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ABSTRACT
It is important to determine the transport mechanisms of dissolved gases through free surfaces in open channels. Even though many physical
and phenomenological models have been proposed, not much is known about the local distribution of the gas transfer velocity. Thus, this
study formulated a theoretical equation for developing a concentration boundary layer in an open-channel flow. Additionally, the free-surface
velocity component and the concentration of dissolved oxygen were measured in a spatially accelerated open-channel flow. In particular, the
streamwise profile of concentration boundary layer thickness was measured using an extra-fine needle-type dissolved oxygen probe, and the
local gas transfer rate was experimentally obtained. The present theory suggests that the local gas transfer is controlled by two significant
terms: the streamwise gradient of the mean velocity and the relative intensity of turbulent diffusion. By focusing on accelerated open-channel
flows with bottom-situated wedges, the formation mechanism of the concentration boundary layer was explained by a comparison with the
presented theory. The comparison of the theoretical model and measurement data indicated that the contributions of both the mean velocity
and turbulence diffusion are comparable and significant in the acceleration zone. The thickness of the oxygen concentration boundary layer
began to decrease a bit downstream of the entrance, corresponding to the variation in the free-surface turbulence factors. The inflectional point
of the concentration thickness appeared downstream of the acceleration zone and continued to decrease at the exit related to relaminarization.
These interesting features are explained by the streamwise profiles of the terms in the presented theory.

Published under license by AIP Publishing. https://doi.org/10.1063/5.0021098., s

I. INTRODUCTION
A. Background

It is extremely important to accurately measure and predict
oxygen gas transport beneath free surfaces in open-channel flows to
properly manage water bodies such as natural rivers, filtration ponds
in purification plant, and raceway tanks in aquaculture. Many previ-
ous studies have proposed challenging techniques for measuring the
reaeration coefficient, for example, the gas tracer method.1 The float-
ing chamber method developed by Copeland and Duffer2 can sense
the oxygen transport flux at the air–water interface within a plastic
dome capturing air near the free surface. Even though this permits
a direct measurement of the gas flux, the dome itself influences the
temperature and pressure and disturbs the water current in the sam-
pling region.3 The above-mentioned methods require complicated
setups, which result in practical disadvantages. The delta method
proposed by Chapra and Di Toro4 and McBride and Chapra5 mea-
sures the day-time dissolved oxygen (DO) concentration in natural

aquatic fields and evaluates the reaeration coefficient using the time
gap between noon and the time of the observed minimum DO.
However, this method is limited to very slow and mild flow con-
ditions. Sanjou et al.6 conducted DO sampling in a natural embay-
ment using standard electrode-type probes and obtained the inverse
DO concentration slope, which leads to the residence time and the
non-dimensional mass-exchange coefficient.

Conversely, in a laboratory recirculating flume and closed tank,
we can evaluate the reaeration coefficient using the recovery speed
from the initially degassed stage. This is called the “whole tank
method” and is often applied to calculations of the gas transfer veloc-
ity in the laboratory. Note that the obtained value is the spatially
averaged gas transfer velocity, and therefore the whole tank method
cannot measure the local gas transfer velocity. In the 21st century,
with the innovative development of high-performance sensing tech-
niques, additional methods have been proposed. For example, Morse
et al.7 showed that the reaeration coefficient can be reasonably eval-
uated using the sound pressure. Herlina and Jirka8 measured the
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time series of the dissolved gas concentration and instantaneous
flow velocity vectors and evaluated the gas transfer flux by apply-
ing a vortex correlation method. Variano and Cowen9 evaluated
the depth-dependent turbulent diffusivity by measuring the scalar–
velocity correlation in a stirred laboratory tank. Note that these
methods require very accurate calibration procedures.

The basic concept of popular physical models of gas transfer
is that the gas flux beneath a free surface is governed by the renewal
rate of the fluid parcels near the free surface. These gas transfer mod-
els have been studied in experiments and numerical simulations of
oscillation tanks and closed channels with wind shear. In contrast,
practical studies have focused on the prediction of the reaeration
coefficient in natural rivers using the mean velocity, depth, and bot-
tom slope (e.g., Ref. 10). However, there is no universal formula that
can be used everywhere because the effects of the turbulent con-
tributions are not sufficiently included. Turbulence generated by a
bottom-velocity shear is expected to influence the surface-renewal
rate in open-channel flows.11 Jackson12 described the basic features
of a bottom-oriented kolk-boil vortex rising upward, which diverges
horizontally in the free surface of an open channel. Therefore, burst-
ing phenomena, such as ejections and sweeps, contribute signifi-
cantly to the gas transfer. Experimental work by Komori et al.13

implied that the turbulent structures near the free surface in open-
channel flow and large energy-containing vortices control the scalar
transfer replacing fluid parcels under the free surface. Using par-
ticle image velocimetry (PIV) measurements, Kumar et al.14 also
concluded that upwelling events near the free surface are signif-
icantly influenced by bottom-oriented ejections. Handler et al.15

conducted direct numerical simulations of wave-less open-channel
flow and obtained similar results to Komori et al.13 concerning the
anisotropic mechanism near the free-surface turbulence. That is
to say, the pressure-strain term of the spanwise turbulent energy
becomes a major energy producer and results in a greater increase
rate in the spanwise turbulent component near the free surface com-
pared with that in the streamwise turbulent component. The results
computed by Nagaosa16 suggest that longitudinal tube-like vortices
contribute to the near-surface scalar transport via splat/anti-splat
motions, and he concluded that scalar transfer is not expected to be
promoted by surface-attached vortices related to horizontal swirling
on the free surface. Vertical vortices near the free surface tend to
lower the free surface, accompanied by some air entrainment. Such
a free-surface deformation can be explained using a diagram of the
turbulent velocity and length scales.17 Chickadel et al.18 measured
surface eruptions related to meter-sized boils in a tidal river and was
able to predict the boil eruption location from measurements of the
boil diameter and water depth. Mandel et al.19 conducted labora-
tory experiments in an open channel with submerged cylinders and
captured the boil structures derived from the upwelling turbulence.

