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ABSTRACT

Helical distortion of the core part of tokamak plasma, which is called a helical core or a long-lived mode, is investigated by means of
three-dimensional magnetohydrodynamic equilibrium calculations. It is found that the magnitude of the helical distortion strongly depends
on the shape of the plasma boundary for weakly reversed shear plasmas. The triangularity of the boundary enhances the amplitude of helical
distortion. In addition, reversed D-shape plasmas also exhibit a helical core. It is also found that the triangularity lowers the critical f§ for the
onset of a helical core; furthermore, the critical f§ vanishes when the triangularity exceeds a certain value. On the other hand, the influence of
the ellipticity on the amplitude of helical distortion strongly depends on f3. The ellipticity enhances the amplitude at high f, while it reduces

the amplitude at low f3.

Published under license by AIP Publishing. https://doi.org/10.1063/5.0013652

I. INTRODUCTION

In tokamaks, good confinement is obtained by controlling the
current density profile that is specified by the safety factor g profile
representing the twisting of magnetic field lines. For instance, the
ITER hybrid scenario has a g-profile that is nearly flat and close to
unity in the core region,1 leading to, for example, a better dependence
of turbulent transport on f because of weak magnetic shear in the
core.” A helical distortion of the magnetic axis is observed for such a
g-profile in some tokamaks, JET, MAST, and NCSX testing the hybrid
scenario,” that is called as the snake,’ the helical core, and the long-
lived mode. Analysis on helical cores was extended to DIII-D, Alcator
C-Mod, and JT-60U.”® In the presence of a helical core, although the
amplitude of helical displacement of plasma is largest at the magnetic
axis, the displacement is finite even at the edge region, resulting in the
fast-ion loss incorporated with toroidal ripple effects.’

The appearance of a helical core is understood as a bifurcation of
a magnetohydrodynamic (MHD) equilibrium from an axisymmetric
one to a non-axisymmetric one.” "~ The bifurcated equilibrium is
regarded as a non-axisymmetric solution to the MHD equilibrium
equation, which has an (m, n) = (1, 1) helical structure at the core,
where m and n are the poloidal and toroidal mode numbers, respec-
tively. It is remarked that this helical core structure appears, even
when an axisymmetric boundary condition is imposed on the surface
of the plasma. Numerical calculations of three-dimensional MHD
equilibrium equation showed that helical structures appear when the

safety factor g profile has weakly reversed magnetic shear, the minimum
of g = Gumin is close to unity, and the volume averaged /3 exceeds 0.7%.”
Here, f3 is the ratio of the plasma kinetic pressure to the magnetic pres-
sure. In addition, a larger g = gmin radius causes a larger helical dis-
placement.” The (m, n) = (1, 1) deformation mainly appears inside
the g = gmin ~ 1 radius, and thus it is related to internal (m, n)
= (1, 1) MHD modes'*"” and is called a long-lived mode. These MHD
instabilities can be an internal kink mode and a quasi-interchange mode
for a flat g-profile in the core region,"”'"” and the correspondence
between the helical core and the linear growth rate of (m, n) = (1, 1)
mode is presented in Ref. 13. In addition, nonlinear saturated (m, n)
= (1, 1) instabilities are compared to the helical core.'®

In this paper, we investigate the influence of plasma boundary
shape on the helical distortion of plasmas to understand the conditions
for helical core formation and the mechanism for the appearance of
the bifurcated equilibrium. We mainly focus on the influence of the
plasma boundary shape because it has a strong impact on the stability
of the plasma, for instance, ellipticity (elongation) and triangularity of
the plasma boundary are favorable for suppressing ballooning
modes,'” which are an MHD instability driven by pressure gradient
and appear in the unfavorable curvature region. On the other hand, a
high ellipticity might lead to the vertical displacement event (VDE)
during disruptions."”

We solve the MHD equilibrium equation by using the VMEC

code,”” ! which is a three-dimensional MHD equilibrium code, to
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evaluate the magnitude of the helical distortion of the magnetic axis
and identify the conditions for the appearance of the bifurcated equi-
librium. Motivated by the ITER hybrid scenario,”” which is expected
to have weakly reversed shear and a large radius of the minimum of g,
we consider a weakly reversed shear plasma that is same as that inves-
tigated in Ref. 9. We found that the conditions and the magnitude of
helical distortion strongly depend on the plasma boundary shape. The
magnitude increases with the triangularity, and the critical onset 8
value decreases with the triangularity. We also found that a helical
core appears even in the limit f = 0 when the triangularity is large.
On the other hand, the influence of the ellipticity strongly depends on
f. The magnitude of helical distortion increases with the ellipticity at
high f3, while the magnitude decreases with the ellipticity at low . The
appearance of a helical core is limited to a range of g,,; around
gmin ~ 1, and a larger amplitude of distortion tends to lead appearance
over a wider range.

