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Abstract 

In this text, we present a result on normality using techniques of duality theory 
of topological groups. A group topology v on a topological group (G, T) is said to 
be a compatible topology with the duality (G, GI¥), if the dual groups of G endowed 
with T and v coincide, i.e. (G, v)A = (G,T)A. 

The result we show states that for the group G :=ザ， theredo not exist normal 
locally quasi-convex topologies compatible with the duality (G,GA). 

1 Introduction 

Topological groups constitute a subclass of topological spaces which have an inner alge-

braic group structure that makes the multiplication and the inversion continuous func-

tions. 

Many infinite groups that we find in several areas of mathematics are topological groups. 
For instance, 政叫 enand their subgroups, the circle§1 of complex numbers with modulus 

one, or the group GL(n, 股） of n x n invertible matrices. 

The algebraic group structure provides the space with topological properties stronger than 

those due plainly to the topological structure. 
For instance, every topological group is completely regular; in other words, the separation 

axioms Ti.。andTychonoff are equivalent within the class of topological groups. 
Another important result following this line is the Birkhoff-Kakutani Theorem, which 

states that every Ti.。first-countabletopological group is metrizable. 
This fact does not hold for general topological spaces. In fact, the Sorgenfrey line賊sis 

an example of a normal, first-countable and non-metrizable space. 

In the following paper, we study properties on topological groups focusing on duality 

theory. We do a quick review of basic results, as the Pontryagin Duality Theorem, which 

states that every abelian locally compact Hausdorff topological group G is topologically 
isomorphic to its bid叫 GMvia the canonical map 

a:G→ GI¥/¥ 
g← a(g): GI¥→ 11' 

1ピ a(g)(r):= r(g). 

Next, we study topologies that are compatible with the duality (G, GI¥) of a given group 

(G, T). Those are group topologies with the property that generate the same dual as T. 

In particular, we analyze the family of locally quasi-convex compatible topologies. 

The concept of a locally quasi-convex abelian group was defined by Vilenkin [15] and stud-
ied by Banaszczyk [2] and allows us to generalize strong theorems of Functional Analysis 
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to the broader class of abelian topological groups. Nonetheless, the reader may take note 
of that this process is not straightforward. In particular, in [5] it is described an historical 
route for the notion of locally quasi-convex groups and an aproximation of the Mackey-
Arens Theorem in the wider class of topological abelian groups is proved. 

Finally, we prove that for the group G := Z股 theredo not exist normal locally quasi-

convex topologies that are compatible with the duality (G, GI¥). 
This result have been published in a joint article with professor E. Martfn-Peinador in 
February 2018 [11]. 

2 Duality Theory 

Here we do a quick review of duality theory on topological groups. From now on, we 
suppose that every topological group is Hausdorff and abelian. 

Given a topological group G, we can consider the space of continuous characters, i.e. the 
space of continuous homomorphisms 1 : G→'f, where'f denotes the one dimensional 
torus of unitary complex numbers with the product and topology inherited from C. We 
will denote this space by GA := CHom(G,'f). 
Is straightforward to verify that GA has a group structure if we consider the pointwise 

product of characters, i.e. the product defined by (,1 * 12)(x) = 11(x)ぅ'2(x), (,1, 12 E 
GA, x E G). With this operation, GA is a subgroup of Hom(G,'f). 

Definition 2.1. The group GI¥ is called the dual group of G. 

As an example, let us show that Z/¥'.:::c'f. 

Example 2.2. (Z/¥'.:::c'f) 

First, since Z has the discrete topology, we observe that Z/¥ = H om(Z,'f). Since every 
homomorphism IE Z/¥ is completely determinated by the image of 1, for every l E'f we 

can define花： Z→'f such that rE(l) = l-Now let 

心： T→ z/¥ 
g← 箕

It is straightforward thatゆisa group isomorphism, proving that Z/¥'.:::c'f. 

Other examples of dual groups are the following. 

Example 2.3. Z'.:::c'fl¥ via the isomorphism m→ 加 (x)= xm 

Example 2.4. 艮 ~ 良I¥via the isomorphism x→ rx(l) = e21ri匹 Ingeneral it can be 
proved that (町）/¥'.:::c町， 'v'nEN. 
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For more examples, see [8, 23.27]. 