In addition, some researchers have tried to investigate such
detailed mechanisms in open-channel turbulent flows. In labora-
tory experiments, Gulliver and Halverson20 determined the contri-
butions of bursting structures composed of ejections and sweeps to
the promotion of the gas transfer rate. Experimental work in open-
channel flows by Moog and Jirka21 supports a small-eddy model in
which the gas transfer is controlled by a small-scale static turbulence
parameter such as the dissipation rate. Some numerical and exper-
imental studies have revealed a significant relationship between the
mass transfer velocity and the surface divergence (SD) based on the

SD model of McCready et al.,22 Tamburrino and Gulliver,23 Baner-
jee et al.,24 Magnoudet and Calmet,25 Sanjou et al.,26 and Leman et
al.27 Szeri28 developed a new method to determine the gas flux using
infrared images. Tseng and Tinoco29 proposed a modified surface
renewal model for vegetated open-channel flows.

Most previous studies have addressed uniform flow condi-
tions, and therefore, not much is known about the relationship
between the local gas transfer velocity and the longitudinal varia-
tions in open-channel streams such as natural rivers. The present
work is applicable to local-scale based environmental management
in natural rivers. The gas transfer velocity or reaeration coefficient
is formulated for many rivers. However, most of them are macro-
scale based empirical models used for large-scale river segment. It
is very important to locally evaluate the aquatic environment of
rivers because a river is generally composed of various topographies
such as meandering, sedimentation/scoring, riffles, and pools. The
hydrodynamics and flow pattern are driven significantly by the local
topography. Of course, such a non-uniform flow field has a pecu-
liar mass exchange and related specific aquatic ecosystem. When
the relationship between the velocity distribution and the gas trans-
fer velocity is found locally, a reasonable prediction of river envi-
ronment will be possible. These backgrounds motivate the present
study.

The present study is expected to be an opportunity for other
researchers and engineers to consider new approaches to the local
gas transfer problem including numerical simulation. Furthermore,
the field observation of the gas transfer velocity is very hard. The
method newly suggested here is expected to capture the local con-
centration boundary layer thickness (CBT) in the rivers, which
is formed in the DO recovering process in the early morning.
In the same way, this method is applicable to the DO manage-
ment in the raceway tank used for fisheries. The risky low DO
situation generally appears under a mild flow condition with a
low Reynolds number, and thus, this technique may be practically
introduced.

B. Aims of the present study
The intensity of the turbulence and its space–time scales in a

free-surface layer are significantly influenced by the bottom rough-
ness and slope. Therefore, local bottom conditions are expected to
control the gas transfer beneath a free surface. To reveal the response
properties of the gas transfer velocity to local variations in the mean
flow and turbulence, we do not need to use the whole tank method;
rather, it suffices to use other methods such as the laser-induced flu-
orescence (LIF) technique, which can locally measure the gas trans-
fer velocity. However, it is difficult to conduct the LIF technique in a
10-m long circulating flume due to difficulties related to the dissolu-
tion of the fluorescence dye with a constant concentration in space
and the setup of a laser light source projecting homogeneously over
a large-scale measurement plane.

To address this problem, the present study measured the
streamwise profile of the thickness of the DO concentration layer
by traversing an extra-fine needle-type DO probe through a portion
of the flow. The results are then used to evaluate the distribution of
the gas transfer velocity. Laboratory experiments were performed in
a straight open channel with a suitably shaped wedge to locally accel-
erate the streamwise current. In addition, this study introduces a
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theoretical equation of the distribution of the concentration bound-
ary layer thickness, which describes how the formation of the con-
centration boundary layer thickness is governed by the streamwise
gradient of the free-surface mean velocity and the strength of the tur-
bulent diffusivity near the free surface. The present study discusses
the influences of the mean flow acceleration and the turbulent dif-
fusivity on the local gas transport in open-channel flows using both
experimental and theoretical work. Many prior studies proposed and
examined physical modeling of bulk-scale gas transfer. However,
there is no information on the local gas transfer in non-uniform flow
fields. To provide a breakthrough regarding this difficult task, this
study suggested a mathematical model to explain the local gas trans-
fer in the accelerated open-channel zone. Additionally, the physical
mechanism was investigated by comparison with experiments of the
free-surface velocity and the CBT profiles.

Section II describes the theoretical work used to consider the
streamwise variation in the concentration boundary layer thickness.
Section III describes the experimental procedures for the measure-
ments of the boundary layer thickness and the velocity components
in the laboratory flume. In Sec. IV, the hydrodynamic character-
istics and gas transfer are considered based on the measurement
results under the locally accelerated condition. A comparison with
the newly proposed theory reveals the detailed mechanisms of the
developed boundary layer thickness related to the gas transfer in
open-channel flows. In Sec. V, our conclusions are described based
on the results.

II. THEORETICAL EXPANSION
OF THE CONCENTRATION BOUNDARY
LAYER THICKNESS

The present study considers the spatial development of the gas
concentration boundary layer thickness near a free surface based on
a two-dimensional (2D) coordinate system, as shown in Fig. 1. x and
y are the streamwise and downward-vertical coordinates with their
origins at the flume inlet and the free surface, respectively, y′ is the
upward-vertical coordinate with its origin at the flume bottom, U
and V are the time-averaged velocity components corresponding to
the x and y directions, respectively, and H is the water depth.

The local gas flux beneath the air–water interface is signif-
icantly related to the CBT. The concentration profile of the dis-
solved gas is assumed to fit the following exponential function in
the two-dimensional field:

FIG. 1. 2D coordinate system for analysis of the concentration boundary layer
thickness.