The organization of the remainder of this paper is as follows.
Section II describes the model used in our numerical calculations.
Section 111 presents the results of our calculations. We conclude with a
summary of our results in Sec. IV.

Il. NUMERICAL MODEL AND SETTINGS

We extend the analysis in Ref. 9 by introducing the influence of
the plasma boundary shape. In this section, we describe the model
used in our numerical calculations and our method for specifying the
boundary shape of the plasma. We solve the MHD equilibrium equa-
tion by using the VMEC code which provides us an MHD equilibrium
by minimizing the plasma potential energy

({2 B_Z 3
ST

by means of a steepest-decent method, where y is the specific heat ratio
and is set to y = 0. We also impose a fixed boundary condition in this
work. The influence of free boundaries is reported in Ref. 13, showing
the influence is very minor. The cylindrical coordinates (R, {, Z) are
generally represented by a Fourier series in terms of the flux coordi-
nates (s, 0, {)as

R(s,0,() = Z Z R (s) cos (m0 — nl), (2)
2(5,0,0) = > > Zyun(s) sin (m6 — n{), 3)

where s is the normalized toroidal flux. In this study, we assume that

the boundary of plasma has up-down symmetry, and the plasma

boundary shape (R(0),Z°(0)) = (R(s =1,0,0),Z(s = 1,0,0)) is
represented as

RY(0) = Rb, + R, cos 0 + RS, cos 20, (4)

7b(0) = Zb, sin 0. (5)

The Fourier coefficients are expressed in terms of the ellipticity ,
triangularity J, aspect ratio A = R%, /(RY, + R%,), and Rl as
L o
- __Rb. 6
A—§/2 % ©
0/2
b b
20 :A — 5/2R00:

b _
Rjp =

(7)
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K
Zb = ———

WA —4/2

Our calculations are motivated by the ITER hybrid scenario,” and we
set A=3 and R}, = 5.6m and focus on weakly reversed shear plas-

mas with a large pgui, in this work, where pgi, is the radius at
q = qmin- The pressure and g profiles are given by

p=po(1—y5) 9

Rgy. ®)

22

and
g=(0.7+0.7s —sH) 7", (10)

respectively, and they are the same profiles as those used in Ref. 9. We
expect a large amplitude of the helical distortion for this g-profile
which has the large radius of the minimum of safety factor pgui
because the amplitude of the helical distortion increases with increas-
ing pgmin for weakly reversed shear as shown in Fig. 11 of Ref. 6. The
g-profile is shown in Fig. 1 and has a minimum value g,,,;, = 1.0064 at
Pgmin = 0.748. The amplitude of the helical displacement of the mag-
netic axis is defined by the transverse displacement of the axis
R3 = Ro1(s = 0, 0, (), and we use the normalized displacement
_ Ry

oy =——-r, (11)
a

where a = RY is the plasma minor radius.

lll. NUMERICAL RESULTS

First, we show a typical helical core structure of a plasma.
Figure 2 shows magnetic surfaces on cross sections at { = 0, 7/4, /2
and 37/4 for k = 1.6 and 6 = 0.172, where { is the toroidal angle. As
mentioned in the Introduction, the helical distortion has an (m,n)
= (1,1) structure inside the q(pgmin) = qmin = 1 surface at Py,
= 0.748 and can be related to an internal kink mode.'® Here, p=1/s.

Next, we investigate the distortion of the magnetic axis quantita-
tively. In the following calculations, we use a sufficient number of
radial grid points N; up to 3001 as discussed later. Figure 3(a) shows
the distribution of the displacement dy with respect to the elongation
and triangularity x — 0 plane for () = 3%. We have a helical distor-
tion of the core on entire k — ¢ plane, and the amplitude of the helical
displacement Jp increases with x and J, consistent with the x and ¢
dependence of the growth rate of internal kink modes.”””* We also

0 I I I I
0 0.2 0.4 0.6 0.8 1

FIG. 1. Safety factor profile g = (0.7 + 0.7s — s“)’1 as a function of p = /s,
which has g, = 1.0064 at pg,,;, = 0.748.
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FIG. 2. Toroidal flux surfaces of a typical helical core/long-lived mode on cross sec-
tions at { =0, ©/4, n/2 and 37 /4 for k = 1.6 and 6 = 0.172.

have a helical distortion for reversed D-shape plasmas characterized
by a negative triangularity 6 < 0.

