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Abstract
Let (G,V) be a prehomogeneous vector space over a finite field of odd characteristic. Taniguchi
and Thorne [2] developed a method to calculate explicit formulas of the Fourier transforms of any
G-invariant functions over V. By means of their method, we calculate the Fourier transform of any
G-invariant function for several prehomogeneous vector spaces. .

1 Introduction

Let K be a field and K be the algebraic closure. Let V be a finite dimensional representation of a
reductive algebraic group G defined over K. When there exists a G(K)-orbit of V(XK) which is Zariski
open, we refer to the pair (G, V) as a prehomogeneous vector space. Taniguchi and Thorne [2] developed
a general method to compute the Fourier transform and applied it to obtain explicit formulas for the
prehomogeneous vector spaces 1®Sy1112(1f<‘3)7 Sym? (F2), 1®Sym2(F2), 2®Sym? (F2), 2®Sym2(ﬁ4‘2)7 where
I, is the finite field of order a prime power q. There are many prehomogeneous vector spaces for which
the explicit formula of the Fourier transform is not yet calculated. The speaker calculated the explicit
formula of the Fourier transform for 9 more prehomogeneous vector spaces IF2 ® IF2 ® IF2 F2oF2 oF
F2 2 F2 @ F;, F2 @ Hy(Fp2), F2® A%(F5), the space of binary tri-Hermitian formb over IF 3, ]qu 5 ® IF%,
Fé ® H3 (Fg2), F2 2 A2 (F") by using the method developed by Taniguchi and Thorne. In thlb paper we
see the calculatlon method and the results for some spaces.

2 Fourier transform

Let p is an odd prime and F), is the finite field of order p. Let ¢ is any power of p and F, is the finite
field of order ¢. Let V' be a finite dimensional vector space over F, with a finite group G linearly acting
on V. Suppose the pair (G, V) satisfies the following Assumption 2.

Assumption 1. There exist an automorphism v : G 3 g — g* € G of order 2 and a non-degenerate
bilinear form 3 :V x V. — F, such that

Blgz,g'y) = B(z,y) (z,yeV,g€q).

Then we can identify the dual space V* with V' by the linear isomorphism V' 3 x — S(xz,-) € V* (see
[2] for detail). We reformulate the definition of the Fourier transform only in terms of V. For ¢ : V' — C,
we define its Fourier transform ¢ : V' — C as follows:

o) = VI Y dlo)exp (Mmm—(ﬁ(ly))> ' (1)

zeV p

Here Try_/p, : Fg — F) is the trace map. Let .7—'€ be the set of all G-invariant maps from V to C, i.e.,
Fi={¢:V = Clo(ga) = ¢(z) (9€G,zeV)}

Note that ]-"9 is a finite dimensional vector space over C. We can easily see that if ¢ is a G-invariant
function, $ is also G-invariant. In fact, the Fourier transform map .7-'5 S ¢~ QAS € ]:‘? is a linear
isomorphism. Let O;(1 <1 < r) be all the distinct G-orbits in V', and for each i let e; be the indicator
function of O;. The functions ey, ..., e, are clearly G-invariant, and they form a basis of }"9 . Thus we
only have to calculate the Fourier transform of ey, ..., e, to calculate that of all ¢ € ]-"‘;" . We use the
following proposition for our calculation of ¢;.



Proposition 2. [2, Proposition 6] Let W be a subspace of V, and let Wt :={y € V | Yz € W, B(x,y) =
0}. Then
Z\O nwl \W\Z|O NW|
o YTV 10;

T €.

In this paper, we call W+ the orthogonal complement of W. By Proposition 3, when we choose one
subspace of V, we obtain one equation of linear combinations of €; and e;. Therefore if we choose r
different subspaces and the corresponding equations are linearly independent, we obtain an expression of
each €; in terms of ey, ..., e,. In other words, we can determine the following r-by-r matrix M explicitly:

(€1, ..cs€n) = (€1, ..., en) M.

We calculate the matrix M with this approach.

3 Main result

The speaker calculated the Fourier transforms for the following prehomogeneous vector spaces over a
finite filed:

e IV =2®2® 2, the space of pairs of 2-by-2matrices; G = GLy x GLa x GLo,

e V' =2®2® 3, the space of triplets of 2-by-2matrices; G = GLy x GLy x GLg,

e V =2®2®4, the space of quadruples of 2-by-2matrices; G = GLy X GLy x GLy4,

o V =2®Hy(F,), the space of pairs of Hermitian matrices of order 2; G = GLa x GLa(F2),
o V =2 A2%(4), the space of pairs of alternating matrices of order 4; G = GLg x GLy,

e V is the space of binary tri-Hermitian forms over Fys; G = GL; x GLg(Fgs),

e V=2®3®3,G=GLy x GL3 x GL3,

o V =2®H;(F;),G = GLy x GL3(F;2),

o V=2®A2%(6),G = GLy x GLg.