C − Cb

Cs − Cb
= e−

y
δ , (1)

where subscripts b and s indicate the bulk layer and the free sur-
face, respectively; C = C(x, y) is the time–mean gas concentration
in the stationary stage, which depends on the vertical position; Cs is
the saturated concentration; Cb is the bulk concentration; and δ(x)
is a parameter that determines the time–mean concentration pro-
file, which is defined as the CBT here. Equation (1) was previously
validated by Herlina and Jirka.8

Fick’s law tells us that the gas flux is controlled by the vertical
gradient of the gas concentration formed very near the free surface.
The combination of this fact and Eq. (1) allows the gas flux to be
expressed using the CBT. The influence of the bottom-oriented tur-
bulence approaches the free surface for larger Re conditions, and this
results in a smaller δ and a larger gas flux. However, this mechanism
has not been observed because the accurate measurement of δ is very
difficult. In particular, few studies have examined the formation of
CBT in open-channel turbulence. Accordingly, this section conducts
a theoretical study of the CBT in 2D open-channel flow prior to the
experimental work. This study assumes a mild free surface, i.e., one
without time-dependent free-surface variations.

The instantaneous streamwise, vertical, and spanwise veloc-
ities and concentration can be decomposed into their mean and
fluctuation components, which are expressed as

ũ = U + u, (2)

ṽ = V + v, (3)

w̃ =W + w, (4)

c̃ = C + c, (5)

where the tilde, capital letters, and small letters indicate the instan-
taneous, time-averaged, and fluctuation components, respectively.
These mean and fluctuation variables depend on the coordinates
(x, y, z).

The 3D transport equation of the dissolved gas concentration is
expressed as

∂c̃
∂t

+
∂c̃ũ
∂x

+
∂c̃ṽ
∂y

+
∂c̃w̃
∂z
= D(

∂2c̃
∂x2 +

∂2c̃
∂y2 +

∂2c̃
∂z2 ), (6)

where D is the molecular diffusion coefficient.
The Reynolds-averaged form30 of Eq. (6) can be written as

∂CU
∂x

+
∂CV
∂y

+
∂CW
∂z

= D(
∂2C
∂x2 +

∂2C
∂y2 +

∂2C
∂z2 ) −

∂cu
∂x
−
∂cv
∂y
−
∂cw
∂z

, (7)

where the overbar indicates the time-averaged operator. The time
variation in C is very small in the present gas transfer situation, and
the unsteady term is not considered in Eq. (7).

Assuming that spanwise transport is negligible and the concen-
tration flux is much more significant in the vertical direction than
the horizontal ones, the 2D transport equation of the dissolved gas
concentration can be obtained as

∂CU
∂x

+
∂CV
∂y
= D(

∂2C
∂x2 +

∂2C
∂y2 ) −

∂cu
∂x
−
∂cv
∂y

. (8)
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The incompressible 2D continuity equation is as follows when the
water density is assumed to be constant:

∂U
∂x

+
∂V
∂y
= 0. (9)

Hence, Eq. (8) is transformed into

U
∂C
∂x

+ V
∂C
∂y
≈ D

∂2C
∂y2 −

∂cv
∂y

. (10)

This study defined the free-surface velocity as Us = U(y = 0)
= U(y′ = H). The following theoretical expansion assumes that U
≈ Us for 0 ≤ y ≤ δ and also ∂U/∂x ≈ ∂Us/∂x for 0 ≤ y ≤ δ in the
concentration boundary layer. The integral of Eq. (10) over y = 0 to
δ results in the streamwise variation in δ.

The integral of Eq. (9) from the free surface (y = 0) to an
arbitrary depth very near the free surface(y = yi) is

∫

yi

0

∂U
∂x

dy = −∫
yi

0

∂V
∂y

dy = −[V(yi) − V(0)] = −V(yi)

↔ V(y) = −∫
y

0

∂U
∂x

dy.
(11)

Using Eq. (11), the integral of the second term on the left-hand side
of Eq. (10) can be expressed [see (A1)] as

∫

δ

0
V
∂C
∂y

dy = −C(δ)
∂Us

∂x
δ + ∫

δ

0
C
∂U
∂x

dy. (12)

Therefore, we can write the integral of the left-hand side of Eq. (10)
as

∫

δ

0
(U

∂C
∂x

+ V
∂C
∂y
)dy

= ∫

δ

0
U
∂C
∂x

dy + ∫
δ

0
C
∂U
∂x

dy − C(δ)
∂Us

∂x
δ. (13)

The gas concentration C(y) varies in the depth direction. Therefore,
a preparatory calculation is carried out to explore Eq. (13).

Equation (1) can be replaced by the following equation using
the concentration difference ΔC = Cs − Cb:

C = e−
y
δ ΔC + Cb. (14)

The concentration at the depth of the CBT (y = δ) is

C(δ) =
ΔC
e

+ Cb. (15)

Differentiating Eq. (14) results in

∂C
∂y
= −

ΔC
δ

e−
y
δ . (16)

Therefore, the concentration gradients at y = 0 and δ are as follows:

∂C
∂y
∣

y=0
= −

ΔC
δ

,
∂C
∂y
∣

y=δ
= −

ΔC
δe

. (17)

Furthermore, the integration of Eq. (14) from y = 0 to δ is as follows
[see (A2)]:

∫

δ

0
Cdy = δ(−

ΔC
e

+ ΔC + Cb). (18)

This study explored Eq. (13) using Eqs. (14)–(18). First, the first term
on the right-side hand of Eq. (13) can be calculated in the following
manner [see (A3)]:

∫

δ

0
U
∂C
∂x

dy ≈ Us ∫

δ

0

∂C
∂x

dy = Us{ΔC(1 −
1
e
) + Cb}

∂δ
∂x

. (19)

Second, the following calculation was conducted to integrate the
second term on the right-hand side of Eq. (13) [see (A4)]:

