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A SURVEY ON  THE GLOBAL GAN-GROSS-PRASAD CONJECTURE FOR 
FOURIER-JACOBI CASE 

JAEHO HAAN 

ABSTRACT. The global Gan-Gross-Prasad (GGP) conjecture predicts that the non-vanishing 
of certain periods is equivalent to the non-vanishing of certain central value of some£-function. 
There are two types of GGP conjectures : Bessel case, Fourier-Jacobi case. In 2015, Hang Xue 
proved the Fourier-Jacobi GGP conjecture for skew-hermitian case on the same rank group. 
But his result is under certain local restriction to apply relative trace formula. We suggest a 
way to prove one direction of the general Fourier-Jacobi case for skew-hermitian unitary group 
without such local restricions. This survey article is based on the ongoing joint work with 
Hiraku Atobe. 

1. Fourier-Jacobi period 

Let E / F be a quadratic extension of number fields with adele rings伍 and幻 respectivly.
We denote the nontrivial automorphism of E fixing F by x→ 元. Let w be the non-trivial 
quadratic character assosiated to F八鯰 bythe global class field theory and fix a chracter 
μ:E八鯰 suchthatμIA;= w. Sometimes, we viewμ 邸 acharacter of G Ln (A司andin that 

c邸 e,it does meanμo dct. We also fix a nontrivial charactcr心ofE¥恥.If v is a place of F, 
we write Ev= ERFv, Let Wm C Wn be m and n-dimensional skew-Hermitian spaces over E 
such that Wn = X 8 Wm① X* where X① X* is the direct sum of r hyperbolic planes and the 
restriction of hermitian form of Wn to Wm is non-degenerate. 

Let Gn, Gm be the isometry group of Wn, Wm respectively and regard Gm邸 asubgroup of 
Gn which acts trivially on the orthogonal compliment of Wm in Wn. We fix a complete flag of 
X and let Pn,r the parabolic subgroup of伍 whichstabilize this flag, with the unipotent radical 
Nn,r・Then the group Gm acts on Nn,r through conjugation. Put H = Nn,r ><I Gm. There is 
an H(F)-invariant automorphic Weil representation v,/J — ',µ-',Wm of H(知） realized on Schwartz 
space S. For each f ES, we can define a certain theta series 切—',µ-,(h, f) defined on H(幻）．

Let町濯2 be two irreducible cuspidal automorphic representation of Gn(幻） and Gm(幻）
respectively. We regard H 邸 asubgroup of Gn through the map (n, g)→ ng. For l-f)1 E丘四 E
砂 fE 咋—',µ-',Wm, we define its Fourier-Jacobi period to be the integral as 

汀 □l-f)1喜 f):= j rp1(ng)四(g)8ゅ—',µ—,((n, g), f)dndg, 
[Nn,r><Gm] 

where [Nn,r ><I G叫 ＝知(F)><I叫 (F)¥知（幻） ><1Gm因）．

2. Automorphic forms 

For a connected reductive algebraic group Gover F, we fix a minimal F-parabolic subgroup 
p。ofG with a Levi decomposition Pi。=Mi。u。anda maximal compact subgroup K = ITv凡
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of G(幻） which satisfies 

G(AF) = Po(幻）K, P(AF)nK=(M(幻） n K)(U(幻） nK) 

and M(い） n K is still maximal compact in M(幻） for every standard parabolic subgroup 
P = UM  of G where M,。cM. (see [10, 1.1.4]) Note that the Levi factor M,。isthe centralizer 
of a maximal split torus Ti。.Throughout the rest the paper, P always denote a standard 
subgroup of G unless mentioned. 

Let吟 (G)be the space of automorphic forms on U(幻）P(F)¥G(幻）• i.e., smooth, K-finite 
and 3-finite functions on U(AF)P(F)¥G(い） of moderate growth, where 3 is the center of the 
universal enveloping algebra of the complexified Lie algebra of the product of the archimedean 
localization of G (幻） • When P = G, we simply write d(G) for必 (G). For a cuspidal 
automorphic representation p of M(釦）， wewrite咋 (G)for the subspace of functions¢E 
砂 (G)such that for all k EK, the function m→ l8p(m)l-1・rp(mk) belongs to the space of p. 
(Here, pp is the modulus function of P(い）.) (see [10, 1.2.17]) 

We extend the definition of automorphic forms from reductive groups to special non-reductive 
groups. Let N be a unipotent group over F which admits a G-action and denote this action 
by O": G→ Aut(N). Usingび， wecan consider the semi-direct product N ><I G and define 
automorphic forms on N(幻） ><I G(幻） as follows. 

