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Abstract
Diaconis-Sturmfels (1998) (175 A D&ZH % affine toric ideal DAEMIEN A TE X2 H 204D
Markov chain Monte Carlo (MCMC) simulation (D728 Markov &EZ 52 % T L&KLz, EHIC
COERTTIE Grébner BEDFHE TRD S EAAHETHS.
A REMZRIZT O affine toric ideal &—FEDFRLRTE XL HEXRTH L. LoD EBIE
(FFERULER) FTOHELROM L 725 . T T ON RSO/ 37X (contiguity relation)
ZAEZ RN direct sampler ZAFKTE S C &&R UK. TOMbAZRD BT F X E 7458

BOFIEDHEHATRETH 5.
T O/INERBEEARICHED, BEFD direct sampler Z#aH U, £ 72mbfs b N7z < D OFEROEH]
B, V.

Abstract

Diaconis-Sturmfels (1998) show that any set of generators of the affine toric ideal for a matrix
A gives a Markov basis for the Markov chain Monte Carlo (MCMC) simulation for a distribution
associated to A. Moreover, a set of generators can be obtained by Grobner basis computation.

The A-hypergeometric system is a system of differential equations consisting of affine toric ideal in
the 9; space and a set of first order differential equations. The partition function (or the normalizing
constant) of the distribution associated to A is a solution of this system of differential equations. Mano
show that recurrence relations (or contiguity relations) of the partition function gives an cfficient direct
sampler. We can apply several methods in computer algebra to derive recurrence relations for the
direct sampler.

In this note, we shortly introduce Mano’s direct sampler and present a sketch of our recent results
on the direct sampler.
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1. http://www.math.kobe-u.ac.jp/HOME/taka/2018/rims-2018.pdf,
2. http://www.math.kobe-u.ac.jp/HOME/taka/2018/rims-2018-en. pdf (JLifiiR).



Sampler &1& “5 7 BAAMICHES BB (RZ P V) ZERT B 7 LT ZLOT T
5%.
B | (ZEs )
u) +u2 = B,u; € Ng
G THONY MV u = (u1,uz) 20D

I
Py'py? (1)

LBEBEICT YR ER LI (TTT p; >0, p1 +p2 = 1). DFD random variable?) U WMl v ZEA TR P(U = u) I
DOTRORMED LD L I I L7z,
PU =u)=(1) X
frezE B=2,p, =1/27%5
PWU=(0,2)) = 1, PU = (1,1)) = 3, P(U = (2,0)) = |

HEty A7 L R ICETHEFTTZ 7)Y ALNEEINTOT, HEZEFRROX Y VTV (B #B5T NTES.
rbinom(20,size=2,prob=1/2);

[1112121102011220221211

HE (1,1),(2,0), (1,1),(2,0), (1,1), (1,1),(0,2),... IR, BARAICE X b T Lz2EICUE

hist(rbinom(2000,size=2,prob=1/2))

AT L.

Direct sampler CTZ DELEZEIESICIX?

Input: 3, p1, p2
Output: (u1,uz)

1. (e1,¢2) = (0,0) (init count vector)

2. 61 = 2 ey =2,
L= pitp2’ “2 7 pitp2

3. [0,1] 2 €1 : ea DX[E Ey, By 177
4. [0,1] ICfEZz & D—FERLEL t 72— DR,

5. ift € By, then ¢; ++, 8 — — else if t € E,, then ¢y ++, 3 — —.

6. if 8 > 0, then goto 4 else return u = (¢, ¢2).

B =3,p; =1/2 TTOD direct sampler 27117 T LTHETZE0, HETHER LA LT, HEBL THNE, TOHHIELL
TDXIC%BI1ETTHS.
3,0TL(21)TE (1,2 7T2 (03 Tl

FE 1 (K<HSNTLD)
(u1,u0) 215 BHERIT (1) A

Proof. Step 5 T#EENS index DINZ iy, ia,...,i5 £F 5. i; & 102 THB. t{klip = 1} = c1,

#k iy =2} = o, THoTe. Ko TID index FNZ2EBMERIE plps?. FU 1, co OEE 1,2 OUANTTIE

(%) £Bb. O
BRI R D rbinom XY Fid X O RERMLELEER T VTV ZALZZRITL TS,

Dy Ialb—va YOG TEEHE B> TR,
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ASETDTIGMi% YL LIz DTH D, 53D EORIBETIMi, Young R i
DH B IAE, Z < DEELIMZFE. TO A TMZERLES.
A: d xn 75, BEERSY. p e RY,, f € N§ ZEE.