Here, we write about the complicated cases V =283 ® 3,2 ® H3(F,2),2 ® A%(6).

2 3 3
31 F2oF QR

Let V:F§®F2®F2 and G = G; x G x G3 = GLy x GL3 x GL3. We write x € V as x = (A, B)
where A and B are 3-by-3 matrices, and write g € G as g = (g1, g2, g3) where g1 € GLs and go, g3 € GL3.
G acts on V by

g = (92493 , 92Bg3 )91

V' consists of 21 G-orbits in all. The following elements 1, ..., z91 are representatives:

1 1 1
z1 = (0,0), z2 = ( 0 ,0), x3 = ( 1 ,0), x4 = ( 1 ,0),
0 0 1
1 1 1 0 1 1
5 = ( 0 .10 ), z = ( 0 L1 ), 7 = ( 0 1 ),
0 0 0 0 0 0
1 0 1 -1 1 1
xg = ( 0 1 ), Tg = ( 1 s lpo ), 10 = ( 1 , 0 ),

o1
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1 0 1 1
1’11:( 1 lef 1 )73313:( 0 )’
0] 0] |1 ] L 11
1 17 o ] I [0
4= (|1 215 = ( 1 ), 16 = ( 1)),
0_ 1 L 1_ _1 L 1
1 ] 1 o i 1 [0
x17 = ( 1 , T8 = ( 1 11), w19 = ( 1 )s
L 0_ I 0_ i 1 | L O_ L 1_
1 -1
T20 = Ho )7 Ta1 = ( 1 ) vy —11)
1 vy V1

Here, p1, 1o, v2, 11, vo € Fy are elements such that X2 b X 4 po, X2+ X2+ X +1p € F,[X] is
irreducible.
The subspaces we choose to calculate the Fourier transform are as follows:

0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
Wi=({0 0 0f,{0 0 0]),Wa=({0 0 Of, 01),Ws=({0 0 0, [*x = =x|{),
0 0 0f |0 0 0] 10 0 0] [* * =] 10 0 0] [* =* =]
(0 0 0] [+ % =] [0 0 o] [o 0 0] (0 0 | [0 0 «]
Wyi= (|0 0 0], |x = x|),Ws=(|0 0 0}, 01),We=({0 0 *|,[0 0 =x{),
10 0 0f |*x = x| BRI B EE 0 0 *| [0 0 x|
(0 0 0] [o 0 ] I ] [0 0 0] [0 17 [0 0 0]
We=(10 0 0f,[0 0 =|),Ws=(|* = x|, 01),Wo=([0 % *|,]{0 =* x|),
10 0 =] |x = x| 10 O] |* = =] 10 1 [0 = x]
[0 0 0] [o 0 0] [0 o] [ 0] (0 0 x| [0 % x|
Wio = (|0 s x| ), Wi =(|x * x|, |* x x|),Wi=([0 0 10« %],
v ox x| ¢ ox k] v x| | ox %] _0 0 : _0 kK |
[0 * «| [0 % «] (0 0 «| [0 0 «] [0 0o o] [ |
Wis=(]0 * *|,[0 * *|),Wiu=(]0 0 *[,[0 0 =*|),Wi5=(]0 0 = ok x|,
_0 * | _O * k| s | [x ox #] _0 0 1 L * k|
[0 0o 0] [o x| (0 0 o] [+ * ] [« % | [+ x 0]
Wis=(]0 0 *|,[0 * =*|),Wiz=(]0 0 0Of,[*x * =|),Wig=(|* = *|,[x = 0]),
10 = =] |*x =x x| B B EE 1x * 0] |0 0 0]
[0 1 [« x «] [0 T [« * «] [« % % [+ % %]
Wio= (% = *|[,[0 0 0]),Wa= (% = *|,[x *x =x|),Wa= (% * *|,[x % x|).
* ok ok * ok % ok ok * % % ok ok * k%

The orthogonal complements of these subspaces are as follows:

= War, Wib = Wag, W5t = Wiz, Wi = Wy, Wt = Wiy, W = Wig, Wik = Wig, Wit = Wiy,
* ok ok * ok 0

WQJ‘ = VV147 WlLO = W107 WILZ = le, W1L5 = ( * % 0 y 0 0 0 )7 leé = Wl(;. (SCC Remark ?? for
x o+ 0 0 0 0

the convention for some of these equalities).