For a function r.p : N (幻） ><I G(幻）→ IC and arbitrary n E N(幻）， denote1./Jn : G(幻）→ C 
by五 (g):= r.p(n, g). We say that r.p is an automorphic form on N(F) ><1 G(F)¥N(幻） ><I G(幻）
if 

• r.p((8,,)・(n,g))= r.p(n,g) for (8,1) E N(F) ><1 G(F) 
• r.p is smooth 
・五 isright K-finite for a maximal compact subgroup K of G(幻） for any n EN(幻）
・五 is3-finite function for any n E N(釦）
・五 isof moderate growth for any n E N(幻）

We denote by d(N ><1 G) the space of automorphic forms on N(F) ><1 G(F)¥N(幻） ><I G(幻）．
Note that if N is the trivial group 1, then叫 1><1 G) equals d(G). For r.p E d(N ><1 G), define 
<PP: N(幻） ><I G(幻）→ IC by 

匹 (n,g):= j r.p(n,ug)du for (n,g) EN(幻） ><I G(幻）
Up(Aり

and define尻： G(幻）→ IC as 

砂(g):= j r.pp(n, g)dn. 
N(Ap) 

Propos1t1on 2.1. For r.p E d(N ><1 G), 尻€ 吟 (G)for any standard parabolic subgroup P of 
G. 

Remark 2.2. For¢E d(G), if we regard¢E d(l ><I G), then仰＝試.Thus¢ → rpp sends 
d(G) to叶 (G).

3. Mixed truncation 

To explain mixed truncation, we first recall some notation regarding Arthur truncation. For 
more explanation on the notation here, see [1, Sec. 1]. 



190

A SURVEY ON THE GLOBAL GAN-GROSS-PRASAD CONJECTURE FOR FOURIER-JACOBI CASE 

For a connected reductive algebraic group Gover F, we fix a minimal F-parabolic subgroup 
p。ofG with a Levi decomposition Pi。=UoMi。.Write X(G) for the F-rational characters of G. 
Let ai be the恥 vectorspace spanned by lattice X(T0) and a。=Hom(X(To)R 違皇） its dual 
space. The canonial pairing on ai x a。isdenoted by〈,〉.Let△。 and△;{ be the sets of simple 

roots and simple coroots in ai and a。respectively.Write△ ;{ and△。 forthe dual basis of△。

and△ ;{ repectively. (In other words, 凶 and△。 areset of coweight and weight respectively.) 
For a standard parabolic subgroup P = UM  of G, write T for a maximal split torus in the 
center of Mand a;,= X(M)霰良 andap for its d叫 space.

For a pair of standard parabolic subgroups Q C P of G, there is a canonial injection ap→ aq 
and surjection aQ→ ap induced by two inclusion maps MQ'--+ Mp and Tp→ TQ. So we have 
a canonical decomposition 

凹=a~ ① ap, aQ = (aじ）＊① a;, 

In particular, if we take Q = P0, we have a decompostion 
p 

a。=a。① ap, a;;= (吋）＊① a;, 

for all standard subgroup P. 

For every standard subgroup P, let△ pC△。 bethe set of non-trivial restriction of simple 
roots to ap. For any pair of standard sugroups Q c P, denote by△ ~the subset of△Q 
appearing in the root decomposition of the Lie algebra of unipotent radical UQ n Mp. Then for 
HE  ap, 〈a,H〉=0 for all a E△ ~and so碍 C (a~)•. Note that△ i=△ p. For any a E△ふ

there is a a E△。 whoserestriction to a~is a. Write心 forthe projection of av to a~. Define 

（△似={avl a E砧｝．

Define (Av)~C (a~)* and A~C a~to be the dual basis of△ ~and (△ ~)V respectively. We 

simply write勾 for(ふ）i andふ for邸， respectively.
p 

Let T be the characteristic function of the subset Q 

{HE a。:〈a,H〉>0 for all a E砧}c伽

and let芍bethe characteristic function of the subset 

{HE a。:〈口，H〉>0 for all w E砧}ca。・
Note that these two functions depends only on the projection of伽 toa~. We write Tp and Tp 

for T G -G P and T P, respectively. 

For each parabolic subgroup P =UM, we have height map 

恥： G(幻）→ ap 

characterized by the following properties : (see [1, page 917]) 

• xl(m) = e〈x,Hp(m)〉forall XE X(M) and m EM(幻）
• Hp(nmk) = Hp(m) for all n E U(AF),m EM(幻），kEK. 