Zam = Y L @)

Au=6,uEN
EBVWC, ue NP ICHLT A 9fizRDXTEDS.

) — p"
P(U=u)= PACT] 3)

CCu =uy! - uy,l

U
CA=(1,1) £ 5 CIASE. O 81 Z4(8;p) = (p1 +p2)”.

e

—
=

HIE A 24 LT direct sampler 7 )LV ) X LEROGX T Z 7z “S.Mano, The A-hypergeometric
System Associated with the Rational Normal Curve and Exchangeable Structures, Electronic Journal of
Statistics 11 (2017), 4452-4487" 4.

direct sampler 77/)L 3V XL ([H%, 2018) ‘

Input: 3, p
Output: ¢

1. ¢:=(0,0,...,0) (init count vector)

o piZ(B—asp) . _ o
2. ¢ = Wslfl,....n’.
3. [07 1] e ieyi...epn &),

4. 10, 1] ICfEZFRFO—FRELE t Z— D4 K.
5.t e; DFEKICAS725 ¢; %2 1 T, B:= B —a;.
6. B+#07%5 goto 2.
T LIl & cld Ac =B Zililcd. %58 a; 13175 A D i 5.

B —a; N %55 e, =0. |8 =61 +...4 Ba
bEESRPD B T/ < input D B

& T T D direct sampler 7 )V T VU XL TIE Step 2 THRIXZ/37 XA—2EFEFONERIE Z OLEEET %
RENH D, Zo(8;p) ZEREBEDSEETZDX 6, ® A BRIV EFHERE O M TIREENE ). H &
THbNB X5 A HRTROMEZH WS & CDERKZ /85 A— 2 2Dl O MOk X7z RKD %
C AT TS B LS. WBE A= (L) SO oMb ik
FINCRD T Young KIE LD 2 7707RIC DV T DRI direct sampler 7))V 3V A LZ5 2 7z,

DESICEME LT, 1LITHORNIZEH 1. rank = d EL THL.

4) nttps://projecteuclid.org/euclid.ejs/1510887943

S ZD& S BEHNCTDONTIE
http://www.math.kobe-u.ac.jp/HOME/taka/2015/2015-07-osaka-slides.pdf D p.5,6 ICHERNSN T 5.




T T THEH LWL il b7z 5HRAAREC TR 2 BRI F AR, BCEEO 728 T 30 FLLEWFZEhYhE
WTWAZ ETH5BH. KHUICK KB ERDEHICIES.

1. 1980 £ D D . Zeilberger OWFZELIEFH RN OREIC. B8 “A = B9, T,

2. WO EERFED T LT F—HET I+ (S—1)D,) N D, ZRD%. T T D, FEHEEED
W2 ERZRER. S 32N

3. Creative Telescoping T (I 4 (S —1)R,) N R, ZRD%Z. TTT R, BHHERIEEOMD7E0E
FHZEER.

| M5 direct sampler OMEE

T 2
1. AR D Pfaffian 137 L7 F—FIK TR FATRE. SN (contiguity) &5 2 T CER
R e, WL TEIHETE 2.

2. N HOEBUZEET 57005 RIE 00?8 N) 7T X Grobner FKFITEDGEE. 22 Trid A
@ normalized volume. Iz HHEOMAIDOIERIE O(1) LT 5.

1. MCMC® DFHERIE O(n(N % T + (burn-in DEK))) 9.

2. A BRFR Cl& Pfafian = contiguity £7%%. Pfaffian OEBEHIIFIHEEDOZVEITE TH DD, Fiflle A BRMARICH LTl
HIERIVE T Plaffian MEHEIN TV D, 72 & 23K, IMARD E(k,n) O contiguity relation |& Grobner BEIC Kk % & D
K ORI EIFED sampler ZHEHEEL T3 10).