∫

δ

0
ye−

y
δ dy = −

2δ2

e
+ δ2
= δ2
(1 −

2
e
). (20)

The second term on the right-hand side of Eq. (13) can be integrated
using Eq. (20) [see (A5)] as follows:

∫

δ

0
C
∂U
∂x

dy ≈
∂Us

∂x
δ{ΔC(1 −

1
e
) + Cb}. (21)

Therefore, we can integrate the left-hand side of Eq. (10) in the
following manner using Eqs. (13), (14), (19), and (21) [see (A6)]:

∫

δ

0
(U

∂C
∂x

+ V
∂C
∂y
)dy

= Us{ΔC(1 −
1
e
) + Cb}

∂δ
∂x

+
∂Us

∂x
(1 −

2
e
)ΔCδ. (22)

Conversely, the first term on the right-hand side of Eq. (10) can be
integrated in the following manner:

∫

δ

0
D
∂2C
∂y2 dy = D∫

δ

0

∂2C
∂y2 dy

= D[
∂C
∂y
]

δ

0
= D(−

ΔC
δe

+
ΔC
δ
) =

DΔC
δ
(−

1
e

+ 1).

(23)

Introducing the gradient diffusion hypothesis,31 the concentration–
vertical velocity correlation can be expressed as

− cv = Dt
∂C
∂y

, (24)

where Dt is a turbulent diffusion coefficient. The gradient diffu-
sion hypothesis expresses the local scalar flux at a point, and the
influences of the flow situation and turbulence strength are aggre-
gated in Dt . This variable depends on the vertical depth at a certain
streamwise position. Thus, this hypothesis is expected to be used in
the accelerated flow and in the uniform flow. Hamba32 examined
this hypothesis of scalar flux in the channel turbulence by using
DNS. He showed that the largest error occurs near the wall where
the scalar gradient is large. Regardless, it is not more than a 10%
order shift compared with the DNS result. Thus, the gradient dif-
fusion hypothesis is expected to be used in the present theoretical
expansion without serious difficulties.
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Therefore, the integral of the second term on the right-hand
side of Eq. (10) could be calculated [see (A7)] as

∫

δ

0
−
∂cv
∂y

dy = −
ΔC
δe

Dt(δ), (25)

where Dt(0) = 0.
Using Eqs. (23) and (25), the integral of the right-hand side of

Eq. (10) could be obtained as follows:

∫

δ

0
(D

∂2C
∂y2 −

∂cv
∂y
)dy =

ΔC
δ
{D(1 −

1
e
) −

Dt(δ)
e
}. (26)

Finally, this resulted in the streamwise variation in CBT, as
expressed by

Us{ΔC(1 −
1
e
) + Cb}

∂δ
∂x

+
∂Us

∂x
(1 −

2
e
)ΔCδ

= ΔC{(1 −
1
e
)D −

1
e
Dt(δ)}δ−1

↔ Us(1 −
1
e

+
Cb

ΔC
)
∂δ
∂x

+
∂Us

∂x
(1 −

2
e
)δ

= {(1 −
1
e
)D −

1
e
Dt(δ)}δ−1

↔
∂δ
∂x

+
∂Us

∂x
(1 −

2
e
)

1
CoUs

δ

=
1

CoUs
{(1 −

1
e
)D −

1
e
Dt(δ)}δ−1

↔
∂δ
∂x
= Aδ + Bδ−1,

(27)

where

A = −
∂Us

∂x
(1 −

2
e
)

1
CoUs

, (28)

B =
1

CoUs
{(1 −

1
e
)D −

1
e
Dt(δ)}, (29)

Co = 1 −
1
e

+
Cb

ΔC
. (30)

Equation (27) is the first-order Bernoulli differential equation, and
its solution is

δ(x) = [e−2 ∫ x
0 AdX
{∫

x

o
2Be2 ∫ x

0 AdXdX + C1}]

1
2
. (31)

Here, C1 is an integral constant. When the flow is uniform in the
streamwise direction, Eq. (31) can be further simplified as

δ(x) = (∫
x

0
2BdX + C1)

1
2
. (32)

Sections III and IV consider the developmental properties of CBT by
comparing this theory with the measurement results.

The gas transfer velocity kL can be defined using the gas transfer
flux F,33

F ≡ kLΔC. (33)

Conversely, the following form can be obtained using Fick’s law:33

F ≡ −D
∂C
∂y
(y = 0). (34)

These two forms lead to

kL(x) =
D

δ(x)
. (35)

This is equivalent to the film model proposed by Lewis and Whit-
man.34 The molecular diffusivity is constant without temperature
change. Therefore, when we measure the streamwise profile of CBT
δ, the gas transfer velocity kL can be evaluated using Eq. (35).

III. EXPERIMENTAL SETUP
A. The recirculating flume system
and the hydraulic conditions

Figure 2 shows the recirculating laboratory flume, which was
40 cm in width, 50 cm in height, and 16 m in length. Two types
of experiments, i.e., velocity measurements using the PIV technique
and CBT measurements using the extra-fine needle-type DO probe,
were conducted while varying the fetch (the distance from the chan-
nel inlet). This study placed a trapezoidally shaped wedge in the sec-
tion from 7.5 m to 11.5 m from the channel inlet. The longitudinal
length of the acceleration zone Ls was 75 cm, and the channel bottom
was raised by 3 cm. This resulted in the cross-sectional area being
reduced by half, as shown in Fig. 2. Twelve test sections were cho-
sen around the upstream-side wedge where the streamwise current
was expected to gradually accelerate. The origin of the x-axis was
placed at the leading edge of the acceleration zone. The hydraulic
conditions were as follows: Um = 10 cm/s and H = 6 cm were the
bulk mean velocity and the water depth in the upstream flat-bottom
zone, respectively. Re = 6000 was the Reynolds number based on
Um and H, and Fr = 0.13 was the Froude number, which implies a
flat free surface. The room and water temperatures were maintained
at 25 ○C using air conditioners.