The restriction of Hp on M (幻） is surjective homomorphism. Denote the kernel of HPIM(Aり
by M(AF)1 and the connected component of 1 in T(政） by T(恥）0. Then M(幻） is the direct 
product of normal subgroup M(Aザ withT(良）0 and Hp gives an isomorphism between T(戦）゚
and ap. Denote the inverse of this map by X→ ex. We simply write H(g) for HP,。(g).Note 
that Hp(g) is the projection of H(g) onto ap. 
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Let TE伽.For¢, ¢'E d (N x1 G) we define a mixed truncation by 

心鱈¢')(g)=~(一 1tim a¥;'YEI'芦G(F)(l(F)¥N(Ap)のp(n,,g)吟(n,1g)dn)f-p(H(,g)-T)

for g E G. More generally, we define a partial mixed truncation by 

心(¢屈 ')(g)= L(-ltmaG L (j 四(n,og)必(n,og)dn)岱(H(og)-T) 
QCP 6EQ(F)¥P(F) N(F)¥N(Ap) 

for¢, ¢'E d(N x1 G). 

Lernrna 3.1. Let¢,¢'E d(N x1 G). Then Aは（り婦')is rapidly decreasing on G(F)¥G(幻）1. 

For(¢,¢') E d(N x1 G)2 and¢" E叫 G),we consider the following integral 

(3.1) J ば(¢R ¢')(g)¢"(g)dg. 
G(F)¥G(知）1

Thanks to Lemma 3.1, this integral converges. 

Write p。forhalf the sum of positive roots in a~and denote by pp the projection of p。to
aj,. Recall that e2〈pp,Hp(p)〉=Op(p) for p E P(幻） • It is known that an automorphic form 

¢E吟 (G)admits a finite decomposition 

如 ex叫） =L叫 X)叫mk)e似+pp,X〉

for u E U(AF), X E ap, m E M(AF)1 and k E K, where入iE aj, 露 C,Q; E C[ap] and 
<p; E吟 (G)satisfies叫exg)=叫g)for X E ap and g E G. (see [10, I.3.2]) We denote the 
finite set of exponents入appearingin this decomposition by [p(cp). 

Proposition 3.2. Integral in (3.1) is a function of the form区>,P>-(T)e〈入，T〉， wherep入 isa 
polynomial in T and入canbe taken from the set 

LJ{入十入＇＋入 "+pp I 入€ ふ（試），入IE[p(砂），入”€ 島（外） (i=l,2,3)} 
p 

Definition 3.3. Let da(Nx1G) be the subspace of triplets(¢,¢',¢") E d(Nx1 G)2心 (G)such 
that the polynomial corresponding to the zero exponent of (3.1) is constant. For (¢, ¢', ¢") E 
孤(N><1 G), we define its regularized period P(¢, ¢',¢")as its value p0(T). We also write 

加，¢',¢") = J• J• ¢(n, g)¢'(n, g)¢"(g)dg. 
G(F)¥G(約）1 N(ド）¥N(知）

Let d(N x1 G)* be the space of all triplets(¢,¢',¢") E d(N x1 G)2 x d(G) such that 

〈入+>..'+入"+pp,Wりヂ 0 (wv E (ぶ）P, 入E[p(屈），入IE[p(訂），入IE[p(の~))

for all parabolic subgroups P of G. If(¢,¢',¢") E d(N ><1 G)*, then the #-integral 

＃ 

叫（紐',¢")= J 心 (¢R¢')(g)外(g)Tp(H(g)-T)dg 
P(F)¥G(幻）1

is defined as the triple integral 

ff f心（の⑧の')(exmk)外(exmk)e―2〈PP,x)Tp(X-T)dXdmdk. 
K M(F)¥M(Ap)1 ap 

Proposition 3.4. The following statements hold. 
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(i) d(N ><1 G)* c da(N ><1 G) 
(ii) If(¢,¢', ¢11) E d(N ><1 G)*, then 

叩，の',¢")=I:叫(¢,¢', ¢") 
p 

It says that LP巧 isindependent of T. 
(iii) The regularized period is a G(A.)1-invariant linear functional on d(N ><1 G)*. 

Let d(N ><1 G)** be the subspace of all triplets(¢, が，¢11)E d(N ><1 G)2 x d(G) such that 

〈入+>-'+入"+pp,Wり=/0 (wv E (Av)~, 入E£叫¢り，入IE£叫¢'Q),入IIE£ 叫略））

for all pairs of parabolic subgroups QC  P of G. Clearly d(N ><I G)** C d(N ><I G)*. 