MCMC 1ZXf9 % direct sampler OF|fld, burn-in, thinning 72 & D/8F A — X FEENARL (Fz & 2L,
MREICHTT 2T THHI L THDH. THRBOY Y TNV ELERTNIY I 2 Lb— 3 VRERIZT
MERDOBFBEDTHB. —75, T direct sampler DR FEIFLIIARLTWVWB &K S I MCMC Ik
HEDENC ETHS. THEMOGDNEELIIC B ¥ A D normalized volume r WAKEL GRS L, & X
contiguity BOMoTVWEHE L TEEL %S, LA 3x3 nHETIE r= (3) =6 TH5H5x5 57|
HTE = () =70 THY () OMRTAME 5%, & BICTADFLEFHRTIE double HOFIF
TR R2HIL A DA D T DI LI X 2 ENEDEEZ A E {IZTNSDT bignum DEHBAAIRT
Holz. L LaM5 direct sampler (& O F F TAHNLATEE/R D TAHIFHEIC K D TDORAERNTES
Batdsb0EMbN5s. X7z double MAZFIHIKZLEND r AWNEWER N0 EHLTE 5.
Risa/Asir D3/ —2 gtt ds.rr O timing data 225 £ TICild. E17ld Intel Xeon CPU(2.70GHz), 256G memory
DILFRDOFI R TR T s> 7z,

MMM | A B C At
A 2 2 0 1 1 9/10 11/10
B 8 9 2 19 , p=| 1 13/10 99/100
C 0 0 3 3 ( 1 1 1 )
st 10 11 5 26

Au = B: 1781, SR EDOE THZ 5N E O TREIE. D& E 100 HOEEOE R 81.55 + 48.1s(GC).
V7 RULT gttds.rr, tkds_ahg.rr DEFTH

6)https://www.math.upenn.edu/~wilf/AeqB.html

T Risa/Asir I—fRDGHAEDIEN Y r— tkds_ahg.rr & LTIREEEN TS,

BMCMC I & AITHEIC DUV TIE Diaconis-Sturmfels (1998) D
https://projecteuclid.org/euclid.aos/1030563990, ZDERDEHIGAFIE <7 L7 F—itity” 25

Nn 1& Markov HEEDANZ ML LTOEE. T & thinning ORE

10)Risa/Asir TOHE gtt ds.rr
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op/HER | 5 4 3 2 1| ARl
5 2 1 1 0 0| 4
4 8 3 3 0 0| 14
3 02 1 1 1] 5
2 00 0 1 1] 2
1 00 0 0 1| 1
g 0 6 5 2 3| 2
10 T — & (F L7 =it p.221 & DiE)

[1822] load("gtt_ds.rr");
[2720] gtt_ds.direct_sampler([[4,14,3],[10,6,5]1]1,
[[1,9/10,11/10],[1,13/10,99/100],[1,1,111);

N
o w

MO)M\IHO)(MSMOOO

RA RN R R ROOR

t_ds.direct_sampler([[4,14,3],[10,6,5]1],[[1,9/10,11/10],[1,13/10,99/100],[1,1,111);

N
=
= O
PRI S < S

N
=

gtt_ds.direct_sampler([[4,14,3],[10,6,511,[[1,9/10,11/101,[1,13/10,99/100],[1,1,111);

I R e R R R e s R
o =

[MCMC & direct sampler I & % p-lOFHHOLE] 1

Direct sampler D TH% /8T A—XDPFRIIAETH 5" L\WVWIHZETET B8, TT T direct
sampler IC K5 5x 5 DEIFICHT % p HOGFEHZT EOMNT . ETHNTZX SIS T D contuiguity
W7z direct sampler IZETEDEEDEL 755728, T T TI2ERIE Z % Taylor JEBHIC X ZE LG

TR® % /71T direct sampler & MCMC ZLL#3 %.
1iE “J L7 —EE I8 E N T VS, ol T2 /HEN T 22D R T — 2T % 2 MEMGT=RIC
X% pEHOHETHS. KixEDS p 131

W TIEDMIE T D p IS BHRHEZ O TV 5. RO direct sampler X Ok & 57515 TIE
72K Za(B;p) O Taylor ERZEAWVIGELGEIRICEK 28D TH S, L3 p i L TIE 2 kXD Taylor J&
BATD direct sampler (mano taylor 2) [ZEITHFHEIENDZEDD, K2 DT T T TRENTVAS LI p
EDFHHRICDWT BAFEAER 21 TN 5.

