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On the Navier-Stokes equations in a curved thin domain

Tatsu-Hiko Miura*
Graduate School of Mathematical Sciences, the University of Tokyo
e-mail: thmiura@ms.u-tokyo.ac.jp

1 Introduction

We consider the incompressible Navier-Stokes equations in a three-dimensional
curved thin domajn with Navier’s slip boundary conditions

Opu + (uf - V)uf —vAu* +Vp* = f° in Q. x (0,00
dive* =0 in Q¢ x (0,00
v ne=0 on I x(0,00), (1.1)

v[D(uf)nelian + %eu® =0 on T¢ x (0,00),

wl=p=1uj in “Q..

Here . is a curved thin domain in R® with very small width of order ¢ € (0,1)
around a given closed two-dimensional surface I' and I'; is the boundary of €. (for
precise definitions see Section 2). Also, v > 0 is the viscosity coefficient, n. is the
unit outward normal vector to I, D(uf) = {Vu® + (Vu®)T}/2 is the strain rate
tensor, [D(u®)ng]tan is the tangential component of the stress vector D(uf)n. on I,
and 7 is the friction coefficient.

Fluid flows in a thin domain appear in many problems of natural sciences, e.g.
flow of water in a large lake and the geophysical dynamics such as the ocean and
atmosphere dynamics. In the study of the Navier-Stokes equations in a three-
dimensional thin domain mathematical researchers are mainly interested in the
global-in-time existence of a strong solution for large data, since a three-dimensional
thin domain with very small width can be seen as almost two-dimensional. It is also
important to analyze singular limit problems for degeneration of a thin domain and
compare the dynamics of bulk flows in a thin domain and limit flows in its degener-
ate set. There is a large number of literature studying such problems in a flat thin
domain [5, 6, 7, 10, 12] of the form

Qe = {z = (z1,x2,23) € R3 | (z1,22) € w, ego(x1,x2) < 3 < £g2(Z1,Z2)},

where w is a domain in R? and gg, g; are functions on w. A thin spherical domain
Q. = {z € R? | a < |z] < a(1+¢)}, @ > 0 was also investigated in [13]. However, the
mathematical study of the Navier-Stokes. equations in a thin domain has not been
done in the case where the degenerate set of a thin domain has more complicated
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geometry (see [9] for the study of a reaction-diffusion equation in a thin domain
around a lower dimensional manifold). Recently, the present author established the
global-in-time existence of a strong solution to (1.1) for large data of order e1/2
when the degenerate set is a general closed smooth surface [8]. In this paper we give
a result of [8] in a restricted case and show an outline of its proof. By P, and A,
we denote the Helmholtz—Leray projection on L?(.)3 and the Stokes operator on
L%(Q,)3 associated with slip boundary conditions (see Section 3.2). Also, we write
M, for the tangential component (with respect to the surface I') of the average
operator in the thin direction (see Section 3.3 for a precise definition).

Theorem 1.1. Suppose that there exists a constant ¢ > 0 such that
cle<q. <ce forall €€ (0,1). (1.2)

Then there exist constants g9 € (0,1) and cg > 0 such that for cach e € (0,e0) if
given date uf € D(Aé/z) and f€ € L*(0,00; L?(Q)3) satisfy

”Al/ “0“1,2(525) + “AITUUH Lr) ”PefE”Loo(o 003 L2(S2 )
+ | M- Pe f* '|r,»°(0@;1,2(|‘))'5 cos ™t (1.3)

then there exists a global-in-time strong solution
u® € C([0,00); D(AY?)) N LE,([0,00); D(Ae))
to the Navier-Stokes equations (1.1).

Note that here we only consider the partial slip boundary conditions by making
the assumption (1.2). It is required to make the bilinear form corresponding to the
Stokes problem with slip boundary conditions continuous and corecive uniformly in
€on D(Al/ H= L2(2:)NH(Q)3 (see Lemma 3.4). In [8] the perfect slip boundary
conditions (i.e. 7. = 0) are also studied with another assumption on the degenerate
surface T".

