ) for D9(t, f, x) of }; ,, times an elementary factor
and a power of a fixed Satake parameter written as (L), with L = p¥. Using an eigenfunction
fy of Atkin’s operator U(p) of eigenvalue af on fy and a certain double Petersson product for
9(z,w) = Hy (=2, w) one has F(H; ) =

0 -1 w 1 0 *
<<f° . (1 o)’g(*’*»rouwpwfo e (0 N25>>

I'o (N2p)

2
{fo, fO)FU (N2p)
Moreover, applying Atkin’s operator U(p?) gives

DU, f,x) = ap U x

(a1 (3 31 00 et e (5 p35) ).

Lo (N?p)

<f07 fO)%O(sz)

4.1.1 Modification of the proof in the admissible case

instead of Kummer congruences, to estimate p-adically the integrals of test functions: L = p*:

. J . .
/ (z — a)?dDY9 = Z (‘7,) (7(1)]'73"/ 27 dDY | using the orthogonality of characters
a+(L) =0 J a+(L)

D = e @) [ x(@pelan,

and the sequence of zeta distributions /
x mod L

a+(L)
[y xdD3 = Del9(s* —j, f,x) = [y x(x)dDI.
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4.2 Defining automorphic distributions {J;} through U{(Lt?x

For ¢ = k+ v,k =n+t,t>1, we use the same sequence of functions U{g?x as in [5], defined as

follows:
If x # 1, then

S
i}C(Lt) (z,w) = £(k + 2s, gpx)@z (w, z R2N2R— RN, ¢, x,$)

sX
. . (1 0N\, /1 0
Foa vt (o aos) (5 as):

iti-1)

7171,

H (2,w) = L(k +25,0x') > (~1)'p
1=0

v S
x € (w2 (BD)*N o7

2 w (1 0 w(l 0
Foa vy aos) 1 as)-

R'N,¢,X',s,1)

Defining the functions }C(G,L)(z,w) through the Fourier expansions
The function H (4, 1)(z,w) has the Fourier expansion of the form:

2me
Ha,r)(z,w) = Z o,(T1,T4) - exp (N2 r(Tiz + ‘3'4w)> ,
T1,TaEAT

2n41
k— 2

> P (T) - Gu(2T2, N, X) - (px)*(det G) - det(2T[G™))
T(T2),G,b

(px)(b) - b7* - d(b, T[G™] praN” L@X)o(cy) - G(X)
T(det(2Ty)) - x(det<a2>> -8) - (1= (X )o (P)P' ™) - Lt era19X),

where the quadratic character er defined as ep(x) := (M) and D(T) = {G € M, (Z*)|T[G" '] €
A}, bl det(2T).

5 Defining an algebraic linear form g — JF(g)

Let f € S(To(N),$) and a function g(z,w) which as a modular form of z and w belongs to
ME(TO(N2p), ), we consider the following C-valued function:

0 -1 w 1 0 i
<<f . <1 0)’g(*’*)>ro<w2p>’f|‘ (0 N2S) >N(sz>.

<fa f>12"[](1v2p)

F(g) =



183

The pull-back identity gives us our critical values as values of F(g):

n(n+l)  ne
2

FED ) = (1, 1) Qe (0) - (N2p) Fx (1) (-1)"

L (Ne) " Vag(pLAeg?) - Ey(t, x) - X(—2

p7 CX)

1-9(r
(1= (p)aj(p)p~)

)n ' D(Np)(f7t>>2)

—

=
5]
<.
S
=

n
for any character x whose conductor is a power of p, where E,(s,) = H (

—

J
is a modified p-Euler factor in accordance with the motivic formula in [11].

5.1 Congruences between the coefficients of the Hermitian modular forms

In order to integrate any locally-analytic function on X, it suffices to check the following binomial
congruences for the coefficients of the Hermitian modular form

Ho= 3 0T g
T1,T2

for v > 0, and a constant C'

1 J <j) o » e
> ()= D T @ T, p T, 5" — G, X)a g
j(O/MO)X 7'=0 J’ x mod M

€ CpY0][q.,qw]] (This is a quasimodular form if j' # s*)

The resulting measure p1p allows to integrate all continuous characters in Y, = Homon: (X, (C;;),
including Hecke characters, as they are always locally analytic.

Its p-adic Mellin transform £, is an analytic function on Y, of the logarithmic growth O(logh),
h = ord,(a).

5.2 Proof of the main congruences

Thus the double Petersson product in ¢ can be expressed through the Fourier coeffcients of h
in the case when there is a finite basis of the dual space consisting of certain Fourier coeffcients:
by, h by, (i=1,...,n). It follows that ¢¢(h) = >, viby,, where ; € k. Using the expression for
Lg(hj) = >, 7i,jbj7., the above congruences reduce to

nyi,j/jjb]',(f, =0 mod pN.

]

The last congruence is done by an elementary check on the Fourier coefficients b; g, .

The abstract Kummer congruences are checked for a family of test elements.

In the admissible case it suffices to check binomial congruences for the Fourier coefficients as
above in place of Kummer congruences.
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5.3 Proving the main congruences as in [15], [10]

nt __n(n+t2)
2

Denote L = p*, ¥(L) = (fo, fo)ao(pL*) "2, (0)(N?p) 2

(T g1 “a)v j
A= () o D, 2, T

(_1)n(_1)2nNn(17j7Z)7

where v(LJ7, T2, 7, x) are Fourier cocfficients of i}fiﬁx

grals and composed as the derivative of a product: ,

. These summations can be put into the inte-

a+(L)

. | M| r P

r i+

[ 2 () Cor e

z=a mod L ;_ =0 J (] + )

|M]| g
= / Z pir =t e (2" (z—a)") du
Jrx=a mod L ;— T

We use the method of V. Q. My which can be explained by the following lemma:

Lemma 4 (Lemma 5.2 in [32], page 158). Suppose that h and q are natural numbers, h > q, and
d=—Cd'amod m. Then the number

h .
h . i hei gieig L(GF1)
B = _ \h—J —_C h ]d/h Jgi—tsa
: Z<])< @) (~0) il
is divisible by m" 4.

Using the orthogonality relations of character x and the congruence x = @ mod L which gives

the congruence 597 (:1:i+1(:1; — u,)T) = 0 mod L"~* then we have proof for the main congruences. 1
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