EXTRA AUTOMORPHISMS AND AUTOMORPHISM
GROUPS OF ORBIFOLD VERTEX OPERATOR
ALGEBRAS ASSOCIATED WITH LATTICES

CHING HUNG LAM

ABSTRACT. In this article, we study the automorphism groups for
orbifold VOA VLg for some g € O(L). In particular, we give a
sufficient condition for which Aut (VLg ) contains an extra automor-

phism. Some examples are also discussed.

1. INTRODUCTION

Let L be a any positive definite even lattice. Then one can associate
a vertex operator algebra (VOA) Vp, with L. For any isometry g of
L, one can also lift g to an automorphism ¢ € Aut (V) of the same
order. The fixed point subspace V9 is a subVOA and is often called
an orbifold subVOA. In this article, we will study the automorphism
groups of the orbifold VOA VL“j . For simplicity, we assume that g is fixed
point free on L. In this case, the lift § is unique, up to conjugation.
By abuse of notation, We often denote ¢ by g¢.

It is clear that for any h € Naw,)((9)) and z € V{, we have
hx € V{. Therefore, Nau (v;)((g)) acts on V/ and there is a group

homomorphism

o Nawv)((8))/(9) — Aut (V7).

The main idea is to study the homomorphism f and to determine if f is
injective and/or surjective. In particular, it is important to determine
if there exist automorphisms in Aut (Vf7 ) which are not induced from
Naue (v)((9)). We call such an automorphism an extra automorphism.
For generic cases, Aut (V7)) is often isomorphic to Nau (v, ((9))/(3);
however, Aut (Vf’ ) can also be strictly larger. One of the main purpose
of this article is to provide a sufficient condition which guarantees the
existence of certain extra automorphisms in Aut (VLQ ). Some examples

will also be discussed.
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2. LarTIiCcE VOA V),

First, we recall the construction of a lattice VOA V, associated with
a rank n positive definite even lattice L with an inner product ( , )
from [FLM].

Consider h = C®yz L as an abelian Lie algebra and extend the inner
product ( , ) C-linearly. Let h=bhw C[t,t7'] @ C be its affine Lie
algebra with the Lie bracket

[a®@t",b®t"] = 0pimonia,b).

Then
M(1)=Cla(n) |aebh,n<0]-1

is the unique irreducible h-module such that a(n)1l = 0 for o € b,
n > 0, where a(n) = a ® t".

Let L = {e ke® | a € L} be a central extension of L by (x| 2 = 1)
such that e®e? = kl@fefe. Let

C{L}=Ind:, _C=C[L]/<r+1>
= spanc{e®| @ € L}  as a vector space.

The lattice VOA V}, is given by Vi, = M (1) ® C{L}. The VOA V], has
a natural N-grading such that V, = @, ,(VL),, where the weight of

an element is defined by

It is easy to show that (V7)o = C1 and

(V)i =Y Ca(-1)1+ Y Ce,
a€lL aed(L)

where ®(L) = L(2) = {a € L | (o, a) = 2} (see [FLM] for the detail).

For any VOA V = @22V, with dim V, = 1, it is well known [FLM]
that the weight one space V; is a Lie algebra with the bracket [u,v] =
u(oyv and with an invariant bilinear form given by (v,u)1 = vyu. In
particular, if L is a root lattice of type A,, D, or E,, then (V)
is a simple Lie algebra, where [M(1)]; is a Cartan subalgebra and
{e* | @ € L(2)} is the set of root vectors.
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For any VOA V and v € Vi, exp(v(y) always defines an automor-
phism of Vj, for any v € (V);. As an application, we can induce any

inner automorphism of Lie algebra Vi to an automorphism of V.

2.1. Automorphism groups of lattice VOA. Next we will review
some facts about the automorphism groups of lattice VOA.

Let ~: L — L be the natural projection of LtoLandlet::ae
L — e* € L be a section, i.e. ~o. = idy. For any g € Aut (L), define
g="ogo. € O(L), the isometry group of L. Set

O(L) = Aut(L, (, ) = {9 € Aut L | (ga, §B) = (. B) for all a, € L}.

The following lemma can be proved easily from the construction (cf.

[FLM)).

Lemma 2.1. For any i € O(L), we can define an automorphism fi of
Vi, naturally by

fi(ar(=nq) - - op(—np) ® €*) = (ficn)(—na) - - - (fag ) (—ng) ® p(e?),

where an,...,a, € L and ¢® € L. On the other hand, if T € Aut(V7)
that keeps M(1), invariant, then there exist ;€ Aut(L) and b €
M(1); = C®g L such that T = fi - exp (b))

By Proposition 5.4.1 of [FLM], we also have an exact sequence
1 — hom(L,Z/27) — O(L) — O(L) — 1.