DAL DG LS B O
220 p &7 A FAICHESICHDIETH D, BRI,
1B)p DD RT 1 DEFEEEDETIVIC KD sampler IKIE M550,



MCMC CPU HEf (ps)
burn-in:0 thinnng: L 362,309
burn-in:10000 thinnng:# L 378,440
burn-in:0 thinnng:100 17,063,450
burn-in:10000 thinnng:100 17,064,158

Direct sampler
Taylor 0 X 27,174,019
Taylor —XX 289,105,633
Taylor X 14,849,937,181

BT VEE 99 7. CPU KER™) & 1,000,000 s T 1 B

burn-in 0
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burn-in 10000 ,thinning 1
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2: MCMC & direct sampler IZ Xk % p-fHDOFIE CEAGEL, &b b#sHL). 7 EOXIE thinning 100 T
HBH 007 BRIFTVDDTHEE.

[FHEREAE R E X 71

“HEk, L7 F—EE (RHEE) TRTITINLERENS A TEES toric ideal A

TTTEM3DITINEEESY

1) clock() TaHfl. Xeon E5-4650 CPU, 2.7 GHz; 256 GB of memory.

ERENTVS.
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2

3: Graph for A
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2DV, direct sampler 2T 3 72D DOMHLRE p DT R TORIH 1 OO IZHE L THS. DF
D, Zab;1) D b ICDWT DMl b ZRkD % T EHHIETH 5.
DS RIS DWW TIE T EICD Tz D IFFEE T E 7z creative telescoping WA TH S L EbN %,
T TCld HolonomicFunctions.m (Christopher Kouchan) 17) 78w r —CC DMt R EFIH L Tz, —
WO TRD X S I2EZ 25T (b 1& 8).
((1+b1)(1 + 2b1)(1 4 by + bg + bz + ba — bs)(1 + b1 — bz + bz — bs + b5))S1
+ (1 40b1 4 b3)(1 4 2b1 + 2b3) (b1 — b2 + bz — by — bs),
(T +b2)(1+2b2)(=1+b1 — bz + b3 —bg — b5)(1 + b1 + bz + b3 + ba — b5) 52
+ (1 +b2 +ba)(1 + 2b2 + 2b4) (b1 — b2 + b3 — ba + bs),
(14 b3)(1 4 2b3)(1 + by + b2 + bz + by — b5)(1 + by — by + bz — by + b5) 53
+ (14014 b3)(1 4 2b1 + 2b3)(b1 — b2 4 bz — by — bs),
(14 ba)(1 4 2ba)(=1 + b1 — b2 +bg —bg — b5)(1 + b1 + b2 + b3 + ba — b5) S
+ (14 b2+ ba)(1 + 2b2 + 2b4) (b1 — bz + bz — ba + bs),
(=14+b1 —ba+bg — by —bs)(1+ by — bz + b3 — bg + b5)55
—  (=b1 —b2 —bg —bs+bs5)

TTT Sif(b) = f(bi +1) (b lCDWTDEDIERR).
DN 7Z215% 128D Mathematica NDAINILULTFDOEFBD THS.

ann4 = Annihilator[(1/Factoriall[ull)*(1/Factorial[u2])*(1/
Factorial [u3])*(1/
Factorial[-bl - b2 - b3 + ul + u2 + b4 + b5])*(1/
Factorial[2*b3 - u2 - u3])*(1/Factorial[2*b2 - ul - u2])*(1/
Factorial[bl - b2 - b3 + u2 + u3 - b4 + b5])*(1/
Factorial[bl + b2 + b3 - ul - u2 - u3 + b4 - b5])*1, {S[bi],
S[b2], S[b3], S[b4l, S[b5], S[ull, S[u2], S[u3l}]
FindCreativeTelescoping[ann4, {S[ul] - 1, S[u2] - 1,
S[u3] - 1}, {s[b1l, s[b2], S[b3], S[b4]l, S[b51}]