B. DO measurements with a fine probe
A concentration profile of the dissolved gas very near the free

surface is required to evaluate the CBT. Herlina and Jirka8 mea-
sured the DO profile reasonably well using LIF. The advantage of LIF
is that it measures the instantaneous concentration boundary layer
and can be used to evaluate the local gas flux via the concentration–
velocity correlation. However, applying LIF in a laboratory flume on
the order of 10 m in length is very difficult due to the difficulty of
achieving a uniform dissolution of the fluorescent material. There-
fore, this study uses an optical fine DO probe (PreSens, Microx4),
as shown in Fig. 3. An optical type of probe is advantageous for
accurate measurements even in very low-speed currents, for which
classical electrode-type probes cannot be used. The probe was a 0.8-
mm thick fine needle, which was used over a miniscule volume.
However, the tip size of the probe is still comparable with the typ-
ical CBT of DO, which is generally less than 1 mm.33 Hence, this
study measured concentration profiles ten times at each fetch to
examine the repeatability of this probe. An additional optical DO
probe (YSI, ProODO) was situated at the mid-depth near the outlet
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FIG. 2. Experimental flume in which a
suitably shaped wedge is situated to
accelerate the main stream.

of the flume to monitor the time variation in the DO in the bulk layer
once every minute. Surface cleanliness affects significantly the near-
surface turbulence and gas transfer (e.g., Refs. 35 and 36). Before
the measurement, water was circulated within the flume for 10 h for
temperature adjustment. Through this procedure, floating dusts and
fine substances in the water current were removed by using a net of
fine meshes placed downstream of the flume.

The CBT measurements were composed of several steps after
surface-cleaning work. The main channel was deaerated prior to the
measurement step by dissolving a certain amount of sodium sul-
fite. Figure 4(a) shows the time variation in the DO in the bulk
layer; Cb(t) is normalized by an initial value Cb(0) and a saturated
value Cs. This value is nearly constant and close to zero in the ini-
tial stage. After the full consumption of the deaeration chemical, the
DO returns to its previous level with time. Figure 4(b) shows the
variation in the logarithm of the normalized Cb(t) corresponding to
Fig. 4(a). The reaeration coefficient k2 = kL/H can be evaluated via
the slope in the linear reduction stage. This is called the whole tank
method. Even though the k2 or kL value obtained using this method
is not a local value but rather a global value of the entire recirculating

FIG. 3. Optical fine DO probe with a 0.8 mm thick fine needle.

flume system, kL can be constant, irrespective of the time variation
in Cb(t) in the linear reduction stage.

Therefore, the measurement of the DO profile was conducted
in the linear reduction stage. Preliminary tests specified the begin-
ning and end timings of the linear reduction stage in advance. The
vertical traversing of the fine DO probe with 0.01-mm accuracy
obtained the mean concentration at ten depths, including the surface
layer at y = 0.3 mm and the bulk layer at y = 10 mm. The sampling
duration was 30 s every 2 s at each depth. When the DO probe was
moved to another depth, the sampling resumed after waiting 40 s
to take the stability of the signal input into account. The fetches of
the test sections were chosen at x/Ls = −0.67, −0.16, 0, 0.16, 0.33,
0.5, 0.67, 0.83, 1.0, 1.13, 1.45, and 2.0. Figure 5 shows an example
of the normalized DO profile, (C − Cb)/ΔC in the vertical direc-
tion obtained in the accelerated zone of x/Ls = 0.67 and 2.0 with
error bars. Fitting Eq. (1) using a least-squares method, a suitable
value of δ was obtained for each streamwise position. We are sure
that most measured points are out of the CBT. Hence, the reliability
of extrapolation is very important. The standard deviation reduces
apart from the free surface, and therefore, the extrapolation using
several points with a small deviation is expected to be sufficient to
evaluate quantitatively the CBT.

C. Current velocity measurements with PIV
PIV is a useful technique to non-intrusively obtain the turbu-

lent velocity field. Our PIV system used a laser light sheet (LLS),
which was generated by a 2-W YAG continuous laser source. The
present study set up two types of laser-illuminated planes. One was
a horizontally illuminated PIV (H-PIV) in which a time series of
horizontal images on the x–z plane very near the free surface were
acquired to obtain information concerning the near free-surface
mean velocity and related turbulence, including the surface veloc-
ity divergence. The 2-mm thick LLS was horizontally projected just
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FIG. 4. Time variation in the DO in the bulk layer, Cb(t) normalized by an initial
value Cb(0) and a saturated value Cs. (a) Linear plot, (b) semi-logarithmic plot.

1 mm below the interface because clear images could not be acquired
at the interface elevation.26 The covering image area on the cen-
ter line was 10 × 10 cm2 with an interrogation window size of 1.2
× 1.2 mm2.

The time-averaged streamwise velocity, Us(x), turbulence
kinetic energy in the free surface, ks(x) ≡ (u′s(x)

2 + w′s(x)
2
)/2,

and divergence intensity, β′(x) ≡
√

β2, were used at the center of

the horizontal image obtained at each fetch in which u′s ≡
√
us2

FIG. 5. Vertical profile of DO in the linear reduction stage, (C − Cb(t))/ΔC.

and w′s ≡
√
ws2, which are turbulence intensities in the free

surface for streamwise and spanwise directions, respectively. β(x)
≡ −(∂us/∂x + ∂ws/∂z) = ∂vs/∂y is the fluctuation of velocity diver-
gence in the free surface. The occurrences of instantaneous upward
and downward currents under the free surface induce the nega-
tive and positive signs, respectively. The divergence and turbulence
intensities mean root mean square (RSM) values of instantaneous
divergence and turbulence components, respectively.