Let N (V1) = (exp(a)) | a € (V1)1) be the subgroup generated by the

linear automorphisms exp(a)). Since

o exp(ag))o" = exp((oa)))
for any o € Aut (V,), N(V,) is a normal subgroup of Aut (V7).
Theorem 2.2 ([DN99]). Let L be a positive definite even lattice. Then

Aut (V) = N(V.) O(i)

Moreover, the intersection N(Vp)NO(L) contains a subgroup hom(L, Z./27.)

and the quotient Aut (V) /N (VL) is isomorphic to a quotient group of
O(L).
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Remark 2.3. If L(2) = 0, then (V1)1 = span{a(-1)1 | a € L}. In
this case, the normal subgroup N (Vi) = {exp(Aa(0)) |a € L, A € C}
is abelian and we have N (V) NO(L) = hom(L,Z/2Z) and

Aut (Vy)/N(Vy) =2 O(L).
In particular, we have an exact sequence
(1) 1— N(V.) — Aut (V) 5 O(L) — 1.

Note also that exp(Aa()) acts trivially on M(1) and exp(A(0))e? =
exp(Ma, B))e? for any X € C and o, 8 € L.

The following theorem can also be proved by the same argument as
in [LY14, Theorem 5.15].

Theorem 2.4. Let L be an even positive definite lattice with L(2) = ().
Let g be a fized point free isometry of L of prime order p and § a lift
of g in O(ﬁ) Then we have the following exact sequences.

1 — hom(L/(1 = g) L. Zy) — Nawe vy ((9)) == Nowy({g)) — 1;

1 — hom(L/(1 — g)L,Z,) — Cauwvi)(§) —— Cory(g) — 1.

3. WEIGHT ONE SPACE (V)

3.1. Root lattice of type A. We shall review some basic properties
of the root lattices of type A,,. We use the standard model for A,, i.e.,

n+1

An = {(1'1,332, . 7xn+1) S Zn+1

i=1

Then the roots of A,, are given by
{£(vi—vy) [1<i<j<n+1}

where {v; = (1,0,...,0),...,v,41 = (0,0,...,1)} is the standard basis
of Zn+1,

Let a; = v; — vy, 0 =1,...,n. Then

O . o o)
&3] D) Qp—1 Oy,

is a fundamental root system of type A,
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Recall that (A%)/A, = Zy41. Let v4,(0) =0 and

1 J n+1
Y, (7) o1 <—(n+1—j)2%+j > ”Z)v forj=1,....n.

i= i=j+1
Then a4, (7) € A%, Infact, {74,(0),7v4,(1),...,74,(n)} forms a transver-
sal of A, in A [CS, Chapter 4]. We also note that the norm of v4,(j)
isequal to j(n+1—j)/(n+1) forall j =0,...,n.
Let ha, be an (n+ 1)-cycle in Weyl(A,) = Sym,, ;1. Note that ha,
is a fixed point free isometry of A,. Next we recall few well-known
facts about hy, (cf. [GL12]).

Lemma 3.1. Forj=1,...,n, (ha, — 1)(va,(j)) is a root.

Lemma 3.2. (hy, — 1)A, is rootless, i.e, it contains no elements of

norm 2.
Lemma 3.3. Let A} be the dual lattice of A,. Then (ha, —1)AX = A,

Now consider the lattice VOA Vy,,. Then the weight one subspace
(Va,)1 is a simple Lie algebra of type A,. As it is well known, a Lie
algebra G4 of type A, is isomorphic to

Sl(’l”b + ]., (C) — {F E Mn+1’n+1 (C) | tl”F — 0}

and the set T of all diagonal matrices with trace 0 is a Cartan subal-
gebra. Under this identification, we have an isomorphism ¢ : sl(n +
1,C) — (V)1 given by ¢(Ey; — E;;) = (vi(—1)1 —v;(1)1) and ¢(E;;) =
e’ %, where E;; denotes a matrix with 1 at (i, j)-entry and zero else-
where. Note that ¢(T") = M(1);.

Let w = e2™V=1/(+)  Set D = diag(w,w?, ..., 1),

01 0 w  w? w1
. _ w? Wt w? 1
o Tl 1
P= and B =
0o 0 . 1 vn+1 )
Wt W w1
0 0
1 1 1 1

Then the action of h, on G is given by the conjugation of P, that is,

ha,: A— PtAP for A€ sl(n+1,C)
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and

B'PB = diag(w,w?, ..., 1)
is a diagonal matrix. Define a map o4, : sl(n +1,C) — sl(n +1,C)
by o4, (A) = B'AB. Since C = G<¢4n> =< P, P? .., P" > and
04,(C) =T, C is another Cartan subalgebra. By a direct calculation,
it follows that

04,64,04,(Bij) = B'P'BE,B™'PB = W' Ey;.