When we decrease f§, asymmetry of the Jy distribution with
respect to ¢ and k on the 6 — k plane becomes prominent as shown in
Figs. 3(b)-3(d). The amplitude of distortion becomes small at § ~ 0
for () = 2% in Fig. 3(b). The amplitude becomes further small at
0 < 0.1 for () = 1%, while a large distortion remains at > 0.4 in
Fig. 3(c). For (f) = 0 limit, the distortion decreases with «, while the
large distortion still remains at 6 > 0.4 in Fig. 3(d).

The f dependence of the amplitude of helical displacement of the
magnetic axis dz is shown in Fig. 4, where (f}) is the volume averaged
. The helical displacement increases with (f3) regardless of the shape
of the boundary, consistent with the f§ dependence of the growth rate
of internal kink modes.”* There is a critical (f) for a low triangularity
0 = 0 and large ellipticity ¥ = 1.8 and 2 as shown in Fig. 4(a), consis-
tent with that shown in Ref. 9, while the f# dependence is very weak for
small k. When we increase triangularity, the critical () decreases, and
there is no threshold for 6 = 0.4 as shown in Fig. 4(b). The f depen-
dence of the helical displacement is weak for large 6 as shown in
Fig. 4(b), and the displacement almost does not depend on f for

scitation.org/journal/php

small k. Hence, there is no critical (f) for the formation of a helical
core when the triangularity is large. It is remarked that increasing f3
also causes the increase in pressure gradient dp/dp in our calculations,
and the importance of dp/dp is reported in Ref. 6.

The magnitude of the distortion strongly depends on the mini-
mum value of the safety factor g,u;,.~'”"” In evaluating the depen-
dence, here, g,,,;, is varied by changing « in g = (0.7 + (0.7 + o)s
—(1+a)s")™" with keeping q(p = 0) and q(p = 1) as is done in
Ref. 9. The g-profile is shown in Fig. 5(a), and for instance, a mini-
mum value is g,,;,, = 1.055 at Pamin = 0.742 for o = —0.1 and q,,,;,, =
0.941 at pg,,;,, = 0.755 for o = 0.15. Figures 5(b)-5(d) show the
amplitude of the helical displacement Jy; as a function of g,,;, for
() = 3% and 1%. The helical core appears in 0.65 < gmin < 1.07,
and the maximum amplitude of the helical distortion is in
Gmin ~ 0.98. For 6 = 0, a higher «x leads to a wider range of the
appearance of the helical core and a higher amplitude of the helical
displacement as shown in Fig. 5(b). When we increase the triangularity
to d = 0.4, as shown in Fig. 5(c), we have a wider range of the appear-
ance of the helical core and a larger amplitude than that for 6 = 0,
while the range of the appearance is not so influenced by the ellipticity
K. On the other hand, when we decrease f§ to (ff) = 1%, we have a
narrower range of the appearance of the helical core. The x depen-
dence of the range of the appearance is weak and complicated. It is
also remarked that we should be careful about the results for gq,,,;, <1
in Fig. 5(b) because the appearance of q=1 rational surfaces might
reduce the accuracy of the VMEC calculations due to the singularity of
(m, n) = (1, 1) deformation at the rational surfaces.

Here, we present the difference of plasma potential energy
between a bifurcated helical core solution and the corresponding axi-
symmetric solution to the MHD equilibrium equation. Figure 6 shows
the normalized energy difference 0 Wy = (Waxi — Whet)/ Waxi on the
K — & plane with g = (0.7 + 0.7s — s*) ™', where Whq and Wey are
the plasma potential energy of the helical core and axisymmetric solu-
tions, respectively. The energy difference 0Wy for () =3% in
Fig. 6(a) is positive, and its profile is similar to the profile of 6z shown
in Fig. 3(a); thus, a larger amplitude of helical core corresponds to a
lower energy state. The energy difference has a minimum at
Kk = 0 = 0, corresponding to the fact that the helical displacement has
a minimum for a circular cross section as shown in Fig. 3(a). For the
f = 0 limit, the asymmetry of Wy distribution with respect to é and
K becomes prominent as shown in Fig. 6(b), and d Wy is very small at
large x and small 0. The distribution of d Wy, is similar to that of J in
Fig. 3(d). Thus, the helical core is a bifurcated solution which has a
lower potential energy than the corresponding axisymmetric solution.
It is expected that a helical core equilibrium having lower energy state
is observed rather than the corresponding axisymmetric equilibrium
in experiments.