‘Main tools of analysis are the average operator and its extension to 2, tangential
on I'; (see Section 3.3). We use them and the slip boundary conditions to get a good
estimate of the trilincar term ((u - V)u, Aeu)p2(q,) for u € D(Ag), which is crucial
for our proof of Theorem 1.1 (see Lemma 4.1).- A key idea for the estimate is to
decompose u € D(A,) into the average part, which is almost two-dimensional, and
the residual part, which satisfies the impermeable boundary condition on I's. Such
decomposition enables us to use an L?({))-estimate for the product of functions
on I and Q. and an L% (€ )-estimate deduced by combination of the Poincaré and
Agmon inequalities.

Finally, we note that throughout our arguments it is iimportant to determine the
dependency of constants on ¢ explicitly in all inequalities. Here we do not discuss
on this point since it requires a lot of calculations of surface quantities on I' and T,
(see (8] for detailed calculations).

2 Notations on a surface and a thin domain

In this section we briefly introduce notations on a surface and a curved thin domain.
Let I be a two-dimensional closed (i.e. compact and without boundary), connected,
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oriented, and smooth surface in R3. By n and d we denote the unit outward normal
vector of I' and the signed distance function from I' increasing in the direction of
n. Also, we write x; and kg for the principal curvatures of I' and define (twice) the
mean curvature of I' as H := k1 + k2. By the compactness and smoothness of I we
may take a tubular neighborhood N = {z € R? | dist(z,T") < &}, § > 0 that admits
the normal coordinate system around T', i.e. for each = € N there exists a unique
point 7(z) € T" such that-

z =m(z) + d(z)n(n(z)), Vd(z)=n(r(z)). (2.1)
For a C! function 5 on I we define the tangential gradient and derivati{zes by
3
Vrn(y) == PW)Vi(y), Dm(y) = > {6 — ni(y)n;(y)}9jii(y)
i=1

for y € I' and 7 = 1,2, 3, where ij is an extension of 7 to N satisfying 7|r = n and
P := I3 —n&n is the orthogonal projection onto the tangent plane of T'. Note that
the values of V) and D, are independent. of the choice of an extension of 7 (see
e.g. [3, Lemma 2.4]). For 7,£ € C*(T') the integration by parts formula

[+ enmpart = [ nerman?, =123
T T

holds, where H? is the two-dimensional Hausdorff measure (sce e.g. [3, Theorem 2.10]).
Based on this identity we say that 7 € L%T) has the weak tangential derivative
D;n € L) if there exists n; (= D;n) € L?(T") such that

/ n Dy dH> = — / mé dH? + / nE Hrg dH2
T T T

for all £ € C1(T"). Then we define the Sobolev spaces on T' by

HYT) :={ne L) | B;n € L*() for all i = 1,2,3},
H?(I') := {n € H(T) | D;D;n € L*(T) for all 4,5 = 1,2,3}.

The norms of H(I') and H%(T') are given by

3
Iy = Il Z2qmy + D IRanll 2y

=1
3
Iy = Il + D 12Dl 2.
ij=1

Next we give notations on a thin domain. Let go and g1 be smooth functions on I"
satisfying |gi| < d on I, 7 = 0,1. Based on the normal coordinate system (2.1) we
define a curved thin domain in R® by

Qe:={y+rn(y) |y eT, eqy) <r<en(y}, e€(0,1).



By I'; and n, we denote the boundary of §2. and its unit outward normal vector. For
a function ¢ on €2, we have the change of variables formula (see e.g. [4, Section 14.6))

eq1(y)
/ o(x) de = / / qyy (4 + 1)) T, v) dr (), (2.2)
590

where J(y,7r) = {1 - 7%1(:{/)}{1 —rr2(y)} for y € I' and r € (—4,4d). By the formula
(2.2) we easily see that there exists ¢ > 0 independent of ¢ such that

Cﬂlflﬁ"ﬁllu(r) <l 2 < CEUZHTIHL?(F) (2.3)

for all € L?(T"). Here and in what follows we write 7 := 5 o 7 for the constant
extension of a function 7 on I" in the normal direction of T'.