Theorem 3. The cardinalities |O; N W;| for the orbits O; := Gz; and the subspaces W; are given as
follows:

Wy Wa W3 Wy Ws We W+ Wy Wo Wio Wiy Wi
[ 1 1 1 1 1 1 1 1 1 1 1
Oy | 0 [1001] [1011] [1002] [1011] [1011] [1010Ja; 2[1001] [1030] [1001]a; [1021] [1001]ay
03] 0 0 [2111] [2112] O 0 [2120] 0 [2120]  [2111]  [2121]  [2111]
0,10 0 0 [3311] 0 0 0 0 0 0 0 0
Os |0 0 0 0 [2111] 0 (2110 0 [2120]  [2111]  [2121]  [2101]
Os | 0 0 0 0 0 [2111] [2110]  [2001] [2120]  [2101]  [2111]  [2111]
O; ] 0 0 0 0 0 0 [3120] 0 [3130]  [3111]  [3131]  [3111]
Og | 0 0 0 0 0 0 0 [2111] 1[2330] [2311]  1[2331] [2311]
Oy | 0 0 0 0 0 0 0 0 %[4310] 0 %[4311] 0
O | 0 0 0 0 0 0 0 0 0 [3311]  [3331] 0
On| 0 0 0 0 0 0 0 0 0 0 [4421] 0
O | 0 0 0 0 0 0 0 0 0 0 0 [3311]
O3] 0 0 0 0 0 0 0 0 0 0 0 0
Ou| 0 0 0 0 0 0 0 0 0 0 0 0
O15] 0 0 0 0 0 0 0 0 0 0 0 0
O | 0 0 0 0 0 0 0 0 0 0 0 0
O17| 0 0 0 0 0 0 0 0 0 0 0 0
Oi5| 0 0 0 0 0 0 0 0 0 0 0 0
O | 0 0 0 0 0 0 0 0 0 0 0 0
Os | 0 0 0 0 0 0 0 0 0 0 0 0
Oy | 0 0 0 0 0 0 0 0 0 0 0 0

Wis Wig Wis Wie Wiz Wis Wig Wao War Wik

1 1 1 1 1 1 1 1 1 1

[1021]  [1010]b; [1000]c;  [1000]bo  [1021]  [1010]bs  [1001]az  [1001]b;  [1012]  [1000]c;

[2121]  [2130] [2110]by [2110]ap [2112]  [2140]  2[2111] [2131] [2122]  [2110]b,

0 0 (3310] [3300]  [3311]  [3320] 0 [3311] [3321]  [3310]

[2111]  [2111]  [2120]  [2100]bs [2111]  [2130] [2111] [2121] [2112]  [2120]

[2121]  [2111]  [2120]  [2100)bs [2111]  [2130]  [2101]az  [2121] [2112]  [2120]

[3131]  [3130]  [3130]  [3110]ay [3121] [3120]b3  2[3111] [3121)a;  [3132]  [3130)

% [2331]  [2330]  [2320]  3[2300]bs [2321] 3[2320]as 3[2311] £[2321]ay % [2332]  [2320]

114311 0 0 114300] 0 1[4310) 0 114311 §[4312] 0

0 [3330]  [3320]  [3300]as [3321] [3320]ap  2[3311] [3321]a;  [3332]  [3320)

0 0 0 [4400) 0 [4420] 0 [4421] [4422) 0

[3331]  [3330]  [3320] [3300]as [3321] [3320]ax [3211]ax [3321]a;  [3332]  [3320)

[4421] 0 0 [4400) 0 [4420] [4311) [4421] [4422) 0

0 [4420] 0 [4400] 0 [4420] [4311] [4421] [4422] 0

0 0 [4320]  [4300]a;  [4321]  [4320]ay 0 [4331) [4332]  [4320]

0 0 0 [5400] 0 [5420] 0 [5421] [5432] 0

0 0 0 0 [3611]  [3620]  2[3411] [3611]az  [3622] 0

0 0 0 0 0 [4620]  2(4411]  2[4621]  [4632] 0

0 0 0 0 0 0 [4511] llam21]  14732) 0

0 0 0 0 0 0 0 % [5711] i [5722] 0

0 0 0 0 0 0 0 0 316731] 0

Here, let [abed] = (¢ — 1)%q*(q + 1)°(¢® + ¢+ 1)? and

a;=2¢+1 by =2¢>+2¢+1 =@ +4¢% +3q+1
as=3¢+1 bo=5¢>+3¢+1

azs=q+2 b3=q¢*>+3¢+1

a4:4q+1 b4:b7:q2+8q+1

as =5q+1 by=3¢>+2¢+1

By this result and Proposition 3, the representation matrix M of the Fourier transform on ]-'5 with
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respect to the basis eq, ..., €21 is given as follows:

1
1
1
1
1
1
1
1
1
1
18| q
1
1
1
1
1
1
1
1
1
1

3332]
[2320]d>
[1310]es

—[1311]b,
—[2320]b,
[1320]e4
[1300]es
[1300]er
[1330]
—[1310]ey
[1330]
@ fs
—[0310]dy
—[0310]dy
¢’es