Here, we examine the influence of aspect ratio A. Figure 7 shows
the aspect ratio dependence of the helical distortion of the magnetic
axis Oy for (ff) = 3%. The magnitude of the helical displacement
decreases with increasing A. The A dependence of 0y is influenced by
the value of k for 6 = 0, while the A dependence of J; is not so influ-
enced by x for 6 = 0.4. This is similar to the fact that the  depen-
dence of dy is strongly influenced by x for 6 = 0, while it is not so
influenced by « for 6 = 0.4 in Fig. 4. The influence of the aspect ratio
A on the f§ dependence of the helical displacement Jp is shown in
Fig. 8. The helical displacement decreases with increasing the aspect
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FIG. 3. The amplitude of helical dlsplacement of the magnetic axis dy on the elongation and triangularity « — o plane for (a) () = 3%, (b) () = 2%, (c) () = 1%, and (d)

(B) = 0% with g = (0.7 + 0.7s — s*)~" that has g, — 1.0064 at Pgmin = 0.748.

ratio for all cases in Fig. 8 except for reversed D-shape plasmas. The f§
dependence of Jy is weak for small 6 and small x as shown in Fig.
8(a), consistent with the results in Fig. 4(a). The f dependence is
strong for small ¢ and large x as shown in Fig. 8(b). We have a critical

0.4 T T T T T
30.35 |- (a) 3=0
S 03
& 025 ]
3
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O 1 1 1 | l
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onset f3 value for the formation of a helical core for A =3 and 3.5, and
the critical § increases with A. For large 6 and large , the § depen-
dence of dy is weak, and there is no critical onset § as shown in Fig.
8(c). For reversed D-shape plasmas, the § dependence of §y is strong,

0.4 T T T T T

Z0.35 (b) 6=0.4
S 0.3 —
§ 025 | :
3
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(2 | K=12 — _
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FIG. 4. The amplltude of helical displacement of the magnetic axis dy, as a function of the volume averaged beta () for the triangularity (a) & = 0 and (b) 6 = 0.4 with g =
(0.7 +0.7s — s*) ™" that has g = 1.0064 at p,,,;, = 0.748.
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FIG. 5. (a) Safety factor profile ¢ = [0.7 + (0.7 + a)s — (1
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whereas the aspect ratio dependence of d is weak as shown in Fig.
8(d). We have a critical onset f§ value for the formation of a helical
core for A=2.5, 3, and 3.5, and the critical f§ slightly increases with A.
Finally, we discuss the dependence of the helical displacement on
the number of radial grid points. Figure 9 shows the amplitude of heli-
cal displacement of the magnetic axis Jy as a function of the number
of radial grid points N;. For (0, x) = (0.4, 1.8) and (f8) = 3%, the
helical displacement is large 5 = 0.37, and N = 200 is large enough
to obtain a reliable Jp;, whereas, for (J, k) = (—0.2,1.6) and (ff) = 0,

(a) SWHX10 <p>=3%

0.5
0.4
<03
S 02
0.1
0.1
0.2

12 14 16 18 2
Ellipticity k

Triangular
o
O = N W >~ OO N

FIG. 6. The normalized difference of plasma potential energy between heI|ca| core and axisymmetric equilibria oWy = (Waxi —
that has gmi, = 1.0064 at p,,;,, = 0.748.
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+ )s“]’1 used in evaluating g, dependence. The amplitude of helical displacement of the magnetic axis d,, as
By =3%and 6 =0, (c) (f) =3%and 6 = 0.4,and (d) () = 1% and & = 0.