We defined the dual group in an algebraic way, but we can actually equip it with a topol-
ogy compatible with the group operation; in other words, we can provide a topological 
group structure for GI¥. This topology is called the compact-open topology and can be 
defined in the following way: 

Given a topological group G, for every SC G and every MC  1'let 

U(S, M) := {, E GA : ,(S) c M}. 

Definition 2.5. The compact-open topology (also called the topology of the uniform 
convergence in compact sets), in GI¥ is the topology generated by 

~= {U(K, V): KC  G compact, V C 11'open}. 

This topology is usually denoted by T co. 

We have the following: 

Theorem 2.6. /12, Proposition 29} Let G be a topological group. Then, its dual group 

equipped with the compact-open topology (GA, Tea) is a topological group. 

Since it is possible to define a topology for the dual group that makes it a topological 
group, we can think about if the group isomorphisms of the examples 2.2, 2.3 and 2.4 are 
also homeomorphisms, considering the compact-open topology in the dual groups. 
This can actually be proved; i.e., we have that the following groups are isomorphic as 
topological groups: 11'~Z/\, Z宰 1['/¥'恥n空（恥門¥1::/n EN. 

In a natural way, we can define the bidual of a topological group. 

Definition 2.7. Given a topological group G, the bidual of G is defined as the dual of 
(GA, Tea) and it is denoted by GI¥/¥. In other words, GI¥/¥ = (GA, TcaY-

Going back to the previous isomorphisms, we can interpret them in terms of the bidual 
groups. Concretely, we have that 1['/¥/¥竺11',z/¥/¥竺z,(良門^ 竺^恥叫 'v'nE N. That is, 
these groups are "reflexive". In fact, these are not the only examples of reflexive groups. 
The Pontryagin-van Kampen Duality Theorem, which is one of the most useful tools in 
duality theory, states that every locally compact abelian group is reflexive. Concretely: 

Theorem 2.8. (Pontryagin-van Kampen Duality Theorem) Let G be an abelian 
topological group. Then, if G is locally compact, it is isomoryhic to its bidual under the 
canonical map 

a:G→ GI¥/¥ 
g← a(g) : GI¥→ T 

7← a(g)('Y) :='Y(g) 
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Initially, this theorem was proved by L. Pontryagin in 1934 in the cases when G is second 
countable, compact or discrete. Later, E. van Kampen (1935) and A. Weil (1940) proved 
the general case independently. A proof can be seen in [12] chapter 6. 

3 Topologies compatible with the duality (G, GA) 

In this section we introduce the Bohr topology 7+ of a topological group (G, T). It is the 
coarsest group topology on G which gives arise to the same dual group as (G, T). 
Next, we will focus on a family of topologies that plays an important role in d叫 ity
theory, the family of the locally quasi-convex topologies that are compatible with the 
duality (G, GI¥). 

Definition 3.1. Given a topological group (G,T), a group topology v on G is said to be 
a compatible topology with the duality (G, GI¥) if the dual groups endowed by T and 

v coincide, in other words, if the equality (G, T)A = (G, v)A is satisfied. 

Definition 3.2. Given a topological group (G, T), the Bohr topology of G is defined 
as the weak topology associated to the family (G, T) = CHom(G, 11'). In other words, the 
topology generated by the set 

I;:={, ―1(U) : U C 11'open, 1 E GI¥}. 

This topology is usually denoted by T+ (clearly, it depends on the initial topology T). 

Let's see an example. 

Example 3.3. Consider the group of integer numbers with the discrete topology (Z, 8). 
Then, the Bohr topology 5+ of Z, is the topology where the subbasis of neighbourhoods 
of O is given by 

畠={Wa : a E 1'}, Wa := {m E Z: am E 11'+}, where 11'+ := {x E 11': Re(x) 2: O}. 

Some examples of open sets in (Z, が） are: 
凱 ={ m E Z : 1 m E 11'+} = Z. 
W_1 = {m E Z: (-lr E 11'+} = 2Z. 
児={m E Z: wm E 11'+} = 3Z, w := e和

Now we present an important result that states that the Bohr topology of a topological 
group is a group topology if the group is MAP. 

Definition 3.4. A topological group G is said to be a MAP group if its dual separates 

points of G. In other words, if for every x, y E G, xヂyヨ1EGA s.t. 1(x)ヂ,(y).

Proposition 3.5. Let (G, T) be a MAP topological group. Then, the Bohr topology of G 
is a group topology for G. In other words, (G, ゲ） is a topological group. 
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Note 3.6. Using the Peter-Weyl Theorem, it can be proved that an abelian locally compact 

group is a MAP group /12, Theorem 21}. Thus, from the previous proposition the Bohr 

topology T of an abelian locally compact topological group (G, T) is a group topology for G. 