75 B XN WA RIZ IR Z RO % Heuristics (by C.Kouchan) DEEIN TN THIENTH 5.
R
15)5 3 DT 4, § WM > TBHE 4 FIHE jFIHIC 1 25L .

LOVRT ORI S S fi
https://risc. jku.at/m/christoph-koutschan/




Pt THEDD % A| = | Direct sampler Z{FD 120 | Wikl R B it SR B |

In DT LTF—EK = MCMC MMEnz®)
A-BBRAT DMLY = RO direct sampler HMENS29).

1. £FT FlamiE440) Wbz EnuE, random vector ZERLT % X O ZhRINET )VI U XLHENS.
2. FABEMEOTET Zao(B;p) D B IOV TOFEDENIUE K b 2hH A% direct sampler HMENS.

thinning %> burn-in ORI ERETH 5. 2L ZIET DG TOT—ZHID KX 5 Il 5 5E[ LD
T2 [EE U TR d 2 55 0iat B ORTED E s D ORI Z 05 & 9 55513 thinning L7z /7 RW
W, HEE RO ER/INE L T 2D HPTHNIL thinning Z LIEWTINTORENREH T2 Z 5 H K0
EWVD i B 520,

e 21, ROREEREEZS.

By B
Ay 53 19 72
Ay, 56 31 87
109 50 | 159

X2 HREFRIC K BMEICB VT uyy < 43056 < uyp D& EA Y XL 1B A LB B I3IAT) OlR g
IR 5% KHECHRAIE NS, BEIE vy = 53 B 5, RIMKESUIEN I N, BRI N4y XN
1.544173... 7% DT, JE@M A L@ B3N T3, 4w X 3/2 LI RNREIE & > THB. SR
O R TIRIENGEIDIE L S BAIXNAMERERIB T LV S, BRICEITRT % & MHTE po = 0.172863... T
BH%. MCMC IZ k2N OFHliZ TE Uiz, MO T TO MCMC I X D 1,000 {HD 7 E) £ %z i
L, ZD5 B up <430 56 <uiy Z2E3EDODEGZMEOHEERLE Lz, TOIT2 10 EfTV, (8]
HOITIC BT M1 OHEE N p; £ 5. FMEORAEL LT, RMSE (root mean square error)

10 Z(Pz —Po)?
i=1
ZL%.
burn-in thinning RMSE
1,000 - 0.055001
1,000,000 - 0.059027
1,000 1,000 0.013220

burn-in 1,000, 1,000,000 DFERMIFIZZEDH 520D T, burn-in 1,000 TEFISGELTWVWE LS THS. L
L, burn-in 1,000,000 TTFICERICEL TWTE, thinning Z{7&bATNUSERENKE V. THE
1,000 fHD 3 EIR DB OIS 5.
FHEREE??) (X thinning DA EICIFIE X 575, burn-in 1,000, thinning 1,000 Ti& burn-in DI

1,000,000 DS EIZEZER L TWBH, 1,000,000 TR T 2{Hi> 7=kl OHEE B> RMSE 1 0.002384

18)JST CREST HLILF— L, 7 L7 I =3, 2011, Hi7HRR, 2508

19) contiguity & &R

20)§. Mano, Partitions, Hypergeometric Systems, and Dirichlet Processes in Statistics, JSS Research Series in Statistics
(2018), Springer

2DW.A.Link, M.J.Eaton, On thinning of chains of MCMC, Methods in Ecology and Evolution 3 (2012), 112-115

22) 5 2 B IR EIEDE RO, Z OMOMIIC A 5 5413 thinning HMER & BbNs.

A
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THY, thinning I 2HED 0.013220 LEANT, HEDZVEFICHIRFENS 1/1/1,000 = 0.031623... {4
EETERWVD, 1/56 KD E/NEL LS5 T WA, thinning €9, TNTORHIEZMS FTHRBWT &0V
5.