3 Fundamental tools and inequalities

In this section we give fundamental facts for the proof of Theorem 1.1, especially for
the estimate of the trilinear term. In what follows, we denote by c a general positive
constant independent of .

3.1 Basic inequalities for functions on the curved thin domain

For a function ¢ on £, we define the derivative of ¢ in the normal direction of I’ by

Onip(z) = ( o(y + rn(y))) L/:ﬂ(z)’r:d(z) =n(n(z)) - Vo(z), €.

Based on the formula (2.2) we can show Poincaré’s inequalities on ..

Lemma 3.1. There ezists a constant ¢ > 0 independent of € such that

llellz2@) S € (51/2”99HL2(P€) + Ellan‘ro'lL?(Sze)) ,

‘ (.-1/2 1/2 (3-1)
lellzzr.y <c (5_ Pllel 2.y + £/ HanSD”Lz(UE))
for all p € HY (). Moreover, if u € H' ()% satisfies u-n. = 0 on T, then
lw - fill L2 () < cellullpa.)- (3.2)

By the anisotropic Agmons’ inequality on (0, 1)3 (see [12, Proposition 2.2]) and
a localization argument with a partition of unity of I' we have Agmon’s incquality
on 2, with explicit dependence on €.

Lemma 3.2. There exists a constant ¢ > 0 independent of € such that

-1/2 1/4
”‘P”L“’(Sla) <ce Y “‘pllL'z(QE “‘P”Hz(n)

, 2115 yio
x (el . + €lnell L2, + 211026l 12(5,)) " (3.3)
for all p € H*(Q).
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In Section 3.2 we see that the bilinear form corresponding to the Stokes problem
with slip boundary conditions is given by the L?(€)-inner product of the strain
rate tensors of vector fields instead of that of their gradient matrices. The following
Korn type inequality shows that the bilinear form is uniformly corecive in £ on an
appropriate function space.

Lemma 3.3. For allu € H! (QE)Sv satisfying u - n. = 0 on I'c we have
”VUH%Z(QS) < 4“D(u)“%2(95) + C|i“[|i2(ns) (34)

with a constant ¢ > 0 independent of €.

3.2 Stokes operator associated with slip boundary conditions
For u € H?(£2)® and v € H'(Q)? we have

/ {Au+V(divu)} -vdz = —2/ D(u) : D(v)dz + 2/ [D(u)n,] - v dH?
Qe Qe

by integration by parts. In particular, if u satisfies divu = 0 in . and
u-ne =0, v[DWnetan+7u=0 on T, (3.5)
and v satisfies v - n. = 0 on I'; then from the above identity it follows that
v Au-vdz =-2v | D(u): D(v)dzx — 2')/5/ u-vdH2.
Qe Qe e

Hence the bilinear form corresponding to the Stokes problem with slip boundary
conditions (3.5) is given by

ae(u;v) = 21// D(u) : D(v)dz + 2’75/ u-vdH?
Qc

€

for u,v € V; = Lg(Qe) nH! (9)3, where L2(f.) is the solenoidal space on 2,
ie. L2(Q) = {u € L*(Q)% | divu =01in Q, u-n. = 0 on I'.}. Moreover, by (1.2),
(3.1), and (3.4) we observe that a. is uniformly continuous and coercive on V; in €.

Lemma 3.4. Under the assumption (1.2) there exist 1 € (0,1) and ¢ > 0 such that
¢ HlullFaq,) < ae(u,w) < dllullFagq, (3.6)
for alle € (0,e1) andu € V.