Now, we recall another important property of the Bohr topology. Namely, the Bohr 
topology is a group topology compatible with the duality (G, GI¥). 

p ropos1t10n 3.7. /5, Theorem 3. 7} Let (G, T) be a topological group and戸 itsBohr 

topology. Then, (G, T)A = (G, ゲ）^．

Remark 3.8. Given a topological group G, from the previous proposition we have that 

the Bohr topology of G belongs to the family of the group topologies of G compatible with 

the duality (G, GI¥). Moreover, we have that it is the coarsest topology of this family. This 

is straightforward from the definition, but it is an important prope内y.For this reason, we 

consolidate it as a corollary. 

Corollary 3.9. The Bohr topology 7+。1a topological group (G, T) is the coarsest topology 

of the family of the group topologies of G compatible with the duality (G, GI¥). 

In the second section, we described what we mean by duality in the class of abelian 

topological groups. This topic is well known for the class of topological vector spaces. 

Starting with Banach, along the second half of the last century there was an outburst 

of important results in this field. In particular, there is one remarkable subfamily in the 

class of topological vector spaces; the subclass of the locally convex vector spaces, (we 

recall that every Banach space is a locally convex topological vector space. In general, 

every Frechet space is a locally convex topological vector space). 

The definition by Vilenkin [15] of locally quasi-convex sets and locally quasi-convex groups 
and the work of Banaszczyk in his monograph [2] were the main tool to generalize many of 
those strong Theorems of Functional Analysis to the broader class of abelian topological 

groups. The reader may be warned that the passage of results of topological vector spaces 

to abelian topological groups is not an elementary process. Clearly, convexity makes no 
sense in the realm of groups. 

In [5] it is described an historical route for the notion of locally quasi-convex groups. In 
particular, an aproximation of the Mackey-Arens Theorem in the wider class of topologi-

cal abelian groups is proved. 

We recall the statement of the Mackey-Arens Theorem. 

Theorem 3.10. (Mackey-Arens Theorem, 1946) 
For a topological vector space E, there exists the maximum with respect to the inclusion 

of the family of the locally convex topologies that are compatible with the duality (E, E*). 

This topology is called the Mackey topology of E. In particular, every metrizable locally 
convex vector space carries the Mackey topology (e.g. Banach spaces). 

Thus, for a topological vector space V there are two important topologies that belong to 

the family of the locally convex topologies of V compatible with the duality (V, V*). The 
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minimum of the family, which is the weak topology u(V, V*), and the maximum of the 
family, which exists thanks to the previous theorem. 

The quasi-convexity notion is inspired by the Hahn-Banach Theorem, and is not defined 
on pure algebraic terms. The topology plays a crucial role. Concretely: 

Definition 3.11. Given a topological abelian group G, a subset E C G is said to be a 

quasi-convex subset of G if for every x E G, x (/_ E there exists I E G" such that 

1(E) C 1'+ and 1(x) rf-1'+ = {x E 1': Re(x) 2". O}. 

尺x ． 

Example 3.12. 11'+ is a quasi-convex subset of 11'. 

Example 3.13. D := [-1, 1] is a quasi-convex subset of艮

Example 3.14. C := (1, 2) is not a quasi-convex subset of艮

I

O

 

C 

←―→ 
1 2 

D 

-1 0 1 

Example 3.12 is trivial and examples 3.13 and 3.14 can be proved using the isomorphism 
of the example 2.4. Furthermore, it can be proved that a quasi-convex subset has to be 
closed and symmetric [2, Proposition 2.4]. 

Definition 3.15. A group topology for a group G (or simply G itself), is said to be 
locally quasi-convex if there exists a neighbourhood basis of the neutral element formed 
by quasi-convex subsets. 

The next proposition shows that the locally quasi-convexity in fact extends the concept 
of locally convexity to the class of abelian topological groups. 
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Proposition 3.16. {2, Proposition 2.4} A Hausdorff topological vector space is locally 

convex if and only if considered as an abelian topological group is locally quasi-convex. 

We observe that the Bohr topology is a locally quasi-convex topology. This is easy to 

check since the family {戸(11'+):'Y E GI¥} is a neighbourhood sub basis of ea formed by 
quasi-convex subsets, and the intersection of quasi-convex subsets is again quasi-convex. 