*q's(ll

—[1310]b4
¢*br
—[1300]bs
(0310]b,
—[0311]

[1012]
€1
[0010]dy
[0001]¢;
[0010]d,
[1000]dy
do
ds
[0010]c,
do
[0010]c;

2
[0010]c2  —
[0010]e2
[0010]¢o

—by
ds
C8

€10
—by
—[0011]

[4422)
[3420]c2
—[2410]¢;
[2411]
—[2410]¢;
[2420]dg
—[1400]dy
—[2400]cs
—[1410]
[2420]
—[1410]
[1400]dy
q'ds
—[1410]
—[1410]
4

[2410]
—[1400]
[2400]
—[1410]
(0401)

[2122] [3321] [2112] [2112] [3132] 1[2332] 114312] [3332] [4422]
[1120]d;  [2310]c;  [1110]d;  [1110]d;  [2120]d>  $[1320)ds  1[3310]cx  [2320]d>  [3420]co
a9 (1300]e;  [1110]co  [1110]co  [1110]es 2[1310]d4 7%[230()]@ [1310]es  —[2410]¢;
[0101]e, @ f —[1111]  —[1111]  —[1111)b;  —3[1311]a;  £[2301]  —[1311]b;  [2411]
[1120]c;  —[2320] qfs [1110]es [1120]eq  1[1320]ds  1[2310)ds  [1320]es  [2420]ds
[1120]c;  —[2320]  [1110]c2 afo [1120]e4 % [1320]d5 § [2310]ds ~ —[2320]bs  —[2410]c;
qges ~[1300]b1 qges qes q92 2[1300]d;  —1[1300]ds  [1300]es  —[1400]do
[1100]dy  —[2300]a;  [1100]d5  [1100]d5  [2100]d; Lgdes —1[3320]  [1300]e;  —[2400]c3
~[0110]e;  [1310] [0110)ds  [0110]ds  —[0120]ds 7%[1340] Lqles [1330] —[1410]
qges —[1300]b¢ qgeq —[1100]b2  [1100]es s@%er (2310 @fs —[1400]dy
[0110]e;  [1310] [0110]ds —qe1 —[0110]dy  —3[0310]es  —£[1300]  —[0310]dy  q*ds
qes —[1300]b;  —[1100]bs qgeq [1100]es 1gPer 112310 —[1310]cs  [2420]
[0110]¢;  [1310] —qc1 [0110]dg  —[0110]dg —2[0310]cs  —3[1300] [1330] —[1410]
[0110]c;  [1310] —qc1 —qc1 [1110]dyy  10310]dy;  1[23100b;  —[0310]dy  —[1410]
qeq —¢’cs —qcy —qcy qfs —2[0310]cs  — % [1300] ey —[1410]
[0120] —¢° [0110] [0110] qbics —?[0310]174 —%[1300]173 —¢*a; ¢
gbicy —[2310]  —[1120]  —[1120]  —[1110]c; —3[0310]bs ¥[23oo] —[1310]by  [2410]
—[0110]by [1300] —qby —qby qe1o —3¢%co $[1300]bs by —[1400]
—[1110]a, tas —[1100]a;  —[1100]a; —[2110]as 1gen —1[3300]  —[1300)bs  [2400]
[0120] —¢* [0110] [0110)  —[0110]c;o —%[0310]};4 Leters [0310]b;  —[1410]
[0111] —[0310] [0101] [0101] —[0111] 3[0311] —3[1301]  —[0311] [0401]
[4422] [4332] [5432] [3622] [4632] +[4732] % [5722] 1[6731]
[3420]c;  [3330]c;  —[4420]b,  [2610]d5s  [3620]cs  £[3720]cio 7[4710]b2 —1[5730]
—[2410]c;  [2310]ey [3430] [1600]bye;  —[2620]by  —&[3720]ay 1[3720] 1[4720]
[2411]  —[1311]cs —[2411] —[2611] [2611] L1711])a, —1[2701]  —3[3720]
—[2410]e;  —[2320]c; [3430] —[2630]  —[2620]b; —2[3720]a; (3720 1[4720]
—[2410]c;  —[2320]¢; [3430] —[2630]  —[2620]b;  —1[3720]a; 2[3720] 2[4720]
[2400]d1o  [1300]fs  [2400]bics  —[1600)c;  [1600]erg  —x[3710Jag  —%[2700]c12  —2[3710]
[2400]dy;  —[2310]cs  —[3410]by  —[1600]b5 —[2600]co  %[2700]c;y  —3[3700]by  3[4710]
[2420]b5  —[1320]  —[2420]bs [1610]  —[1620]bs  —3[3720]  2[1710)ers  —3[3720]
—[1400)dg  [1300]c3 ~ —[2400]a;  —[1600]by  [1600]b; ~ —&[2700)bs  5[2700]b;  —%[3710]
—[1410] —[1320] [1410] [1610] —[1610] 1[2710] —3[2710] 1[2710]
—[1400]dy ~ [1300]cs ~ —[2400Ja;  —[1600]bs  [1600]b; ~ —=i[2700]bs ~ 4[2700]b;  —%[3710]
—[1410] —[1320] [1410] [1610] ~[1610] [2710] —1pp710]  1[2710]
dds —[1320]  [1410] n610] (1610 ipro] - ierio]  lj2rig)
—[1410] @ fs —[1400]b1bs  —[1600]by  —[1600]c12  §[1700]aia; %[1700] %[2710]
4 —q%b1b3 qten [1600] —[1600]bs  £[1700]az 3[1700] —2[1710]
[2410] —[2310]b; [3410] ¢%by [1610]ay —L[1710] —1[2700] 0
—[1400]  —[1300]c12  —[2400]b3 ¢Cay ¢°bio - % [1700] 1[1700] 0
[2400]  [1300]ajaz  [2400]as —3¢° —3[1600] q 0 0
—[1410] [0310] [1410] —q¢° [0610] 0 —q" 0
[0401] [0311] —[0411] 0 0 0 @ ]