The specific density and mean diameter of the tracer particles
were 1.02 μm and 100 μm, respectively. The spatial and temporal
distributions of the tracer patterns were determined using a high-
speed CMOS camera situated over the free surface. The frame rate
was 500 Hz, depending on the bulk mean velocity. The frame rate
corresponds to the time lag between two consecutive images and
is used to calculate the 2D velocity components. The sample rate,
which specifies the time interval between the obtained velocity data,
was given as 30 Hz by the function generator.37 The repeatability
standard deviation was evaluated for the mean streamwise velocity
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and Reynolds stress in the same manner as done by Sanjou and
Nezu.38 They were σU /U = 0.05 and σuw/∣uw∣ = 0.27, respectively.
The positions of the high-speed camera varied with the streamwise
direction in the same manner as in the above-mentioned DO experi-
ment. The DO and PIV experiments were performed independently,
and the obtained velocity components at the image center were used
for the following analysis.

IV. RESULTS AND DISCUSSION
A. Streamwise variations in the mean velocity
and turbulence on the free surface

Many researchers have focused on the contributions of the
velocity acceleration to the promotion of turbulence. Narayanan
and Ramjee39 obtained an accelerated turbulent boundary layer in
a wind tunnel with a suitably designed wedge. They provided the
mean velocity profile and turbulent statistics and obtained uni-
versal properties via a proper scaling without a Reynolds number
dependency. Ranjan and Narasimha40 reviewed several significant
experiments, providing detailed measurement results. Experimen-
tal results by Narayanan and Ramjee39 (labeled N–R in the legends
of Figs. 6, 7, and 11), Blackwelder and Kovasznay41 (B–K), War-
nack and Fernholz42 (W–F), Escudier et al.43 (Es), and Bourassa
and Thomas44 (B–T) are also plotted for comparison, where the
free-stream velocity U∞ is used as the characteristic velocity
scale.

Figure 6 shows the streamwise variations in the mean sur-
face velocity normalized by the entrance velocity, Us/Us(x = 0).
The present results were obtained from the PIV measurements. x/Ls
= 0 and 1 indicate the entrance and exit positions of the acceleration
zone, respectively. The following common tendencies of these exper-
iments were observed. In the acceleration zone, the mean velocity

FIG. 6. Streamwise variations in mean surface velocity normalized by the entrance
velocity, Us/Us(x = 0).

has a tangent-hyperbolic-like curve. The velocity gradient is more
remarkable in the downstream side of the acceleration zone (0.5
< x/Ls < 1) than in the upstream-side (0 < x/Ls < 0.5), which is
because the bottom wedge more significantly influences the free-
surface current in the shallower situation. The free-surface velocity
continued to increase a bit downstream from the exit due to the
redevelopment of the boundary layer.

The measured profile fits well with the following hyperbolic
tangent function:

Us(x) =
Us1 + Us2

2
−
Us1 −Us2

2
tanh(AU(x − xU)), (36)

where Us1 = 12.2 cm/s, Us2 = 24.0 cm/s, AU = 0.05, and xU
= 60 cm. The fitting function was found to be shifted downstream
in the acceleration zone, which means that it still increases at the
exit position (x/Ls = 1) corresponding to the streamwise shift of the
profile, Us(x). The formation of the velocity boundary layer restarts
to develop over the shallow flat zone (x/Ls = 1), and thus, the reduc-
tion in the bottom velocity due to the bottom friction lets the free
surface velocity continue to accelerate a bit downstream of the exit
position (x/Ls = 1).

The acceleration level is generally evaluated using the accelera-
tion parameter, K(x), as defined by Morretti and Kays,45

K ≡ ν/U2
∞
dU∞
dx
∼ ν/U2

s
dUs

dx
. (37)

The present study evaluated K by replacing U∞ with Us. Figure 7
shows the streamwise variation in the acceleration parameter. All of
the results suggest thatK varies significantly in the acceleration zone.
Here, the maximum value of K, which is 8.8 × 10−6 in the present
study, is larger than the values found in the previous wind experi-
ments. The criteria of the onset values of the relaminarization pro-
posed by Narayanan and Ramjee,39 Kline et al.,46 and Blackwelder
and Kovasznay41 range from 3.0 × 10−6 to 3.6 × 10−6. Therefore,
the present experiment is expected to experience the relaminariza-
tion process in the open-channel flow, as explained later. These

FIG. 7. Streamwise variation in the pressure gradient parameter K.
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FIG. 8. Streamwise variations in turbulence kinetic energy at the free-surface
(y = 0) ks and surface divergence intensity β′.

results imply that an accelerated flow has common developmental
features that are irrespective of the fluid type. The maximum peak
of K shifts a bit downstream in the same fashion as in the work of
Escudier et al.43

Figure 8 shows the streamwise variations in the turbulent
kinetic energy at the free surface (y = 0) ks and the SD intensity β′.
Common features can be observed for the normalized ks/ks(x = 0)
and β′/β′(x = 0). These values are nearly constant prior to the begin-
ning of the acceleration zone, and they start to increase due to the
channel reduction in the acceleration zone. The streamwise varia-
tions in ks and β′ are small in the upstream side in the acceleration
zone, corresponding to the variation in the free-surface velocity. It
is notable for them to start increasing not at the entrance x/Ls = 0,
but at x/Ls = 0.33. This may also be because it takes a certain time
until the bottom-oriented turbulence arrives at the free surface. Fur-
thermore, it is of particular significance that they still increase at the
exit. These tendencies imply the relaminarization observed in the
accelerated flow. That is to say, the reduced turbulence generation in
the accelerated zone starts to restore there. This topic is considered
in detail later. The free-surface flow is accelerated in the transition
at the leading edge of a submerged vegetation canopy. A strong
upward current out of the canopy appears, and the acceleration and
deceleration of the mean streamwise flows are promoted in the ini-
tial adjustment zone. The formation of a depth-scale mixing layer is
completed downstream of the initial adjustment (e.g., Ref. 47). The
free-surface turbulence at the leading edge of the acceleration zone
is also expected to develop later than the mean streamwise veloc-
ity in the same manner as in the initial adjustment of a submerged
vegetation patch.