Proposition 3.17. The Bohr topologyげ ofa topological group (G, T) is a locally quasi-

convex topology. 

In other words, for a topological group G, if we denote by .CQC(G) the family of locally 

quasi-convex group topologies that are compatible with the duality (G, GI¥), we have, 

by Corollary 3.9 and Proposition 3.17, that the Bohr topology of G is the minimum of 

.CQC(G). There exists the Mackey topology (the finest topology), for G? Is it unique? 

The answer to these questions, that corresponds to an aproximation of the Mackey-Arens 

Theorem to the class of abelian topological groups, was given in 1999 by M.J Chasco, E. 
Martin-Peinador and V. Tarieladze. 

Theorem 3.18. (Chasco, Martin-Peinador, Tarieladze, 1999} 

Let (G, T) be a topological group. Then, if G is locally compact, or locally quasi-convex 

metrizable and complete, or locally quasi-convex Baire separable, then T is the finest topol-

ogy of the family .CQC(G). In other words, T is the Mackey topology for (G, T). 

4 Normality through duality 

In this section we present the main result; namely, for the topological group G := Z底

there do not exist normal topologies in the family£,QC(G). 

To show this property we need a little bit of theory. We begin recalling the Jones'Lemma 
and the Hewitt-Marczewski-Pondiczery Theorem and the definition of the extent of a 

topological space. 

Theorem 4.1. (Jones'Lemma, 1937} 

Let X be a topological space and S, D C X such that S is discrete and closed and D is 

dense in X. Then, if Sand D satisfy ISi~2IDI, X is non normal. 

Theorem 4.2. (Hewitt-Marczewski-Pondiczery Theorem, 194-4--194-7) 

Let (Xi, T_ふ Jbe a family of separable topological spaces such that IJI~c := 2N。.Then, 

the product ITjEJ Xj is also separable. 

Definition 4.3. Given a topological space X, the e叩tentof X is defined as 

e(X) := sup{IYI : Y C X, Y closed and discrete}. 
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The extent of the group笠

Our next aim is to show that the group Z良 hasa closed discrete subset of cardinality 

c. This proves in particular that z_;R is non normal due to the Jones'Lemma and the 

Hewitt-Marczewski-Pondiczery Theorem (since Z is separable). 

A. H. Stone already proved in 1948 [14, Theorem 3], that zR is a non-normal group, but 

here we will show e(炉） = c; which is slightly a stronger property. This was pointed 
out by Engelking, and since is essential for our further considerations, we give below its 

complete proof, following the hints of [7, Exercise 3.1.H]. We need to introduce some 

notation which we do next. 

Let I:= [O, 1]. For every t EI, define ft by: 

ft: I→ Nez 

S一ft(s):= {~:s~tl 」, if t = s. 

ift=Js. 

Where lx」standsfor the integer part of x E艮 Inother words, m := l ls~tl 」 is the unique 
natural number which satisfies 

1 1 
<ls-ti<-. 

m+l m 

Now, define w by: 
w:I→ zI 

t←→ w(t) := ft 

In the sequel we will use repeatedly the following elementary property: 

Fact 4.4. For every r E I, fr has only one coordinate equal to 0, precisely fr(r). The 
other coordinates are positive. 

p ropos1t10n 4.5. The set w(I) is a closed discrete subspace of Z1 such that lw(I) I = c. 

Proof. First we prove that w is 1-1, and therefore lw(J) I = c. Indeed, if r, s E J with 

r =/-s, then fr(r)ヂfs(r).Thus w(r)ヂw(s).
Let us show that w(I) is discrete in the product Z1. Denote by 7rr the r-projection from 

Z1 to Z for every r E J. 

For ft E w(I), consider 1ri:1({O}). It is a neighbourhood of ft and by Fact 4.4, 1ri:1({O}) n 

叫I)={Ji}-
In order to prove that w(I) is closed in Z1, fix a pointy:= (Yt)tEI E Z1 ¥ w(I) and let us 
find V, a neighbourhood of y such that Vnw(I) = 0. We distinguish two possibilities for y: 

(a) There is at least one element s E J such that Ys = 0. 

(b) Yt =/-0 for all t E J. 