Here, let [abed] =

a1 =2q+1

as =2q—1
ag:3q+1
a4=q72
bh=¢—-q-1
by =2¢% +2q+1
b3:q2+1

by=¢*>—2¢—1
bs =2¢%> —3q— 1
be =¢*>—q+1

by =2¢°> —2¢—1
bs=q*—3q—1
by =q> —2

(q—1)"¢"(q+1)°(¢* + ¢+ 1)? and

a=¢ -—q-1
o=¢-¢-q-1
c3=2¢°—2¢—1
4 =2¢"—q*>—2¢—1
s=q¢ —¢>+1
c6:q3+q+1
=+ -2-1
s =¢>—2¢>—2¢—1
co=q> —4q—1
010—2(] 72q —2q—1
011—q —q +5¢+1
—q - +q+1
0137q +¢°—q+1

61:2q5+2q472q272q71
e=C - -F+q+1

es=q" —2¢* —2¢° + > +2q¢ + 1
ea=¢"—2¢° +q+1

es=q" —2¢* — ¢ +3¢> +3¢+1
eg = 5¢° — Tq* —4¢° +4¢°> + 3¢+ 1
er=2¢° —4¢* —3¢° +3¢> + 3¢+ 1
es=+q¢*—q+1

co=¢ —¢" —*+¢+2¢+1
e0=0¢ —2¢*+*+2¢* —2¢ -1
en=¢-¢¢+¢—-¢F -1
fi=d—¢ "+ -1
f2:q6+q5—q4—2q3+q+1

bo=¢*-2¢+2 di=¢+¢F-¢F—q-1 f3—q =3¢’ +4q -2¢-1
dy =2¢" —2¢> —2¢ — 1 fi=d"—¢° +2q 72q71
ds =3¢" —2¢> —2¢ — 1 =2 +¢" —F+q+1
di=2¢"—® -4 -3¢-1 g=¢ +¢®-3¢* -2 +¢*+2¢+1
d5=q4+q372q272qf1 92 =q"—4¢° +¢* +4¢° —2¢ — 1
de =q* — ¢ +1
d77q4—4q —7q —4q -1
ds =q"—¢* +1
dy=q*—¢* fq +q+1
dlo_q +q +2q+1
din=q*—2¢° +2¢+1

2
3.2 ]Fq & Hg(Fq)
For a € Fy2, let @ be the conjugate of a over ;. Define the norm map as follows:
No:Fpe >z 2z €F,.

Ny is surjective and N2|F>< : ]F:2 — IF; is a surjective group homomorphism. Let H,,L(]qu) be the set of
2

a
Hermitian matrices of order n. We consider H3(F2), i.e.,
ail a2 a3
Hg(FqQ) = A = |1a12 a929 as3
aiz g3 433

€ 1V13(Fq2) a;; € IE‘q.,aij S qu(l <i<j< 3)

). We write z € V as © = (A, B) where

Let V = F2 ® Hg(F,2) and G = Gy x G = GLy(F,) x GL3(Fg
F,) and g» € GL3(F,2). The action of

A,B € H3(F,2), and write g € G as g = (g1, 92) where g1 € GLa(
G on V is defined by o o
gz = (92493 , 92893 )91 -
Here, for a matrix h, h is the matrix whose (i, j)-entry is the conjugate over F, of the (i, j)-entry of h.
V' counsists of 15 G-orbits in all. The following elements 1, ..., 215 are representatives:

