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Abstract

The 2D Kramers-Dirac oscillator and its corresponding semi-quantum Hamilto-
nian are introduced. The bulk-edge correspondence is shown to hold in terms of
spectral flow and Chern number.

1 Introduction

Though the Dirac equation was originally introduced by P.M. Dirac in order to describe
electron motions in a relativistic manner, the Dirac equation can be interpreted in a
wider sense as describing a quantum system with two energy bands, without reference to
relativity, and as giving an element of band rearrangement against a control parameter,
where mass is viewed as a control parameter, so that it may take negative values.

In order to explain the band rearrangement against the control parameter, we take up
a Hamiltonian which is a modification of the spin-orbital coupling S ® L = 3" Sy ® Ly,
where Sy and Ly are the spin and the angular momentum operators, respectively. The
Hamiltonian we are interested in is an extended Hamiltonian given by

H,=5®p+Ls)+5-®@Li+S,®L, (1)
S =05+ 7:S27 Ly =11+iLo, (2)

where p is a real-valued control parameter [1].
The H, acts on C*3*! @ H(S?), where S is the spin parameter and H(S?) denotes the
space of square integrable functions on the two-sphere S?. For S = 1, the H, takes the

form
w4 Ly 2L_ 0
H

L= V2L, 0 V2L_ . (3)
0 V2L, —(p+Ls)

We quote a figure from [1] (see Fig. 1), in which eigenvalues of the above Hamiltonian
are shown as functions of the control parameter A in place of pu. The eigenvalues are
broken up into two classes. The eigenvalues belonging to one class have nothing to do
with band rearrangement, but those belonging to the other class are responsible for the
band rearrangement. Furthermore, we observe that an elementary band rearrangement
or energy level redistribution with/without crossing takes place between two adjacent
bands and any band rearrangement may be composed of successive elementary band
rearrangements.

We assume that an elementary band rearrangement can be detected through lineariza-
tion of the Hamiltonian at a “singular” point. As the operator H, admit a rotational
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Figure 1: (a) A general view of the quantum energy level pattern for S =1 and L = 5. (b)
Correlation diagram showing the redistribution of the energy levels between the A — —oo
and the A — oo limits, where A denotes a control parameter. In each limit, the bands
can be labeled by increasing energy with an integer b = 0, 1,2, or by the average value of
(S.). Only the levels which change bands under the variation in A are shown.

symmetry about the axis es, the north and the south poles are singular from the view-

point of group orbits. The linearization of H, with S = % at the north pole provides a

Dirac operator on the tangent plane to S? at the north pole;
— ) — = ‘ T2 T , 4
2<L1+1L2 —p— L 2 28%2—"6%1 —u (4)

where use has been made of the standard expression of the angular momentum operators,

However, to get eigenvalues for the Dirac operator on the plane, we have to restrict the
plane R? to a bounded domain, say, a disk with radius R and to consider an eigenvalue
problem under a boundary condition.

2 A review of free Dirac equations with boundary
condition

The free Dirac operator on R? is given by

d
Hy, = =iy %0k + 17, O = 00y, (6)

k=1



where 4 is a mass, which may serve as a control parameter taking all real values, and
where v, are the gamma matrices satisfying

WY+ Ve = 2051, L k=1,...,d,
Yo T Yok = 0, () =1, (7)
(F\/V)T:’YI/7 V:O,l,...,d,

with I denoting the identity matrix of suitable size. The gamma matrices are realized,
depending on d =1, 2, 3,4, as follows:

d=1; Y1 =01, 7o =03,

d=2; Y1 =01, 72=02, 7 =03, (8)
d=3; Ne=02Q0p, k=123, vw=03%1,

d =4 Y =02®0 k=123 =01l =01,

where 1 denotes the 2 x 2 identity and where o}, are the Pauli matrices,

() () e )

We now touch on boundary conditions without detail. Let V' and B denote a bounded
domain in R? and its boundary, respectively. A key to finding a boundary condition is
Green’s formula

(©, H, W)y — (H,®, V)y = —i(d, 7 71)p, (9)

where ¢ = ®|5,9 = ¥|p and -7 = ) y;n; and where 7 is the outward unit normal
to B. Any boundary conditions for the Dirac equation H,® = E® should require the
vanishing of the right-hand side of the above equation. If such a boundary condition is
found, the operator H,, becomes a symmetric operator. Furthermore, with some Sobolev
conditions, it becomes self-adjoint. The Atiyah-Patodi-Singer (APS) boundary condition
is a well-known one.