Positive and negative divergences are known to appear in space
and time in open-channel flows.26 They refer to the vertical veloc-
ity fluctuation, which is directly related to downward and upward

gas transports. Thus, the gas transfer rate is expected from Fig. 8 to
increase with the flow acceleration. Herlina and Wissink48 asserted
that local surface-attached vortex structures (SAVS) having the
surface-normal axis are stretched and strengthened. In the small-
scale converging zone accompanied with downwelling currents, gas
transfer is expected to be related to the interactions between the
SAVS that promote the horizontal mixing and the longitudinal
secondary vortex that promotes the vertical mixing.

B. Streamwise variation in the CBT
Figure 9 shows the streamwise variation in δ, which is measured

by the extra-fine DO probe in which the error bars that are based
on the standard deviation are included. The normalized repeata-
bility standard deviation, σδ/δ, ranged from 0.18 to 0.4. The gas
transfer rate and the related CBT are sensitive to the air and water
temperatures. Although the temperatures were kept constant by the
air conditioner as mentioned above, not the present one-way con-
trol but the advanced management, such as via feedback computer
control, will reduce measurement errors. A significant reduction in
δ can be observed in the acceleration zone. In particular, δ starts
to decrease around x/Ls = 0.33, corresponding to the variation in
the free-surface turbulence. This fact implies that the gas transfer
flux is closely related to the formation of the free-surface turbu-
lence. In addition, the CBT downstream of the acceleration zone
is half its value at the beginning of the acceleration. Note that the
CBT is controlled by two factors: the mean flow acceleration and the
development of the free-surface turbulence.

It was found that decreasing the CBT tendency can be rea-
sonably explained despite the 10% order standard deviations. Thus,
this study concluded that the present 0.8-mm-diameter DO probe
has sufficient repeatability and reliability to study the streamwise
variation in the CBT in non-uniform flows, such as the accelerated

FIG. 9. Streamwise variation in δ measured by the fine DO probe.
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flow. These interesting tendencies can be theoretically explained
using Eq. (27). The term Aδ indicates the contribution of the mean
free-surface velocity Us and the streamwise gradient ∂Us/∂x, and
the term Bδ−1 indicates the balance of the molecular diffusion
and the turbulent diffusion. That is, the spatial acceleration of Us
and the growth of the turbulent diffusion lead to a streamwise reduc-
tion in δ. The term Aδ can be calculated using the mean velocity
distribution measured by the PIV. To obtain ∂δ/∂x, the measured δ
is fitted to the following hyperbolic tangent curve:

δ(x) =
δ1 + δ2

2
−
δ1 − δ2

2
tanh(Aδ(x − xδ)), (38)

where δ1 = 0.032 cm, δ2 = 0.015 cm, Aδ = 0.045, and xδ = 54 cm.
Since Dt(δ) is unknown, the term Bδ−1 cannot be obtained using
Eq. (29). By mathematically substituting the value of ∂δ/∂x that was
calculated using Eq. (38) and the Aδ term calculated using Eqs. (28)
and (27), the Bδ−1 term can be evaluated.

Figure 10 shows the streamwise variations in the first term −Aδ
and the second term Bδ−1 of Eq. (27). These two terms indicate the
effects of the mean flow acceleration and the turbulent diffusion,
respectively, as described above, and they are at nearly the same level
upstream of the wedge entrance (x/Ls = 0). In addition, they both
become remarkable in the acceleration zone, and they have negative
peaks a bit downstream of the mid-position (x/Ls = 0.5). These terms
most significantly contribute to the reduction in the CBT thickness
near the inflectional point δ(x), as shown in Fig. 9. Although Bδ−1 is
always larger than −Aδ in the whole region in the acceleration zone,
the effect of the mean velocity acceleration was found to be compa-
rable with that of the turbulent diffusion. Note that both −Aδ and
Bδ−1 are still effective at the exit of the acceleration zone (x/Ls = 1),
which corresponds to the fact that δ(x) continues to decrease here,
as shown in Fig. 9. The term Bδ−1 is always negative in the accel-
eration zone. This fact and the definition of Bδ−1 in Eq. (29) imply

FIG. 10. Streamwise variations in the mean flow acceleration term −Aδ and the
turbulent diffusion term Bδ−1.

that turbulence diffusion is larger than the molecular diffusion. With
the velocity acceleration, the free-surface turbulence and the related
concentration transfer are expected to be promoted. The decrease
in δ(x) makes the absolute value of Bδ−1 larger. In contrast, when
the CBT reduces further, Dt(δ) becomes close to zero and is on the
same order of the constant molecular diffusion coefficient, D. Thus,
Bδ−1 becomes smaller, resulting in the appearance of the negative
peak.

C. Relaminarization in open-channel acceleration
The gradual reduction in the cross-sectional area increases the

mean velocity in the streamwise direction, as shown in Fig. 6. Even
though the turbulent statistics also become larger with the mean flow
acceleration, the increase in the turbulence is relatively small com-
pared with that in the mean flow during the acceleration process.
Consequently, the non-dimensional turbulent statistics normalized
by the characteristic velocity scale decreases due to the mean flow
acceleration, as does the frequency of the large-scale vortex occur-
rence. This physical phenomenon is called relaminarization. Relami-
narization in duct flow is observed due to several physical causes,40,49

including turbulent dissipation due to viscosity and turbulent energy
consumption due to the external forces.