Hereafter we assume € € (0,¢;). By Lemma 3.4 and the Lax—Milgram theory we
see that the bilinear form a. induces a bounded linear operator A, from V; into its
dual space. As an unbounded operator on L?(Q:)3 the Stokes operator A, has its
domain

D(A;)={u e Lg(QE) n H2(95)3 | y[D(y)nE]tan +Yu=0o0nTI}

and representation A.u = —vP.Au for u € D(A,), which follows from a regularity
result for the Stokes problem with slip boundary conditions (see [1]). Note that

C“lﬂullﬂl(m) < 1AV ul 120,y < cllullmia,) (3.7)



for all u € D( ;/2) = V; by (3.6) and ac(u,u) = ||AE u||,2(Q )~ We also have
”A;/?””LZ(QE) < cf|Aeull L2(q,) (3.8)

for all w € D(A,) by ]|A§/2'u||i2(nz) = (u, Aewt)12(q,y and (3.7). By the slip boundary
conditions (3.5) and analysis of surface quantitics on T'; we get an integration by
parts formula for the rotation of u € D( ¢) with an auxiliary vector field bounded
by u independently of ¢.

Lemma 3.5. For u € D(A.) and ® € L*(Q.)? with curl ® € L%(2,)? we have
/ curlcurlu - ® dx

= —-/ curl G(u) - Pdz + / {curlu + G(u)} - curl ® dz, (3.9)
Qe J,

where G(u) is a vector field on Q. satisfying
[G(u)| < clul, |VGu)| <c(|Vu|+|u|) on Q. (3.10)

Based on the integration by parts identity (3.9) we can derive an estimate for
the difference between the Stokes and Laplace operators.

Lemma 3.6. There exzists a constant ¢ > 0 independent of £ such that
|Acu + vAul| 20, < ellullgr,) (3.11)
for allu € D(A,).

Note that in (3.11) the L2(Q)-norm of the difference between Agu and —vAu
is estimated by the H(€))-norm of u, not by its H?(£2.)-norm.

By a regularity result of the Stokes problem we easily observe that the norm
lAcullL2(,) is equivalent to the canonical H 2(Q)-norm on D(A.). However, it is
difficult to show the uniform equivalence of these normis in €.

Lemma 3.7. There exist constants eg € (0,e1) and ¢ > 0 such that

cHullgzn,) < Aeullzz,) < cllullp2 g, (3.12)
for all € € (0,e9) and u € D(A;).

The right-hand inequality of (3.12) is an immediate consequence of (3.11). To
prove the left-hand inequality we first show that

lull 2,y < (18Ul 2, + llullaa.)) (3.13)

~ for all u € D(A:) and then use (3.7), (3.8), and (3.11). The proof of (3.13) is
technical and requires the notion of the Riemannian connection on the surface Ic.
In what follows, we assume € € (0,€0) with € given in Lemma 3.7.
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3.3 Average operators in the thin direction

In the study of the Navier—Stokes equations in thin domains it is useful to transform
a three-dimensional vector. field into a two-dimensional one. To this end we introduce
the average operator M in the thin direction. For a function ¢ on €2, we set

M 1 /egl(y) 1) d r
Y) = ——= + rn( r, yel.
ely) = - 7D Lot ey (v y

Also, for a vector field u on Q, we write M, u := P(Mu) for the tangential component
(with respect to the surface I') of the average of u. The average operator is a bounded
linear operator from H™(S)) into H™(I') for each m = 0,1, 2. Indeed, we have

IMellgmry < ™ Pllellam@y,  I1Meullgmey < ce™ 2 ||ull gmq,) (3.14)

for all p € H™(Q,) and u € H™(%)®. Moreover, by the change of variables formula
(2.2) we can get an estimate for the difference between ¢ and M.

Lemma 3.8. There exists a constant ¢ > 0 independent of € such that

o= M| 12, < cellellam ) (3.15)

for all p € HY(Qy).

Since the average of a function on . is defined on the two-dimensional surface
T", the two-dimensional Sobolev inequalitics arc applicable. In particular, we can usc
the product estimate for functions on I" and Q..