1 1 1
.1‘1:(0,0), J:Q:( 0 70)7 'T?):( 1 70)7 l'4:( 1 0)7
0 0 1
1 1 1 0 1 —1
x5 = ( 0 L1 ), zg = ( 0 , 1 ), 7 = ( 1 s o ),
0 0 0 0 0 0

1 1 1 0 1 0

1’8:(1 s 0 )733'9—( 1 5 0 )1‘10—( 1 5 1)7

99
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1 0 1 0 1
1’11:( 1 N 0 ),Tlgz( 1 5 1),7‘13:( 1
0 1 0 1 0
1 0 0 0 0 0 1 0 0 0 v n
zia= ({0 1 0{,{0 0 po|)as=(0 1 0,7 0 0}).
00 1 |0 m m 00 1| |7m 0

Here, ju1, v2 € Fy and pg, v1, vo € Fy2 are elements such that X2+ 1 X — N (o), X2 +12X% — (N(vo) +
N(11))X +voN(vy) € Fy[X] are irreducible. Since Ny is surjective, there exist such py, po, v, v1, 1.

The subspaces we choose to calculate the Fourier transform are as follows:

(0 0 o] [o 0 0] (0 0 0] [o 0 0] [0 0 0] [0 0 x]
Wy=(|0 0 0,0 0 0]),Wa=(|0 O ,10 0 0]),Ws=({0 0 0], 0 *|),
0 0 0] |0 0 0] 0 0 *| [0 0 =] 10 0 0] [x x x|
(0 0 0] [+ % =] (0 0 0] [o 0 ] [0 0 0] [0 0 0]
Wi= ([0 0 0|,|* % =x|),Ws=([0 0 , | ), We=(|0 % x| ,[0 % =x|),
10 0 0] |* =* x| 10 0 x| |* = =] 10+ x| |0 * x|
(0o 0 o] [o 0 0] (0 0 «| [0 0 «] [0 0 0] [0 0 x|
Wr=({0 0 *[,{0 0 =), Wsg=({0 , #[),Wo=({0 0 10 % ),
10 | 10 % %] B B EE 10 0 x| ok k|
0 0 0 * 0 0 0 * ok 0 0 0 0 * =%
Wio=(]0 0 *|{,10 x *|), Wi =(]0 0 0f,[*x *x =*|),Wia=(]0 0 = ok x|,
0 = * * 0 0 = * % 0 * = * ok %
0 0 0 * 0 0 = 0 0 =
W13:( 0 *x = * )7W14:( 0 * = s 0 * = )andW15:V.
0 * =x * * ok % * ok %
The orthogonal complements of these subspaces are as follows:
0 * x 0 *x =x 0 0 0 *
Wit =Wis, Wit = (% + x|, [x * |), Wi =Wy, Wi =Wy, Wt = (|0« x|, [x * x|),
* % % * k% 0 = * *

W7L = W14, WGL = Wg, WQJ‘ = ng, leé = W10 and Wﬁ = WH.

Theorem 4. The cardinalities |O; N W;| for the orbits O; := Gx; and the subspaces W; are given as

follows:
Wi Wo Ws W, Wi We Wr Wy W

Oy 1 1 1 1 1 1 1 1 1

Oy | 0 [101000] [100000] [100101] [101000] [101010] [101000] [101000]  [100001]
05| 0 0 [111010] [110111] [111010] [111010] [112000] [112010] [110000]c,
Os4| 0 0 0 [230011] 0 0 0 0 [231000]
05| 0 0 0 0 [211010] [212010] [212000] [212010] [211010]
Os | O 0 0 0 0 11231010] 0 0 [230000]
o0:; | o 0 0 0 0 %[231010] [231000] [231010] 0

Os | 0 0 0 0 0 0 0 [242010] 0

Oy | 0 0 0 0 0 0 0 0 [331000]
O | 0 0 0 0 0 0 0 0 0
O | 0 0 0 0 0 0 0 0 0
O12| 0 0 0 0 0 0 0 0 0
O3] 0 0 0 0 0 0 0 0 0
O | 0O 0 0 0 0 0 0 0 0
Oi5| 0 0 0 0 0 0 0 0 0