In what follows, we give a few examples of eigenvalues as functions of the control
parameter, which are picked up from [2, 3]. An eigenvalue is called an edge-state or a
bulk-state eigenvalue, according as it is responsible for or has nothing to do with the band
rearrangement. The edge-state and the bulk-state eigenvalues of the 2D Dirac equation
on a disk under the APS boundary condition are given in Fig.2 and Fig.3, respectively.
These examples support our observation that the Dirac equation describes a two-band
quantum system and gives an element of band rearrangement against a control parameter.

3 A review of Dirac oscillators

The band rearrangements so far observed is for free Dirac equations with boundary con-
dition. A question arises as to whether a band rearrangement can be observed also for
a Dirac equation in an electro-magnetic field. From the linearization point of view, the
Dirac equation in question is required to be linear in momentum operators and position
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Figure 2: Edge eigenvalues as functions of a control parameter ¢ for the 2D Dirac equation
with the APS boundary condition. Left panels are for j = 11/2, j = 5/2, and right
graphs for j = —11/2 and j = —5/2, where j denotes the eigenvalue of the spin-angular
momentum operator.
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Figure 3: Bulk-state eigenvalues as functions of the control parameter ¢ under the APS
boundary condition.

variables. The Dirac oscillator was initially introduced as a Dirac operator linear in mo-
mentum and position variables in [4] and later studied in [5, 6], for example, as solvable



problems. Let a; and a}; be the annihilation and the creation operators given by

1,0 t 1 d
= —(=— ;= —(—=— : 10
o ﬂ(OIkerk) ak \/5( al’k+xk) (10)
respectively, which satisfy the commutation relations
ak. al] = 0y, [an. 5] = [af,al] = 0. (11)
A normalized basis of L?(R?) is given by
1 Tyn1 T\nq
Pree s ma) = ()™ - (a0}, (12
nil--ng!
where ny, are non-negative integers, and |0) = |0,...,0) is the ground state satisfying

apl0y =0, k=1,....d.

The n-dimensional Dirac oscillators, n = 1,2, 3, are defined to be

a
= (41, (13)

at —p

O m 14
1 G,J{ + zag —u ) ( )
(3) _ /L]l o-a

HP = (s 7o) (15)

respectively, where 1 denotes the 2 x 2 identity and where o - a = Zizl OkQ.
In particular, the 2D Dirac oscillator is rewritten as a Dirac operator for the Landau
electron

V2HP = —ion V1 — iV + V2B, (16)
where ay = —09, a9 = 01, § = 03 and where
0 0
= — = — +iq. 17
Vi o0 iq2, Vo o0 +1iq (17)

The commutation relation between Vi and Vs is [V, Vo] = 2i. The 2D Dirac oscillator
of the form (16) is used in [7] as a model Hamiltonian for quantum Hall effect.
The 2D Dirac oscillator admits the SO(2) or the rotational symmetry,

1
[HP,J] =0, J=L+ 503, (18)

5} d

L= fi(xl— - xz@Tcl) = i(alag - agaD,

6.7)2
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and further the U(1) symmetry,

~ ~ 1
[HP N]=0, N=N+ 503 (19)

N = a];al + a;ag.
In addition, the J and N commute
[N.J] = 0. (20)

By the effective use of these symmetries, the eigenvalues of the 2D Dirac oscillator can
be found; the bulk eigenstates are

Efzi w+2n+1), n=0,1,2,.... (21)

and the edge eigenstate is
Eeds = (22)

Figure 4: The edge-state eigenvalue and the bulk-state eigenvalues with n = 0,1,2 are
given for the 2D Dirac oscillator. This figure gives an elementary band rearrangement.