Lemma 3.9. Forn € HY(T) and ¢ € HY(S2.) we have

_ 1/2 1/2 1/2 1/2
17l 2ay < ellmll oy Il el e, el i, (3.16)
Here ¢ > 0 is a constant independent of €, n, and .

To analyze the difference between a vector field on €2, and its average part it is
convenient to consider an extension of the average to . satistying the impermeable
boundary condition on I';. By the definition of 2. we can take a smooth vector field
W, on (2. such that

1

Neg - T

Tl <ce, |[VT|[<c on Q ¥Y.= Pn. on T.. (3.17)

For a vector field u on €2, we define the extension of the tangential average
u(z) == Myu(z) + {Mru(z) - U (z)} i(z), z €. (3.18)

Then from the last equality of (3.17) it immediately follows that u®-n. =0 on I,
even if u itself does not satisfy the same impermeable boundary condition. Moreover,
from (3.14), (3.16), and (3.17) we can deduce a product estimate for a function on
Q. and u®, which can be considered as an almost two-dimensional vector field.



Lemma 3.10. For ¢ € H* (), u € H'(Q2:)?, and u* given by (3.18) we have

- 1/2 1/2
2y < e Pllell et I

1/2 1/2 ‘
Il "] @ Jull o5, lell (3.19)

L2(S2 H(52)
with a constant independent of €, , and w. If in addition u € H*(,)?, then

1/2 1/2 1/2 1/2 .
BN [ AN [ 7N [ v (3.20)

11Vu®| @l 2. <ce™ 2|y

When u satisfies u-n. = 0 on I'¢, the residual term u” := u — u® also satisfies the
same impermeable boundary condition on I'; by the definition of u¢. This property
enables us to get Poincaré’s inequality for u” and its first order derivatives.

Lemma 3.11. Let u € HY(Q,)? satisfy u-ne = 0 on Te. Then we have
lu"llz2g0) < celldnu™ | r2ca,) (8.21)

for u™ :=u —u®, where u® is given by (3.18) and ¢ > 0 is a constant independent of
€ and u. Moreover, if u € D(A.), then we have

IVu'll L2, < ¢ (ellullrz@,) + lullz@,)) - (3.22)
Combining Agmon’s inequality (3.3) and Poincaré’s inequalities (3.21)~(3.22) we
can deduce an L (Q)-estimate for the residual term u”, which is useful for dealing

with the trilinear term ((u - V)u, Acu);2(q,)-

Lemma 3.12. For u € D(A;) let-u® be given by (3.18) and u" :=u—u®. Then

2
I o0y < € (2ull gy + lull g sl 3, (3.23)
(€6) (92)

with a constant ¢ > 0 independent of ¢ and u.

4 Estimate for the trilinear form

Based on the results in Section 3 we derive an estimate for the trilinear term, which
is crucial for our proof of the global-in-time existence of a strong solution.

Lemma 4.1. For given a > 0 there exist c.,c2 > 0 independent of € such that
g (a3 (03

l((" *V)u, Asu) L"’(Q-)\ = (“ + caeull . ) ||U||312(u,

+ca (“u”L”‘(Q,)”u”H‘(QE) +e llullFr o, )) (4.1)

for all uw € D(A;). (In fact, c}, does not. depend on «.)

Outline of the proof. For u € D(A¢) let w := curlu, u® be given by (3.18), and
u” = u — u®. Since (u-V)u = w x u + V(|ul?)/2 and (V(]‘u.iz),Aeu)Lz(“!) =0 by
Acu e Lg(QE) and V(|u|?) € L2(Q)*, we have