the helical displacement is small 6 = 0.074, and N; = 3000 is needed
to obtain a reliable dy. Similar N; dependence of dy is shown and
N; = 193 is employed for the analysis of helical ITER equilibrium in
Ref. 10, and N; = 3000 is used for some calculations in Ref. 6. Thus, a
large N is required to obtain an accurate amplitude of helical displace-
ment when the amplitude d; is small. This dependence on the number
of radial grid points is responsible for the analysis of g,,;, dependence
of 0y even when we have large helical displacement at g, =~ 1.
Figure 10 shows the amplitude of helical displacement of the magnetic
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axis dy as a function of g,,;, for several numbers of radial grid points
N, which corresponds to 0y in Fig. 5(c) with () = 3%, 6 = 0.4, and
K = 1.8. When ¢,,;, >1, we obtain a reliable dy for N; > 200 as
shown in Fig. 9. On the other hand, a large number of grid points is
needed for g, <1, and N; = 3001 is required to obtain an accurate
Oy for gy, <0.8, because a large number of grid points are necessary
for obtaining an accurate helical displacement for small displacement
as shown in Fig. 9. When we compare dy with the linear growth rate
of internal (m, n) = (1, 1) MHD instability of the corresponding axi-
symmetric equilibrium, a large number of grid points is necessary for
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the analysis of plasmas with g,,;,, <1. It is expected that the g,
dependence of J;; obtained by using a sufficiently large N at g,,,;, <1
is close to the corresponding g,,,;, dependence of the linear growth rate
because a large N; allows us to capture the rapid change of an
(m, n) = (1, 1) plasma displacement at g = 1 rational surface.

IV. SUMMARY AND DISCUSSION

We have investigated the influence of plasma boundary shape on
the conditions for onset of a helical core and on the amplitude of the
helical displacement of the magnetic axis for weakly reversed shear
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FIG. 8. The amplitude of helical displacement of the magnetic axis oy as a function of (f3) for several aspect ratio A: (a) (J, ) = (0,1.0), (b) (J,x) = (0,1.8), (c)
(6,x) = (0.4,1.8), and (d) (8, k) = (—0.2,1.8) with g = (0.7 + 0.7s — s*) " that has g, = 1.0064 at Pgmin = 0.748.
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FIG. 9. The amplitude of helical displacement of the magnetic axis oy, as a function
of radial grid number Ng for A=3 with g = (0.7 + 0.7s — s“)'1 that has qpin
= 1.0064 at p,,,,;, = 0.748.

plasmas. We evaluated the magnitude of helical distortion by means of
MHD equilibrium calculations and examined its dependence on the
plasma boundary shape in terms of the ellipticity x and triangularity ¢.
We also examined the dependence on the volume averaged beta (f)
and the minimum value of the safety factor g,,.;,,.

The amplitude of helical distortion strongly depends on the
boundary shape. The amplitude increases with increasing the triangu-
larity 0. In addition, the reversed D-shape (6 < 0) also exhibits the
helical core. On the other hand, the influence of the ellipticity x
strongly depends on the f§ value. The amplitude increases with increas-
ing the ellipticity « at high f, whereas the amplitude decreases with
increasing x at low f8. The larger the helical distortion, the lower the
plasma potential energy, indicating that the helical core is a bifurcated
equilibrium that has a lower plasma potential energy. The f value is
one of the important parameters controlling the amplitude of helical
core,” and we have found that the f dependence of the amplitude is
also strongly influenced by the plasma boundary shape. For small tri-
angularity, the amplitude increases with increasing f, and the
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FIG. 10. The amplitude of helical displacement of the magnetic axis dy as a
function of the minimum value of safety factor g, for several values of radial grid
number Ns with () = 3%, 6 = 0.4, k = 1.8, A=3,and q = [0.7 + (0.7 + o)

—(1+ )8,
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amplitude becomes very small at low f5, and thus we have a critical
for the formation of a helical core when the triangularity is sufficiently
small. For large triangularity, by contrast, the threshold disappears and
the /5 dependence is very weak, so that the helical core appears even
for # = 0 limit. The above results are obtained for g,,,;,, >1.

The helical core formation also depends on g, and the helical
core appears at gmin ~ 1. The maximum of the distortion is located at
Gmin < 1, consistent with that shown in Refs. 3, 9, 10, and 13. As the
mechanism of the appearance of a helical core, (m,n) = (1, 1) MHD
instabilities such as internal kink modes and quasi-interchange modes
in a flat g-profile'™"” are suggested by the fact that the amplitude &
has a maximum around q,,,;, = 1 regardless of the boundary shape. In
addition, a larger triangularity leads to a larger helical distortion, con-
sistent with a higher linear growth rate of internal kink modes for a
larger triangularity in a weakly reversed shear plasma in Fig. 13 of
Ref. 24. The linear growth rate can be related to the saturated amplitude
of (m, n) = (1, 1) mode.”” In order to clarify the relation between
helical cores and the MHD instabilities, we will calculate the linear sta-
bility of axisymmetric equilibria corresponding to the helical core equi-
libria and will report the correspondence between the linear growth
rate and the amplitude of helical displacement in our next paper.
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