If(¢,¢', ¢11) E d(N ><1 G)**, then the regularized integral 

j* (j 仰 (n,g)吟(n,g加）外(g)dg
P(F)¥G(A)1 N(F)¥N(紐）

= J j* !# (j 仰 (n,exmk)吟(n,exmk)dn)外(exmk)か(X-T)e―2〈PP,x)dX dmdk 
K M(F)¥M(知） ap N(F)¥N(鯰）

is well defined for every P. 

Proposition 3.5. If (り，の',¢") E d(N ><1 G)**, then 

J 心(¢Rが）(g)q;"(g)dg 
G(F)¥G(年）1

= L(-llimap j* (j 砂(n,g)吟(n,g)dn)外(g)テp(H(g)-T)dg 
p P(F)¥G(幻が N(F)¥N(AF) 

4. Jacquet module corresponding to Fourier-Jacobi character 

In this section, E / F can be either quadratic extension of number fields or a non-archimedean 
quadratic extension of local fields whose characteristics are zero. In the local field case, ゅand
μdenote a nontrivial character of F and Ex respecively. Write I・I and I・IE for the normailzed 
absolute value on F and E respectively, viewed as a character of general linear group composed 
with det. 

Let (Wn, (・,・))be a skew-hermition space over E of dimension n and let Gn its unitary group. 
Let a be the dimension of a maximal totally isotropic subspace of Wn and we assume a > 0. 
We fix maximal totally isotropic subspaces X and Y of鵬， induality, with respect to (•, ・）．
Fix a complete flag in X 

O=X。CX1 C・・ ・Cふ =X,

and choose a basis { e1, e2, ・ ・ ・, ea} of Xa such that { e1, ・ ・ ・, ek} is a basis ofふ for1 :S k'.S a. 
Let {fぃh,・ ・ ・, !a} be the basis of X* which is d叫 tothe fixed basis of X, i.e., (ei, Ji) =妬
for 1 :S i, j・:Sr, where幻 denotesthe Kronecker delta. We write Xk for the subspace of X* 
spanned by {Ji, h, • • • , fk} and Wn-2k for the orthogonal complement ofふ +xzin Wn. 

Denote by Pn,k the parabolic subgroup of Gn stabilizingふ， byUn,k its unipotent radical and 
Mn,k the Levi subgroup of Pn,k stabilizing the above decomposition. Then Mn,k -::,:, GL(ふ） x 
Gn-2k. (Here, we regard GL(Xk) -::,:, GLk as the subgroup of Mn,k which acts as the identity 

map on Wn-2k-) 
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For a smooth representation CJ of GL(X砂anda smooth representation 1r of Gn-2k, we 
denote by Ind位 (CJ図1r)the normailized induced representation of Gn and by ind伍位図 7r)n,k Pn,k 
the unnormalized induction. For 1 ::; i ::; a -k, we write砂 forthe Bernstein-Zelevinski (i)-th 
derivative of CJ. (For the definition of Bernstein-Zelevinski derivative, refer to [2, Section 4.3].) 

For O ::; k'.S [引， wewrite Nn,k (resp. ぷ） for the unipotent radical of the parabolic subgroup 
of Gn (resp. GL(Xk)) stabilizing the flag {O} C X1 C・ ・ ・C Xk. If we regard Na as a subgroup 
of Mn,a-::::: GL(X) X Gn-2a, it acts on Un,a and so Nn,a = Un,a ><lぷ・

For any O < k <~'let Hn-2k be the Heisenberg group of skew hermitian space Wn-2k over E 
and 幻—1,µ-1wn-2k be the Weil representation of Hn-2k ><J Gn-2k with respect to心―1,μ―1. Then 

since Un,k-1 ¥Un,k -::::: Hn-2k, we can pull back 糾—',µ-',Wn-2k to Un,k)<J Gn-2k and denote it by 
the same symbol 糾—',µ—1,wn-2k. We define a characterふ：ぷ→ (CX by 

ふ(n)= 1/J((Trい(n1,2+ n2,3 +・ ・ ・+ nk-1,k)), u Eぷ．

Here, ni,i+l is the (i, i + 1)-component of n when we regard n as an element in GLk and 

Tr1;F = {仄こ , local fields case 

, number fields case. 