Wio Wi Wi Wi Wiy Wis Wzl VV5L

1 1 1 1 1 1 1 1
[100001]  [100001] [10001]  [100000]d; ~ [101010]  [101101]  [101010]  [101010]
[110000]c;  [110010]cs  [110000]f;  [110010]dy  [111000]c;  [111111]  [111010]cs  [111020]
[231000]  [231010]  [231010] [230011] [232000]  [231011]  [232010]  [231010]
[211000]b,  [211010]  [211000]by  [211011]  [212000]b3  [212111]  [212020]  [211011]
%[230010} [230000] %[230010} 11230010jb,  £[231010]  1[231111]  1[231010] %[231010]
£[232000] 0 $(232000]  $[231010]  3[231000]b4 $[231111] $[231010]b3 £[231010]
(242000 0 [243000] [242010] [242010]  [242111]  [242010]bs  [242010]
[331000]  [331000]  [331000] [331020] [332000]  [332111]  [332010]  [331010]
[342000] 0 [343000] [342010] [343000]  [343111]  [343020]  [342010]
0 [261000]  [261000]  [260010]b;  [262000]  [261111]  [262010]  [261010]
0 0 [362000]  2[361010] [362000]  [362111]  [362011]  [361010]

0 0 0 11470010] 0 lam111] 1473010 0

0 0 0 %[371010} [372000] %[372111} %[372020} 0

0 0 0 0 0 $[473011]  3[473010] 0

Here, let [abedef] = (¢ — 1)%¢"(q +1)°(¢> — ¢ + 1) (® +1)¢(¢* + ¢ + 1)/ and

b1:q2+2
by =2¢°+q+1
by =2¢>+1
b4:3q2+1

ca=¢+2¢%+1
o=@ +3P+q+1 do=q¢*+P+q+1
cs=q"+¢+1

=+ +¢+q+1

=+ "+ +32+q+1

By this result and Proposition 3, the representation matrix M of the Fourier transform on ]-"(/; with
respect to the basis ey, ..., €21 can be calculated.

3.3 T @ N*(F)

Let A?(FS) be the set of all alternating matrices of order 6 over F,. We write A € A*(6) as

A=

I_ 0 a2
—ai2 0

—a13 —a23
—a14 —Qa24
—a15 —ags
—G16 —02

a3 a4
a23 24
0 as4
—a34 0
—azs  —a45
—aze —a46

ais
azs
ass
Q45
0

—as6

a26
ase
Q46
ase

0

016]

where a;; € IFy.

Let V = Fg ®/\2(Fg’) and G = G x Gy = GLy x GLg. We write x € V as x = (A4, B) where A, B € A2(6),
and write g € G as g = (g1, g2) where g; € GLy and g2 € GLg. The action of G on V is defined by

gxr = (92A92T792392T)91T~

Let wpmn(1 <1< 2,1 <n <m < 6) be the element of V' that the (n,m)-entry and (m,n)-entry of lth
matrix is 1 and —1 respectively and the rest are all 0. For example,

Uiz = (

0

-1

(=]

[=NeNoNoBal S

OO OO OO
[en i en e B e B e B an}
[=NeNoNoBoBol

(=N Bo N}

[=NeNoNoBoBol
[=NeNoNoBo ol

The set {upm, |1 <1<2,1<n<m <6} is a Fg-basis of V.

V' consists of 18 G-orbits in all. The following elements x1, ...

I = 07
Ty = U112,

T3 = U112 + U134,
Tq4 = Up12 + U134 + Uise,

[eviien i en B e e B en)

[en i en e B e Bl e B an}
(=N eNeNoBoh=}
(=N eeNoBohe)

,x1g are representatives:

o7
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T5 = Ur12 + U213,
T = Ur12 + U214 + U223,
T7 = U112 + U234,
Tg = U112 + U134 + U214 + HoU223 + [41U234,
To = Up12 + U215 + U234,
T10 = U112 + U134 + U215 + U223,
T11 = U114 + U123 + U216 + U225,
T12 = U112 + U216 + U225 + U234,
T13 = U114 + U123 + U216 + U225 + U234,
T14 = U112 + U236 + U245,
T15 = U112 + U134 + U236 + U245,
T16 = U112 + U134 + U234 + U2se,
T17 = Ur12 + U134 + U214 + HoU223 + [L1U234 + U256,
T18 = U112 + U134 + U156 + VolU212 + U216 + U223 + V1U225 + VoU245-
Here, p1, po, v2, v1, 1y € Fy are elements such that X2 X 4 po, X2+ X2+ X +1p € F,[X] is
irreducible.
The subspaces we choose to calculate the Fourier transform are as follows:

Wl :{0}7

Wo =(u112, U113, U114, U115, U116)F, »