Let pa, = %(n —In—2...,—(n—2),—(n—1)) and let na, =
exp(725(2mipa, (0)). Then the action of 7, on G is given by na, :
A~ DAD .

The following is easy to verify.

-1 -1 -1
Lemma 3.4. We have o4,ha,0, =na, and ca,n4,0, =hy ong.

Remark 3.5. Since 14, = exp(75 (2mipa, (0)) and 0a,ha,0," = na,,

we also have ha, = exp(;=7(2mioa, (pa,)(0)).

4. EXTRA AUTOMORPHISMS

Let R = Ag, @--- @ Ay, be an orthogonal sum of simple root lattices
of type A. Let L be an even overlattice of R. Let p = 221 mp&%
and set

X =L(3) = fa € L] (a,p) € Z}.
Then L = Spany (X U R).

Recall that the automorphisms ha,, n4, and oa, of sl,;1(C) are

inner. We can extend h = hAkl K- ® hAkj, n="na, O ®’7Akj and
0 =04, ® Ro4, to Vi, by using the same exponential expressions.

By Remark 3.5, Lemma 3.4 still holds in Aut (V7).

Theorem 4.1. We have o(VE) = V% and o induces an automorphism

of V. Moreover, o is an extra automorphism in Aut (V1).

Proof. By definition, n(e®) = e* for any a € X. Moreover, hnh™' =7
on Vg because (1 — h)pa, < Aj. Hence, h commutes with n on V.
Then V2 = V" Since a(h,n)o~* = (h,n) by the discussion above,
we have o(V{) = U(Véh’m) = Véh’m = Vi
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Finally, we note that o(Vy) = V}* # Vx; hence, o is not an auto-

morphism of Vy. O

5. ExpLIiCcIT EXAMPLES

In this section, we will discuss several explicit examples. We are
particularly interested in examples that can be realized as certain coin-

variant sublattices of the Leech lattice.

Definition 5.1. Let L be an integral lattice and g € O(L). We de-
note the fized point sublattice of g by L9 = {x € L | gv = x}. The

coinvariant lattice of g is defined to be
L,=Ann (L) ={z € L|(x,y) =0 forally € L9}.

Next we recall the so-called Holy construction for the Leech lattice.

Let N be a Niemeier lattice with the root lattice R = Ry ©--- © R;,
where R;’s are simple root lattices of type A, D or E. Let p; be a Weyl
vector of R;, that is the half sum of all positive roots. Set p = % Zle Di
and define

N(p) ={z € N[ (z,p) € Z},

where h is the Coxeter number of R;. Let a € p+ N such that (a,a) €
27. Then the lattice N, = Span, N U {a} is isomorphic to the Leech
lattice [CS, Chapter 24]. In particular, the Leech lattice contains a
sublattice isometric to R(p) = {x € R | (z,p) € Z}.

Example 1: Let g be a 5B-element of O(A). Then the fixed point
sublattice A9 has rank 8 and both A% and A, have discriminant 5.
Moreover, A, can be realized as a sublattice of N(A$) as follows:

Recall that the glue code for N(A$)/AS is given by [1(01441)] and it
has order 5%. It contains a codeword [013024].

Let L = Spang{Aj, (7(1),7(3),7(2),7(4))} and set X = L(p). Then
L*/L = 5" and L can be regraded as a sublattice of A . In fact, L = A,
The isometry group O(L) is isomorphic to an index 2 subgroup of
Froby x Of (5) [GL11].

Theorem 5.2 ([Lal9]). The automorphism group Aut (V}) is isomor-
phic to an index 2 subgroup of Of (5).
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Example 2: Let g be a 7B-element of O(A). Then the fixed point
sublattice AY has rank 6 and both AY and A, have discriminant 7°. We
note that both lattices A9 and A, can be realized as sublattices of the
Niemeier lattice N(Ag) with the root lattice A3. Recall that the glue
code for N(Ag)/As is given by [1(216)] and it has order 72. Therefore,
(0124) is in the glue code.

Notice that the lattice (1 — ha,)Ag has discriminant 73 since [Ag :
(1 — hay)As] = 7. Indeed, A9 = (1 — hy,)As.

Let L = Span,{A2, (7(1),7(2),~v(4))} and set X = L(p). Then X
also has discriminant 7° and is contained in A and orthogonal to a
sublattice isometric to (1 — hy,)As.

By Magma, it can be verified that O(A,) has the shape 7.3.(2.Ly(7).2).

Lemma 5.3. Let g be a TB-element of O(A). Then Non)((g)) =
H.O3(7), where H has order 21 and is a subgroup of PSLy(7).

Theorem 5.4 ([Lal9al). Let g be a 7TB-element of O(A). The group
Aut (Vfg) is 1isomorphic to an index 2 subgroup of the full orthogonal

O5(7).
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