4 The 2D Kramers-Dirac oscillator

4.1 The definition of the 2D Kramers-Dirac oscillator

The 2D Dirac oscillator does not admit the time-reversal symmetry,
ioo HYY (—ioy) # HP. (23)

We wish to extend the 2D Dirac oscillator so that it may admit the time-reversal sym-
metry. Any complex number is expressed as a 2 x 2 real matrix, and so are the complex
operators a; — iay and a]; + ia;, where a; and a; are real operators. Hence, we may
represent the present complex operators in the matrix form,

T T

a; — i(lg — < “ (12) s (1/11- + Z(l; — <a% (:2> 5 (24)
a

—az 4y 5 Qg



respectively. Then, we obtain the following Hamiltonian as a Dirac operator which is linear
in the momentum and the position variables and admits the time reversal symmetry,

- wl V2A o ar a i ai —a;
HN - <\/§AT 7/”1 9 A - —ay ) A - Og (]]; ) (25)
(19 i0) K) H, (1% i0,)K) ™" = H,. (26)
where K denotes the complex conjugation and where the time-reversal operator (1®ioy) K
satisfies
((]1 ® iUQ)[()Z = —idc2®c2. (27)
The H, acts on C*® L*(R?). We call the H,, the 2D Kramers-Dirac oscillator. The adjec-

tive “Kramers” comes from the time-reversal symmetry. A reason for the nomenclature
“oscillator” will be explained in the non-relativistic limit. If squared, H, becomes

2
2 ﬂ+2(1+h2-0’2®L)
Hy, = ( pr+2(=1+4+hy—oo® L))’ (28)
where hoy = N + 1 denotes the 2D harmonic oscillator Hamiltonian in the sense of

Schrodinger. This equation means that in the non-relativistic limit, H, becomes a 2D
harmonic oscillator with the spin-orbital coupling oo ® L.

Like the 2D Dirac oscillator, the Kramers-Dirac oscillator admits SO(2) x U(1) sym-
metry. In fact, one can easily verify that

[H,,J =0, J= <]1L L+02> : (29)
[H, N]=0, N= (MN+ 2) (- %)> : (30)

and further
[‘]’ N] =0 (31)

4.2 Eigenvalue problem

On account of the symmetry, the eigenvalue problem for H,, is decomposed into subprob-
lems on the simultaneous eigenspaces of J and N. Because of the SO(2) symmetry, the
initial eigenvalue problem is broken up into subproblems on the eigenspaces for J = m.
Introducing the polar coordinates (r, ), one can easily find eigenvalues and eigenstates of
J. Then, on the eigenspace of J, eigenstates for H, proves to take the form

o= (@) = (A, (32

where

o= (1) e o= ())em (33)

87



88

and

G = (1) e (o) = (1) e (31)

7

On expressing the Hamiltonian H,, in the polar coordinates, the initial eigenvalue equa-
tions H,® = E® and H,V = EV with ® and ¥ given in (32) reduce into radial equations

d +1
pf+Lprg+ g = EY, (35)
dr r
d 1
A rf+ 2 f — ng = Eg, (35b)
dr r
and
. d -1 ,
wf+ g g~ EF, (36a)
dr r
q m
—d—f +rf = —f—pg = Eg, (36b)
r r
respectively.

We now take advantage of the U(1) symmetry to restrict the functional form of f and
¢ to radial wave functions for the 2D Schrodinger harmonic oscillator. As is well known,
the radial wave functions in question and the associated eigenvalues are given by

2n!

Im| —r2/2 1 |m|(,.2 o
— "¢ L™(r?), e=2n+|m|+1, 37

Ry ) (1) =

respectively, where n is the radial quantum number and where L%(z) are the Laguerre
polynomials defined to be

@ _ 1 zZ,.,—« dn —z oa+n
Lo(z) = et dz"(e 2 a> =1 (38)
A straightforward calculation with the U(1) symmetry provides us with
+
o+ — \m\(r)Xm() ) for m >0, 39a,
o (C2R \m+1\( ") Xon41(0) B (3%)
+
S ( B (7 X 9) ) for m < —1, (39b)
’ Coltyia, \M+1|(T) (
and
AR ( B (1) () > for m >1, 40a
" = R (7)o () . e
= €1 i ()X () > for m <0 40b
s (C2 =1 ()Xo -1 (6) - (40b)