W3 =(u123, U124, U125, U126, U134, U135, U1367U1457U1467U156>]Fq7
Wy :<U1127 U113, U114, U115, U116, U123, U124, U125, U126, U134, U135, U136, U145, U146:u156>]F97
W5 =(u112, U113, U114, U115, U116, U212, U213, U214, U215, u216>]Fq>
We :<U112,U113,U114,u115,ullﬁ,u123,u1247u1257u1267u212>]Fq7
Wz :(u1127U1137U1147U1157U1167U2127U2237U2247U2257u226>1F,,7
Ws =(u134, U135, U136, U145, U146, U156, U234, U235, U236, U245, U246 5 u256>]Fq7
Wy :<U1127U113,U114,U115’U116,U212,u213yu2147U2157U2167U2237U2247U2257U226>]Fq7
Wio :<U1237 U124, U125, U126, U134, U135, U136, U145, U146, U156, U223, U224, U225, U226, U234, U235, U236, U245, U246, U256>Fq,
Wi =<U1127U1137U1147U1157U1167U1237U1247U1257U1267U2127U2137U2147U2157U2167U2237U2247U2257U226>qu
Wia =(u114, U115, U116, U124, U125, U126, U134, U135, U136, U145, U146, U156, U245, u2467u256>]1<‘q,
Wis :<u112,U113,U114,U123,U124,U212,7142137“2147“2157”2167U2237U2247U2257U2267u234>]}‘q,
Wis =(u112, U113, U114, U115, U116, U212, U213, U214, U215, U216, U223, U224, U225, u2267U2347U2357U2367u2457u2467u256>ﬁ7q7
Wis =(u134, U135, U136, U145, U146, U156, U213, U214, U215, U216, U223, U224, U225, U226, U234, U235, U236, U245, U246, u256>1Fq7
Wie =(u123, U124, U125, U126 U134, U135, Y1365 U145, U146 U156, U213, U214, U215, U216, U234, U235, U236, U245 > U246 5 u256>Ian
Wiz =(u123, U124, U125, Y1265 U134, U135, U136 U145, U146 U156, U212, U213, U214, U215, U216, U223
; U224, U225, U226, U234, U235, U236, U245, U246, u256>1Fq )
ng :V

The orthogonal complements of these subspaces are as follows:
Wit = Wis, Wit = Wig, Wit = Wiy, Wi = Wy, Wg- = Wi, Wi = Wis, Wik = Wi, Wit = Wiy,
Wlli - W12, WIJQ = W13 and

i
Wo" = (u123, U124, U125, U126, U134, U135, U136, U145, U146 U156, U234, U235, U236, U245, U246 U256 F, -

Theorem 5. The cardinalities |O; N W;| for the orbits O; := Gz; and the subspaces W; are given as
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[1,0,1,0,0,0,0]c,
0
0
[2,3,1,1,1,0,0]
Wis

2,1,1,0,1,0,0]a

Ws
1,0,1,0,0,1,0]
2,2,1,1,1,0,0]
2,1,2,0,1,0,0]
3,2,1,1,1,0,0]

Wia

Wi

[1,0,1,0,0,1,0]
2,1,1,0,1,1,0]

W,
[1,0,0,1,0,1,1]
(2,2.0,2,0,1,1]
[3.6,0,1,0,1,0]

Wio

W3

[2,2,0,1,0,1,0]
9

[1,0,0,0,1,1,0]

Wy
W

[1,0,0,0,0,1,0]

Wy

follows:

a
Y N
- S5 ©oz= =299
—~ @ R ) N S S O S5
S8z 32T 8z=Ss S Leeseses
9 20 S -~ o P S S S
= R S S S e ol = st e e —_ —_
SS TS SS -~ S - S Toa S S dococoocococoo
- O S L o0 o = - oo e
SS TS sS 23S = o s e ST
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O e S B R -~ s PP
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A - R - e A o 280
Sal sz g8 TS = =
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Here, let [a,b,c.d,e, f.g] = (g — 1)°¢"(q + 1)°(¢* — ¢+ 1)*(q* + 1)°(¢* + ¢+ )T (¢* — ¢ + 1) and

a =q+2, 01:2q3+2q+1, d1:2q4+q3+2q2+q+l,

as =2q+1, o=¢+¢+1, dy = ¢* + ¢ +2¢> +2q + 1,

b1 =2¢°+2¢+1, c3=2¢"+5¢"+3¢+1, ds=q"+2¢*+3¢>+q+1,

bo=2¢> +4q+1, ca=¢+2¢>+q+1, dy = 3¢* + 8¢ + 10¢> + 4q + 1,

b3 =22 +3¢+2, cs=2¢+@P+q+1, ds=q¢*+¢+q+1,

ba=2¢>+q+1, cc=¢+q+1, e =q° +4¢* +4¢° + 3> + 2 + 1,

bs = ¢ + 2, e =2¢° +4¢* +4¢3 +5¢°> + 3¢ + 1,
es = ¢° + 5¢* +6¢° + 6¢%> + 3¢+ 1,
er =" +2¢* + 33 + 44> + 2¢ + 1

By this result and Proposition 3, the representation matrix M of the Fourier transform on J-'€ with
respect to the basis eq, ..., ea1 can be calculated.
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