For the case (a), 1r_;-1({0}) is a neighbourhood of y and contains exactly one element of 

w(I), namely ls-Since y =/-w(s), at least for one coordinate r E J ¥ {s}, 防ヂ fs(r)= 

llr~sl 」．
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Clearly V := 1r;1({O}) n 1r;1({yr}) is a neighbourhood of y such that V n w(I) = 0. 

Assume now (b). For every t E J, let½: = 1r□ ({yt}). If Ytく 0for some t, then½is a 
neighbourhood of y totally contained in zr ¥ w(I). So, we restrict to the case when Yt > 0 
for all t E J. Consider the set 

1 1 1 1 
w(I) n½={fr E w(I) : fr(t) = Yt} = {fr : r E [t --, t - )  U (t + , t + -]} 

Yt Yt + 1 Yt + 1 Yt 

Write Jt as the closure, with respect to the euclidean topology induced on I, of the 
intervals appearing in w(I) n½, that is 

1 
み：= [t t 1 1 1 

J u [t + , t + -J. 
Yt Yt+l Yt+l Yt 

Since (』）tEI is a collection of closed sets with empty intersection (observe that t (/. Jt for 
all t E I), contained in a closed bounded interval, say JC恥 bycompactness there must 

exist t1, ... , tk E J such that Jt, n・ ・ ・nム=0. 
Let V :=且n---n孔； we have that Vis a neighbourhood of yin zr such that Vnw(I) = 0. 
Indeed, if fr EV n w(I), then r E Jt, n• • • n Jtk, which is the empty set. 
Thus, the neighbourhood V obtained in both cases (a) and (b) permits to claim that w(I) 
is closed. ロ

As a consequence we have the following: 

Corollary 4.6. The groupぴ hasextent c. 

Proof. From Proposition 4.5 we have that e閾） ~c. However, sinceび hasa basis of 
cardinality c, its extent cannot be greater than c. Thus, e国） = C. ロ

The non normality of the group弩

Using the previous proposition we can show that the group Z『hasalso extent c. Here 
弩 denotesthe product space of恥 copiesof the group of integer numbers endowed with 
the Bohr topology, i.e., zb := (Z, 炉）．
In the same article of Stone that we mentioned before [14], it is proved that if a product 
of nonempty T1 spaces is normal, then all but at most a countable number of the factor 
spaces must be countably compact. 
The topological group Zb is not a countably compact space. Otherwise, since it is count-
able, it should be compact. But by the Baire category Theorem there do not exist 
countable Hausdorff compact groups. 
Thus, the above mentioned result yields that弩 isa non-normal space. 
However, we want to have the stronger result that Z? has extent c. For this purpose, we 
recall a fundamental lemma of non countably compact spaces. 

Lemma 4. 7. Let X be a T1 topological space. Then, if X is non countably compact, then 
it has a countably infinite subset H C X that is discrete and closed. 



109

Proposition 4.8. The topological group Z『hasextent c. 

Proof. Since the factor spaces Zb are not countably compact, by the previous lemma they 

must contain an infinite closed discrete subset H, which is obviously homeomorphic to 
Z. Now HR C zR is closed in Zf. Arguing as in Proposition 4.5, HR contains a closed 

discrete subset, say L, with cardinality c. In particular, L is also closed and discrete in 

the bigger space弩
On the other hand Z『cannotcontain a closed discrete subset of cardinality greater than 

c, for in that case it should also be closed and discrete in Z民whichcontradicts Corollary 

4.6. ロ

Corollary 4.9. The space zf is not normal. 

Proof. Since Zb is countable, it is separable, and by the Hewitt-Marczewski-Pondiczery 

Theorem, 弩 isalso separable. Denote by D a countable dense subspace of勾
For the closed discrete subset L obtained above, we have ILi = 2~。= 2IDI. The non-

normality of弩 followsnow from Jones'Lemma. ロ

A direct proof of Proposition 4.8 following the argument of Proposition 4.5 should be 

interesting. However, the Bohr topology on Z is not so easy to handle, as we saw in 
example 3.3. 

The duality (研戸）

Next, we analyze the bottom and the top elements of the family ,CQC(G), where G :=空

is the product of c copies of the discrete group of integer numbers. 
The dual group of G is the direct sum of the dual groups of the factors, that is GA =']['(lR). 

This is true for a general product of topological spaces, see for instance [10]. 

In the next proposition, we use a strong theorem of W.W. Comfort and L.A. Ross about 

precompact groups. For that reason, we remember the definition and state the result to 

make the lecture more comfortable to the reader. 