((u . V)‘LL,AE’IL)IZ(Q )= = (w X u Agu),z(n y=h+L+1;,
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where I, I3, and I3 are given by
I = (w x u", Acu) 12(0,)s
I = (wx ut, Aeu + vAu)2(q,), I3 = —(w x u®,vAu)12¢q,).
Let us estimate I1, I3, and I3 separately. By (3.12) and (3.23) we have
11| < [|u"] oo () lwll L2 1 Aeull 2,
< ¢ (2 ull 2 + Il 55q, lulfae, ) Nullm @ el e
< ce"2lull g o el + ellel ) 1l m o lel¥ag.,-

Applying Young’s inequality ab < aa*® + ¢,b* to the second term we get

[ < (ﬂf + CEI/ZHU“Hl(Qs)) ”“”%{2(05) + Ca”“|I%2(QS)HU”%11(QE)- (4.2)
Next we estimate I3. By (3.19) we see that

1/2 2 1/2 1/2
Harao ol an Il o el Ha,
< ee V2 ufl o 1l i il 2,

llw x u®|| 20, < g3l

‘Combining this with (3.11) we have

[I2] < [Jw x u| L2 (q,)llAew + vAul 20,
- 1/2 1/2
<ce 1./2”'“”1,/2(95)“U”%{l(ns)“uuh{z(ge)-
Moreover, the inequalities (3.7) and (3.12) yield that
lullZ o,y < CuAiﬂuHiz(ne) = c(u, Aet) r2(0,)
< cllullzeolAcull 2,y < cllullzz@o)llull a2,
Using this inequality and Young’s inequality ab < aa? + c,b? we obtain
|Ta| < ce ™2 |lull Lagay el o) el 200 (4.3)
< 0‘“““%12(95) + Cae‘]"l“||iz(n€)‘lu‘|§11(né)'

It is more difficult to derive an estimate for Is5. Here let us just explain an idea for
dealing with it. Using Au = —curlw by divu = 0 and (3.9) we get
I3 = v(curlw,w x u®) 2,y = J1 + J2 + J3,
where Ji, Jo, and J3 are given by
Ji = —v(curl G(u),w x u)r2(qn,),
Jz = v(G(u), curl(w x "’q))L?(QE)’ J3 = v(w, curl(w x u"))ume).

We apply (3.10), (3.19), (3.20), and Young’s inequality to J; and J> to obtain

il < allullegq,) + cae T ullZag ) luling,), =12 (4.4)



To deal with J3 we observe that
curl (w x u®) = (u* - V)w — (w- V)u® + (divu')w — (divw)u®,
1
divw =0, (w,(u’- V)w)Lz(QE) = ——2-(div u?, lwlz)Lz(Qc),

where the last equality follows from integration by parts and «®-n, = 0 on I';. From
these equalities we deduce that

LT “ a
J3 = -2-(d1v'u“, wl*) 2(0) = v(w, (W V)u") p2(0,)

and estimate the right-hand side by analyzing w = curlu and the divergence of u®
and using the inequalities (3.16), (3.19), and (3.20). Here we omit details and the
resulting estimate is

| Jal < ¢ (0 + 51/_2”““111(93) lull?rz . + Ca€ |ullF2 () lullip o,y (4.5)
Finally, we apply-(4.2), (4.3), (4.4), and (4.5) to |
((w- V), Act) oy = hi+ Lo+ Iy = Ii+ I + (Ji + o + Jy)
to obtain (4.1) (after replacing the constant «). O

Using (3.7) and (3.12) we can express (4.1) in terms of the Stokes operator.
Corollary 4.2. There exist dy,dy > 0 independent of € such that

1
I((u, : V)u,AEu)Lng)| < (Z +d1€1/2IIAi/2'u|lL2(ns)> | AcullZ2q,)

+do (“U”izms)“Aéﬂl'“fz(ns) + E‘llluli?,z(ne)IlAi/ZUH%sz)) (4.6)

for all u € D(A,).

5 - Outline of the proof of Theorem 1.1

Now let us give an outline of the proof of the global-in-time existence of a strong
solution to (1.1) for large data. First we recall the well-known local-in-time existence
result on a strong solution to the Navier—Stokes equations (sce c.g. [2, 11]).