Our last task is to determine the constants ¢; and ¢ (or the ratio of them). If ¢; or
¢y (rep. ¢ or cy) vanishes, Egs. (35) and (36) are solved to give the eigenvalue and the
associated eigenstates of the form

O e
Peag = (T(m+1) r2/2X++1(6)) . Ee—_y for m+1<0, (41)
O (51
Uedg = <rm L2y 1(9)) . EYe—_y for m—12>0. (42)

We turn to the case where neither ¢; nor ¢y (resp. ¢} nor ¢,) vanishes. In respective
cases, the coefficients ¢, ¢, k = 1,2, in (39) and (40) are determined by using (35) and
(36) together with the recurrence formulae [8, 9],

(% lT') gl (7) = 23/10 4 |m| R onj -1 (43a)
(d% @) R (1) = =2¢/n + |m| + 1 Ry 1 (1 (43b)
(d% @) i (7) = 21+ T Ry g1 (1), (43¢)
(i ﬂ)R iml (1) = =2v/n Ry 1 (7). (43d)

In fact, (35) and (36) together with these recurrence formulae give rise to algebraic eigen-
value problems for unknown constants ¢, ¢, k = 1,2, which are easily solved. Thus, we
obtain the following eigenvalues and associated eigenstates,

Eimzo = :l:\/:u2 + 4(77’ + |m| + 1)’ m 2> 07 (44)
2¢/n+ |m| + 1 Ry ()X (0)
dE = < |l AT Xm ,m >0, 45
20\ (/12 A+ [m] + 1) = 1) Rt (1) X1 (6) (43)
B ey = =Vi2 +4(n +1), m < -1, (46)
(m<—1) — :l: / 4 1 + 0 y M= s ( )
,LL + + Rﬂ+1 \m+1\( )X'm—‘-l( )
—=2v/n+ 1 Ry (1) x,,(0)
gt :( m,|m/ T ,m > 1, 49
720 Ny I D ) R (@) "2 0
Efco=%Vi2+4n+|m|+1), m<0, (50)

n’

vE _< 24/n F ] + 1 Ry o (1) X3 (6) ) m<0. (51)

(:t\/u2 +4(n 4 m| +1) = p) Ry 1) (1) X1 (0)
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4.3 Kramers pairs

Under the time-reversal operator, the spin-orbital angular momentum operator J changes
the sign,
(I®ioy) K)J(1®ioy)K) ™ = —J, (52)

which means that the eigenvalue m of J changes the sign, and accordingly, one has the
inversion of m; m — —m. The eigenstates so far obtained are shown to be related by

(12 i0y) KDegy = Wegs, (53)
<]1 ® i02>K(I)7:EmZO = \Il'rjz:;—|m|§07 (54)
(I® w?)KCI)i(mg—n = \Ijvit(mZI)' (55)

Those Kramers pairs related by (1® io9) K belong to the eigenspaces associated, respec-
tively, with
Bt = —H {E$m>07 E‘;L;mﬁo}7 {E;Lt(mgfl)’ E:f(mzl)}’

The bulk-state eigenvalues so far obtained are structured, as is shown in Fig. 5. The
pairs (m, n) assigning the same eigenvalue determined by n+ |m| = k (see (44) and (50))
orn =k (see (46) and (48)) are sitting on the line n+|m| = k or the line n = k. The edge-
state eigenvalue may be assigned by n + 1 = 0, as is seen from (46) and (48). The figure
is symmetric under the reflection m — —m, which is a consequence of the time-reversal

symmetry of the Hamiltonian. The eigenvalues Eff(m<71> = Eit(m>1) and E°%® = —
are infinitely degenerate, but the eigenvalue Erjf;mgo = E$m>0 is finitely degenerate with

multiplicity 2k + 1 if n + |m| = k. Though the band rearrangement for the 2D Kramers-
Dirac oscillator looks similar to that of the 2D Dirac oscillator, the band structure is quite
different from one another owing to the time-reversal symmetry.

n
+ +
En(m<—1] k En(m>1)
+ +
En;mgo En;m>0
n+|m| =
m

— 0 K

=1 Feds

Figure 5: The eigenvalues of the 2D Kramers-Dirac oscillator are structured, depending
on the radial and the angular quantum numbers, n and m.