Definition 4.10. A topological group G is said to be precompact if for each open neigh-

bourhood of the neutral element V there exists a finite subset AC  G such that AV= G. 

Theorem 4.11. /6, 1.2} Let (G,T) be a topological group. Then (G,T) is precompact if 

and only if T = T+. In other words, G is precompact if and only if its topology coincides 
with its Bohr topology. 

We can conclude the following: 

Proposition 4.12. The Bohr topology on zlR is precisely the product topology in弩

This follows as a corollary of the more general fact expressed as follows: 

p ropos1tion 4.13. Let {(Gi, 乃），iE J} be a family of abelian topological groups, and 

let G'lC := TiiEJ Gi where 7r stands for the product topology. Then, the Bohr topology of 

G'lC coincides with the product topology of the corresponding Bohr topologies (Ti)+ on the 

factor spaces Gか
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Proof. As said above, the d叫 ofa product is the direct sum of the dual groups of the 

factor spaces, and (GいTiy= (Gいに）+y =: Gt. Therefore: 

(Il(G凸））I¥= (Il(Gi, ht)Y =〶G~
zEJ iEJ iEJ 

On the other hand rriEJ(Gi, (か） is precompact, since the product of precompact groups 
is precompact (see [1, Corollary 3.7.14]). Since in ,CQC(G1r) there is only one precompact 

compatible topology, we obtain that (G, 1け） =IT託J(Gi,h「)．ロ

We study now the top element of the family ,CQC(G). 

Proposition 4.14. The topological group G = Z艮 isa separable Baire space. Therefore 

it carries the Mackey topology. 

Proof. It was proved by J. C. Oxtoby [13, Theorem 4], that the product of a family of 

Baire spaces, each of which has a countable pseudo-base (in particular a countable base), 

is a Baire space. Thus, G is a Baire space. On the other hand, we observe that G is 

a locally quasi-convex space, since Z is locally quasi-convex and the product of locally 
quasi-convex spaces is again quasi-convex. 

Hence, by Theorem 3.18, G carries the Mackey topology. Thus, if we call 7r the product 

topology in訊 wehave that 7r is precisely the Mackey topology for G. ロ

The previous proposition allows us to claim that the family ,CQC(G) has a top element, 

precisely 7r. On the other hand, the bottom elementが is,by Proposition 4.12, the 

product topology on Zf. Using these facts, we can deduce the following: 

Proposition 4.15. The topologies in the family ,CQC(G) have extent c. 

Proof. Let v be a compatible locally quasi-convex topology onか.Then it must hold 
T十さ v::; 1r. The closed discrete subset of cardinality c found in Proposition 4.8 for the 

topology 1r+ is also closed and discrete for the stronger topology v. On the other hand, 

a closed and discrete subset for the topology v would also be closed and discrete in冗

Taking into account Corollary 4.6, there cannot be a closed discrete subset of cardinality 

greater than c. Thus, e(G, v) = c. ロ

Theorem 4.16. The family ,CQC(G) of all locally quasi-convex topologies compatible 
with the duality (Z叉1['(IR))does not contain a normal topology. Consequently, it does not 

contain either a metrizable, or a locally compact group topology. 

Proof. Let v be a compatible locally quasi-convex topology on Z股. From戸::;V ::; 7r' 

taking into account that 1r is separable by the Hewit-Marczewski-Pondiczery Theorem, 

the weaker topology vis also separable. By Proposition 4.8 and Jones'Lemma we obtain 

that (Zい） is a non normal topological group. 

The last statement derives from the facts that any locally compact group topology is 

normal, and obviously any metrizable topology is normal. ロ

The previous theorem is also true in a more general setting, namely, for the恥 productof a 

family of topological groups (Gj汀―1)jEJthat are locally compact, non countably compact 

and separable. Concretely, we have the following result. 
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Theorem 4.17. /11, Theorem 6.9/ Let (Gj, Tj)jEJ be a family of locally compact, non 
countably compact, separable, abelian topological groups, and set G :=叫J(Gi,乃）. Then, 
if IJI = c, there are no normal locally quasi-convex group topologies compatible with the 
duality (G, GI¥). 

We don't include the proof here, but it can be read in [11, section 6]. This theorem 
cannot be deduced immediately from the results we introduced above and we need strong 
theorems as the Glicksberg Theorem and some results about the product of Cech-complete 
spaces. However, the philosophy is the same as in the case G =び
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