Theorem 5.1. For uj € D(Ai/z') and f€ € L>®(0,00; L3(Q)3) there exist Ty >.0
depending on §, v, uj, and [¢ and a strong solution u® to (1.1) on [0,Tp) with

u® € C([0,T); D(AY?)) N L2(0,T; D(A,)) for all T € (0,Tp).
If u® is mazimally defined on the time interval [0, Tyiax) and Tmax 18 finite, then

lim (| A% (1))l L2, = oo
= linax
To prove Tyax = oo in the above theorem we will show that the LZ(QE)-norm

of A;/ 2u"(t) is bounded uniformly in t € [0, Tj,ax). We argue by a standard energy
method and use the uniform Gronwall inequality (see [11, Lemma D.3]).
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Lemma 5.2 (Uniform Gronwall inequality). Let z,&,( be nonnegative functions in
L} ([0,T);R) with T € (0,00]. Suppose that z € C(0,T;R) and

%;—(t) <E&(t)z(t) +¢(t) for almost all t e (0,T).

Then z € L75.(0,T;R) and

st < (52 [Csase [ cas) e ([ )

for all t1,t9 € (0,T) with t; < ta.

Outline of the proof of Theorem 1.1. Following the idea of the proofs of [5, Theo-
rem 7.4] and [6, Theorem 3.1] we prove Tyax = co. For a vector field v on Q. we

write u, = Pu and u, := (u- A7 for the tangential and normal components (with

respect to I') of u. Also, we denote by ¢ a general positive constant independent of
€, ¢g, and Tax- _

Let u§ € D(AY?) and f& € L*°(0, 00; L?(9)3) satisfy (1.3), where ¢ € (0,1) is
determmed later. Noting that Mruf = Mug, and ug satisfies uf - ne = 0 on I'c we

split u§ = (u§, — Mug Mug )+ M.,u0+u0 ns 3PPy (2.3), (3.2), and (3. 15) and then use
(1.3) and cp < 1 to get

lluoll Lz, < cé(l)/z <c , (5.1)

Let u® be a strong solution to (1.1) defined on the maximal time interval [0, Tmax)-
It satisfies the abstract evolutionary equation

Opuf + Acu® = =P (u® - V)uF + P f® on [0, Thax)- (5.2)
Taking the L2(Q,)-inner product of (5.2) and u€ we get
5 dtHUEIILz(QE) + “Al/zueum(ne) = (Pf%,u")2(0,) on [0, Timax). (5.3)
We decompose the right-hand side of the above equality into
(P f%,u) 120,y = (Paf'e,u;)mﬂs) + (P %, us — Myuf ),2(9) (Pefe, Mruf ),2(95)

and apply (3.2) and (3.15) to the first and second terms on the right-hand side,
respectively, and calculate the last term with the aid of the change of variables
formula (2.2). Then we use (3.7) and Young’s inequality to get

1 : .
(B, u) 20| < 514V G,y + ¢ (PIPSI2a(a,y + el MR- £ 22 r))
Applying this inequality to (5.3) we find that
d ATV 2, & p £ ‘
‘C‘E“u “_zr}(ne) + HAi/Zu H%z(ne) <c (E‘*HPJ ”%2(05) + 5“]\47]P6f8||iz(r)) (5.4)
on [0, Tmax), which further yields by (3.7) that

d, . 1 .
Gl W@ + 1w M, < o (B Waq,) + IMPeF Brry)  (59)
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on [0, Timax), where a; is a positive constant independent of ¢, ¢y, and Tpay. For
each t € [0, Ty,ux) We integrate (5.4) over [¢,t,) with ¢, := min{t + 1. T},.x }. Also, we
multiply both sides of (5.5) at s € [0,t) by e(*~8)/%1 and integrate them over [0,1).
Then we apply (1.3) and (5.1) to the resulting inequalities to obtain