5 A relativistic view of the 2D Kramers-Dirac oscil-
lator

While we have defined the 2D Kramers-Dirac oscillator in (25), a question may arise as
to dimensionality. The space-time for the 2D Kramers-Dirac oscillator is R**2, but the
size of the gamma matrices we have used is 4 x 4. For the 2D Dirac oscillator, the gamma
matrices are of size 2 x 2. The identity component of the Lorentz group acting on R**2 is
SOq(1,2), and its covering group is SU(1,1), the former of which is usually described in
the form of real matrix of size 3 x 3 and the latter in the form of complex matrix of size
2 x 2. For the 2D Kramers-Dirac oscillator, the group SU(1, 1) should be represented in
the 4 x 4 matrix form. Another physical question is this: The 2D Dirac oscillator is put
in the form (16) or in the form of minimal coupling with a gauge potential for a magnetic
flux density. For a physical reason or on account of the time-reversal symmetry, the 2D
Kramers-Dirac oscillator is not put in the form of minimal coupling. We then have to
describe the 2D Kramers-Dirac oscillator in the form of non-minimal coupling.

In order to put the Dirac equation for H, in the form of non-minimal coupling, we
start with the time-dependent Dirac equatlon z = H,®, which can be shown to be
rewritten as P 1

(iy® 5T aaﬁFQﬂ —pu®=0, a,B=01,2, (56)
o
where ¢o =t and I denotes the 4 x 4 identity matrix, and
V=031 ~'=ic,®1, ~°=—ioy® oy, (57)
i
O—aﬂ = 5[7(17 Wﬁ] (58)

and where (F,s) is the electro-magnetic field determined by

0 Ey E
(Faﬁ) = —E1 0 —B N E1 = {1, E2 = ({2, B = 0 (59)
-E, B 0

Equation (56) shows that the 2D Kramers-Dirac oscillator is an operator for a charged
particle in an electric field.
We turn to a representation of SU(1,1) in the 4 x 4 matrix form. In terms of

1 (io 1 —0 1 il
o=3(" i) 6730 7)E5(a ) @

the group SU(1, 1) proves to be realized as

L(0+¢)o2 T s (0—0)oa o T
exp(eaoexp<r52>exp(¢so)—( « coshy —ie? Smh2>. (61)

—ie"3(0=d)72 ginh z e 3(0+d)0 cosh §
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This group is shown to be a covering group of SOq(1,2). Let
M={X= anv“7 (¢a) € R?} 2 R™2, (62)
for which the Lorentz structure is given by
1
TXTX) = — i — 3. (63)
Then, the adjoint action by g € SU(1, 1) of the form (61) gives rise to the Lorentz group,

g =Y "hg (b)) € SOu(1,2), (64)

where SOy(1,2) denotes the identity component of SO(1,2). The Lorenz covariance of
(56) can be verified in a similar manner.

In addition, we make a remark on SU(1,1) of the form (61). The group SO*(2n) is
defined to be

SO*(2n) = {g € GL(2n,C)| ¢" JonG = Jon, 9°9 = Lo}, (65)

where

Ja

1
JZn: 5 JQ_(l )

J2
The Lie algebra so*(2n) is then defined to be
50%(2n) = {X € gl(2n,C)| Jou X = X Jo, XT + X =0}. (66)

The Lie algebra so(1,2) = su(1,1) concerning the 2D Kramers-Dirac oscillator, which is
spanned by &, &1, &, is a subalgebra of s0%(4), where s0*(4) is decomposed into

50%(4) = s0(1,2) @ s0(3). (67)

In the rest of this section, we touch upon a physical application. According to the
reference [10], the quantum spin Hall phase is a time reversal invariant electronic state
with a bulk electronic band gap that supports the transfer of charge and spin in gapless
edge states. From this point of view, the 2D Kramers-Dirac oscillator is qualified as a
model Hamiltonian for the quantum spin Hall effect, like the 2D Dirac oscillator which
serves as a model for quantum Hall effect [7].