Put vゅ—',µ—',Wn-2k =仇—',µ—',Wn-2k@ ふ and denote Hn,k = Nn,k ><l Gn-2k・We can embed Hn,k 
into Gn x Gn-2k by inclusion on the first factor and projection on the second factor. Then 
崎',μ—1,wn_2. is a smooth representation of Hn,k = Nn,k ><l Gn-2k and upto conjugation of the 
normalizer of Hn,k in Gn x Gn-2k, it is uniquely determined by心moduloNmE/Fか andμ.
We shall denote by wゅ一, - th , μ1,wn_2. e restnct1on of vゅ— 1,µ-1,Wn-2k to Gn-2k・ 

For O~l~ 号， wedefine a character仇 ofNn,l+i, which factors through the quotient 

n:Nn,l+l→ Un,l+l \Nn,l+l~, 伽， bysetting 

切(u)=入1+1(n(u)).

In the local fields case, for a smooth representation 7r1 of Gn, we write Jゅ，(7r'R〇ゅ—',µ,—1,Wn-2!-2) 
for the Jacquet module of 心山—',µ,—1,wn_2,_2 with respect to the group Nn,l+l and its character 
切， regardedas a representation of the unitary group Gn_21_2. 

Lemma 4.1. Let n, m, a be positive integers such that n -m 2: 0 and even. Write q for 
the residual characteristic of E. Let E, CJ" and 7r be smooth representations of finite lengths of 
Gn+2a, GL(ふ） and Gm, respectively. Then 

dime Homcm+2a (C Q9 V,j;-1,μ,-1,Wm+2a Q9 ind芦二2a(O"I-I~ 図7r))

is equal or less than 

dime O"(a)・dime Hom叫 J
虹デ+a-1(£R 出—',µ,—',Wm), 7rv)) 

except for finitely many q-•. 

Proof. The proof is similar with [15, Lemma 4.1] except for the symplectic group is replaced 
by unitary group. ロ
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5. Residual representation 

For an irreducible cuspidal automorphic representations 1r of Gn(AF) and er of GLa(A叫， we
write L(s, er x 1r) for the Rankin-Selberg£-function L(s, er x BC(1r)). We also wrtie L(s, er, A討）
for the Asai£-function of er and L(s, er, As―) for theμ-twisted Asai£-function L(s, erRμ, As+). 
(cf. [5, Section 7]) 

Proposition 5.1 ([9], Proposition 5.3). Let 1r be an i汀 educiblegloally generic cuspidal auto-
morphic representation of Gn(幻） and er an i汀 educiblecuspidal automorphic representation of 
GLa囚） • For¢E咋ご(Gn+2a),the Eisenstein sereis E(¢, z) has at most a simple pole at 

z =½and z = I. Moreover, it has a pole at z =½as¢varies if and only if L(s, er xい） is 

non-zero at s =½and L(s, er, As<-1r) has a pole at s = I. F, 賞 thermore,it has a pole at z = 1 
as¢varies if and only if L(s, er x 1rv) has a pole at s = I. 

For¢Edi茫(Gn+2a),we define the residue of the Eisenstein series to be the limit 

1 
£0(¢)=1im(z--)E(¢,z), £ 悩）

2 
= lim(z -l)E(¢, z). 

z→ ½z• 1 

For i = 0, 1, let£i(CJ"汀r)be the residual representations of Gn+2a(A砂generatedby Ei(ゆ）．

The assumption that 7r is globally generic ensures the existence of the weak base change 
BC(1r) and we can write it as an isobaric sum of the form CJ"1田...田O"t,where匠・ • ・, O"t are 
distinct irreducible cuspidal automorphic representations of the general linear groups such that 
the (twisted) Asai L-function L(s, O"i, AsC-ir-') has a pole at s = 1. 

Remark 5.2. Since L(s, びX が） = IIいL(s,びX 叩， Proposition5.1 implies that£ 刊び，1r)is 
non-zero if and only if CJ"'.::::'O"i for some 1 S i S t. 

Remark 5.3. Let c be the automorphism of G伝 (E)induced by―: E→ E and for a represen-
tation CJ" of GLn(AE), we defineが：＝匹c.Note that L(s, CJ", A茫） are nonzero at s = 1 by [12, 
Theorem 5.1]. Thus if L(s, CJ", AsC-1r-1) has a pole at s = 1, the Rankin-Selberg L-function 

L(s,CJ" xが） = L(s, CJ", As+)• L(s, CJ", As―) 

has a simple pole at s = 1 and so CJ"c'.::::'研

6. Lemmas 

In this section, E / F denotes a quadration extension of number fields. 