Lt
w220, + / A %uf () 720,y d5 < cco for all € [0, Tinax).  (5.6)
Jt

Now let us prove the uniform boundedness in time of the' L2(£)-norm of A-i-/ e,
Let d; be the positive constant given in Corollary 4.2. Our goal is to show that

1 §
51/2||A2/2u€(t)”L2(5h) <dg:= 4_d—1- for all te [07Tmax) (57)

if we take cg € (0,1) in (1.3) appropriately. To this end we assume to the contrary
that there exists T' € (0, Tinax) such that

e PAY 2 ()| 120,y < ds for all ¢ € [0,T), (5.8)

9)

2 AV (T) |1y = ds. (5.

(o2 0

[}

We consider (5.2) on [0,7T] and take its L?(£2)-inner product with A,u® to get

1d

7 dt”Aé/zuEH%z(Qe) + IlAeuEHiz(nz)

< (@ 90, Acu) o | + IPeF, Ac) ] (5:10)

on [0,T]. To the first term on the right-hand side we apply (4.6) and (5.8)—(5.9).
Then by dg = 1/4d; we have ‘

(0 V), 400) 1| < S1A TR )
+da (”UEHi%n,)“Aé/z"f”izm,) + 5‘1““5”%2(95)”Aé/gusui‘z(s‘ze)) :
Also, Young’s inequality implies that
(B2, Act®) ) < 2 1A |22, + IPe £ 20
Using these inequalities to (5.10) we obtain
A gy + LA age,y < LAY By 4+ (511)

on [0, T}, where

£(t) == 242““5(75)“%2(95)||'A§/ 2uf (1220,

¢(t) =2 (d‘ﬁ“l||“'s(t)“12,2(n,)||Ai/2“5‘(’;)”iﬁ(ns) + ||Pef€(t)“3,2(ﬂe))
fort € [O,T]. By (1.3), (5.6), and (5.8)—(5.9) we see that

E<cepe™t, ¢ L ecpet (HA;/QUEH%'z(Qe) + 1) on [0,7].
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From these estimates, (3.7), and (5.11) we deduce that
d 1/2, (12 L 1/2, €12 -1 A1/2 €112
AV g, + 1A aga,) < ecoe™ (I1AY % g,y +1)

on [0,T], where as is a positive constant independent of €, ¢y, and T. When t <
min{1, T}, we multiply both sides of the above inequality at s € [0,t) by e(¢~*)/a2,
integrate them over [0, t), and use (1.3), (5.6), and ¢p < 1 to get

llAé/zuE(t)H%g(Qe) < ceo(l+co)e™ <cege™ forall tel0,Ty], (5.12)

where T. := min{1,T}. In the case T > 1 we see by (5.11) that
d
145 o q,) < €AY 0| Faq,y +¢ on [0,T]

and thus we can apply Lemma 5.2 to 2(¢) = |A1/ 2 us(t)]12, (@) to deduce that

4 Ol < ([ 18P0 Oy ds+ [ ceras)em ([ e)as)
for all ¢t € [1,T]. Applying (1.3), (5.6), and cp < 1 to the right—ﬁand side we get
14224 (#) 1320, ) < ccoe™ forall ¢ e [1,T]. (5.13)
Now we combipe (5.12) and (5.13) to observe fhat
| AL/ 2y *=‘(1t)|}L2(Q y < dgcoe™ for all te€[0,T]

with some constant ds > 0 independent of ¢, cg,and 7. Hence if we set

e '—1m'n d2 ~'1min 1 !
A Rl B ' 16d%d,

and take t =T in the above inequality, then it follows that

dje1
4

which contradicts with (5.9). Hence the inequality (5.7) is valid for all ¢ € [0, Tinax)

and we conclude by Theorem 5.1 that Timax = 00, i.e. the strong solution u€ to (1.1)
exists on the whole time interval [0, co). O

.. ds .
142/ %u E(T)llz,zms) < ie. €2 A% (T)llL2(q,) < «;— < ds,
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