6 Corresponding semi-quantum systems

For a quantum system of one-degree-of-freedom, a Bose coherent state is defined to be a
normalized eigenstate of the annihilation operator,

alz) = z|z), al0) =0, zeC,



which are known as the most classical-like states (by Schrédinger). Taking the expectation
values, one has
(zla|z) = 2z, (z]al|z) ==

For a quantum system of two-degrees-of-freedom, the definition of coherent sates are easily
extended. Taking expectation values, one obtains a semi-quantum system corresponding
to the 2D Kramers-Dirac oscillator (within a multiplication v/2),

o /L]l C o Z1 Z9 T Z1 —29
KH - <CT —/J/]l) ’ C= (—22 2’1> ’ o= <22 Z ) ’ (68)
However, this does not admit the time-reversal symmetry.

6.1 A semi-quantum Hamiltonian with time-reversal symmetry

A relevant semi-quantum system admitting the time-reversal symmetry is given by

’ /,L]l w o Z1 Z9 ot El —Z9
K‘u o (WT —/L]l) ’ W= (—2’2 2’1> ’ W= Z9 21 ' (69)

In fact, one verifies that

(1 i0s) K, (1@ (—ioy)) = K. (70)
On introducing new coordinates k;, j =1,...,4, by
zZ1 = k’4 - Zkgn Z9 = —kg — ik’l, (71)
the K, is expressed as
o wl k0 —ik - o
K = (m tik-o  o—pl ) (72)

where the gamma matrices given in the last line of (8) are used. The eigenvalues of K,
are
A=V + K2, R=k? k=(k),j=1,234, (73)

each of which is doubly degenerate because of the time-reversal symmetry.

For 1 # 0, the eigen-vector bundles L* associated with Ay are defined over R*. Our
interest centers on LT in what follows. The projection onto the eigenspace associated
with A, is given by

1 A4+l kl—ik-o 1 ,
P, =— . =—N I+ K). 4
+ 20, <k4]l+zk-0' Ay — )l 2)\+<)\+ =+ u) (74)

The structure group of the vector bundle L* is found to be

1 <k4+ik3 ik1+k2>_i

T A % AT A 73)

k
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The connection A and the curvature F' are defined through the covariant derivation
dV = P,d. Then, the formal second Chern number is defined to be

1
LT)=— tr(FAF). 76
L) = 55 [ 6P AP (76)
We are interested in change in the Chern number against the parameter, which is defined
and calculate as

1
—— [ w(FAF)

1
— [ tr(FAF)
us R4

87'1'2 R4

p>0

/ tr(U~'dU AU dU AU'AU), (77)
SS

n<0

~ 242

where U is the structure group given in (75). Eq. (77) means that the change in Chern
number or a delta-Chern is equal to the mapping degree of

U: S%— SU(2) = S, (78)

which is evaluated as 1, so that one has the delta-Chern, ¢o(L1)|,50 — co(LT)| <0 = 1.

6.2 Bulk-edge correspondence

The 2D Kramers-Dirac oscillator has infinitely degenerate edge-state eigenvalue E°d& =
—u, which is responsible for band rearrangement. We associate with it the degenerate
spectral flow —1, which is defined to be the net number of sets of degenerate eigenvalues
passing through zero in the positive direction as the parameter runs.

We note that the delta-Chern, c2(LT)|u0 — c2(LT)] <0, depends on the orientation of
C2. Setting z; = q + ip1, 22 = g2 + ips, one has

dql A\ qu A\ dpl A\ dpg = dkl N dkz A\ dkg A\ dk4

However, we may take the positive volume form as dg; Adp; Adgs Adps, then the orientation
is inverted,
dql AN dpl AN dQQ AN dpg = —dkl AN dk’g AN dkg AN dk4

If this volume form is taken as positive, then the delta-Chern changes the sign to be
expressed as
c2(LF)|uso0 = 2(LF) <o = —1. (79)

The degenerate spectral flow and the delta-Chern are now in exact correspondence. Since
the eigenvalues (73) of the semi-quantum Hamiltonian may be considered as correspond-
ing to the bulk-state eigenvalues of the 2D Kramers-Dirac oscillator, the correspondence
between the degenerate spectral flow and the delta-Chern may be looked on as the bulk-
edge correspondence.

In conclusion, we remark that the eigenvalues and the eigenstates of H, have already
been given in [11] without reference to the spectral flow and the second Chern class.
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