Let Wm C Wn be two skew-hermitian spaces over E of dimension m, n such that Wn = 
X ① Wm① X*. Let V be the ResE;F(Wm), which is the restriction of scarlar of叫 toF. 
Write n -m = 2a. Let V = Y + Y* be the complete polarization of V. Then the global Weil 
representation 囚—',µ,—',Wm of N(X) ><I Gm has a realization on the Schrodinger model S(Y(Aり）．
For f E S(Y(Aり）， wedefine theta funtion eゅ—',µ,—,(·, J) on H(Aり=Nn,a(Aり><IC叫Aりby

釘—',µ,—,(h, J) = L (v,p-',μ, —',Wm(h)f) (x) = L 心a-1(n)·(糾—',µ,—',Wm(u,g)J)(x) 
xEY(F) xEY(F) 

where h = ((u,n),g) E (Un,a ><lN(X)) ><l Gm. Then 切—1,µ-1(!) E d(H) and the space of these 
theta functions { 8ゅ—1,µ-1(•,f) If E S(Y(AF))} is another realization of Weil representation 

四—1,µ—1,Wm of H(A砂
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Since we haved fixedμ, ゆ， wesimply wrtie Vw= for V,μ-',μ — ',Wm and its associated theta 
function 釘—',µ-,(·,!) as 8(-, f). 

Lemma 6.1. Let O" be an irreducible cuspidal automorphic representation of GLa(伍）， 7r1,四

an irreducible globally generic cuspidal automorphic representation of Gn(AF) and Gm(Aり
respectively. We write BC(1r1) as an isobaric sumび1田・・・田 O"t,where叶・ • ・, O"t are dis-
tinct irreducible cuspidal automorphic representations of the general linear groups such that the 
(twisted) Asai L-function L(s, O";, As(-i)n-') has a pole at s = 1. Ifび竺 O";for some l :S i :S t, 

then叩，8(!),E(cp, z)) = 0 for all, r.p EEや，町），cpE dj;:: 図"2(Gm+2a)and f E Vwm+2a' 

Lemma 6.2. With the same notation as in Lemma 6.1, we assume O"~O"; for some l :Si :St. 

加 E 砂，町），り€蝶ご三(Gm+2a)and f E Vwm+2a! then 

叩，8(!),E(cp)) = 

J J の(mk)(j 年 (nmk)8Pa((n,mk), f)dn) dmdk. 
Km+2a Mm+2a(F)¥Mm+2a(A)1 Nn+2a,r(F)¥Nn+2a,r囚）

Proof. The proof is almost same with [15, Proposition 6.3]. 口

Lemma 6.3. With the same notation as in Lemma 6.1, we assume O" c:-O", for some lさi:S t. 

If there are 6 E 1r1, ~2 E 乃 and~E vwm such that 汀(~心，~) =I=〇， thenthere are'P E 

釘O",1r1), <PE 咋~u噂"2(Gm+2a) and f E Vwm+2a such that 

j j¢(mk)(j 凸 (nmk)蜆((n,mk), f)dn) dmdk =/ 0. 
Km+2a Mm+2a(F)¥Mm+2a(A)1 Nn+2a,r(F)¥Nn+2a,r(Ap) 

7. Main theroem 

Theorem 7 .1. Let 7r 1直 2be an i汀 educileglobally generic cuspidal automorphic representations 

of Gn(幻） and Gm(幻） respectively. If there are切 E7r1, 四 E乃 andf E vw= such that 

F:Jゅ，μ(白ヂ2,f) # 0, then L(½, BC(7r1) x BC伍） 0μ ―1)-fcO. 

Proof. Since町 isglobally generic, BC(7r1) is an isobaric sum of the formび1田...田O"t,where 
叶..., O"t紅 edistinct irreducible cuspidal automorphic representations of the general line紅

groups such that the (twisted) Asai£-function L(s, O"i, As(-i)n-i) has a pole at s = 1. Then for 

each 1 ::; i ::; t, L(s, μ-1 . び;,As(-l)n) has a pole at s = 1. On the other hand, [0(μ ・叶叫 is

nonzero by Lemma 6.2 and Lemma 6.3. Thus by Proposition 5.1, we have L(½, BC(7r{) xμ • 
釘）ヂ 0and so L(½, BC国） xμ ―1び，）ヂ 0.Thus 

1 
L(-, BC(7r1) x BC(7r2) 0μ ―1) = IT碍BC(四） xμ ―国） # 0. 

2 
i=l 

口
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