To examine the occurrence of relaminarization in the present
accelerated flow in an open channel, Fig. 11 shows the longitudi-
nal distribution of the normalized free-surface turbulent intensity
us′/Us. The experimental results of Narayanan and Ramjee39 are also
included for comparison; here, the maximum turbulent intensity in
each section u′max is plotted. The flat-bottom zone situated upstream
of the acceleration has a value of 0.075, and thereafter, this value
decreases to 0.05 due to the acceleration. The normalized factor, on
the order of 10−2, decreases in the acceleration zone. Even though
it is generally difficult to define relaminarization and the criterion

FIG. 11. Streamwise distribution of the normalized free-surface turbulence intensity
u′s/Us.
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for its onset is not standardized, a velocity fluctuation relative to the
mean velocity is observed in the presented experiment. Therefore,
this study concluded that the flow condition shifts toward laminar
behavior through the acceleration zone.

The generation term in the 2D turbulent kinetic energy equa-
tion is given by G(x, y) ≡ −uu∂U

∂x − uv∂U
∂y . In the steady uni-

form unidirectional flow with no spatial acceleration, the first term
becomes zero, and only the second term is considered. In contrast,
the accelerated flow makes the first term more significant. Except
for the part very near the bottom, the first term becomes negative
since ∂U/∂x > 0, and the turbulence generation is reduced. Par-
ticularly, near the free surface, the second term becomes almost
zero and lacks turbulence energy even in the uniform flow. In the
accelerated flow, the total turbulence generation G is negative, and
the turbulence is smaller than that estimated by the free-surface
velocity. Hence, it is very difficult to predict the gas transfer veloc-
ity and the related turbulence intensity in such local acceleration
zones.

Furthermore, the downward currents under the free-surface are
expected to be smaller over the wedge compared with those observed
in the horizontal bottom section. It results in strengthening of the
SAVS as mentioned above, which may be reduced. Hence, it may
contribute to the relaminarization in the acceleration zone.

D. Local gas transfer in an accelerated open channel
The free-surface velocity begins to increase at the entrance of

the acceleration zone, followed by the free-surface turbulent statis-
tics, such as the turbulent kinetic energy and the SD intensity. The
streamwise reduction in the thickness of the CBT δ begins not at
the wedge edge (x = 0), but in the acceleration zone; this is also true
for the free-surface turbulence. The gas transfer velocity kL, which is
proportional to the inverse of δ, is expected to be remarkably ele-
vated at the mid-point of the acceleration zone and downstream
(x/Ls > 0.5), where the effects of both the mean velocity acceleration
and the free-surface turbulent growth are significant.

Figure 12 shows the streamwise variation in the non-
dimensional local gas transfer velocity normalized by the square
root of the free-surface turbulent kinetic energy kL/k1/2

s . This factor
becomes 1.5 times that in the flat-bottom zone (x < 0). This may be
caused by the physical effect peculiar to the streamwise acceleration,
i.e., −Aδ, which increases the ratio of the gas transfer velocity to the
free-surface turbulence. The standard SD model,22 which evaluates
the gas transfer velocity using the surface divergence, is given by

kL = α
√
Dβ′, (39)

where α is a proportionality coefficient ranging from 0.1 to 0.7.26

Figure 12 also shows the streamwise variation in α. The present
data vary within the range of the values obtained by the previous
studies, including the studies on oscillation tanks and wind-shear
currents. Most importantly, the streamwise variation increases in
the acceleration zone, which implies that the gas is more excessively
transferred in the uniform flow without streamwise acceleration.
The normalized gas transfer rate, kL/k1/2

s , and α slightly decrease in
the shallow flat zone (x/Ls > 1.0) where the flow acceleration ∂U/∂x
is not expected to contribute to the gas transfer. The turbulence
diffusion near the free surface plays a key role there. In particular,

FIG. 12. Streamwise variation in non-dimensional local gas transfer kL/k1/2
s and

proportional coefficient of the SD model α.

the difference between the molecular diffusion and turbulence diffu-
sion at the CBT depth controls the growth of the CBT. Additionally,
the updated CBT is fed back to Dt(δ); thus, we must consider their
physical interactions.

At a sufficient downstream distance from the exit of the acceler-
ation zone, the CBT is expected to be stable, i.e., ∂δ/∂x = 0. Although
it is not hard to examine this assumption in our laboratory flume
with the finite length, this can be explained reasonably using the
present CBT theory in the following way. We are able to only focus
on the second term in the right-hand-side of Eq. (27), Bδ−1, in the
uniform flow without streamwise acceleration. Figure 13 shows a
phenomenological model referring relationship between the verti-
cal profiles of the molecular and turbulence diffusion coefficients. In
this discussion, for convenience, D and Dt were expressed includ-
ing the coefficients 1 − 1/e and 1/e. It is generally considered that
the turbulence diffusion is much more remarkable than the molecu-
lar diffusion (Dt > D), except for near the boundaries of the bottom
and the free surface in the case of open-channel turbulence. In con-
trast, the turbulence diffusion with the vertical direction becomes
zero (Dt = 0) at the flat free surface. This implies that the (Dt
< D) layer exists very close to the free surface. In the case that the
CBT thickness δ is within the layer where the molecular diffusion is
more influential than the turbulence diffusion (Dt < D), as shown in
Fig. 13(a), the positive Bδ−1 induces an increase in δ with the down-
stream. At the same time, the concentration gradient ∂C/∂y is also
reduced. As the streamwise variation in the turbulent concentration
flux −cv is assumed to be small, Eq. (24) allows an increase in Dt
near the free surface with a decrease in ∂C/∂y. After further travel-
ing downstream, the depth of the CBT moves in the layer in which
the turbulence diffusion is significant, as shown in Fig. 13(b). Then,
δ starts to decrease downstream due to Bδ−1

< 0, and the increase
in ∂C/∂y returns the situation to that of Fig. 13(a) in which the
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FIG. 13. Phenomenological model refer-
ring to the relationship between vertical
profiles of the molecular and turbulent
diffusion coefficients. The molecular dif-
fusion is more significant than the turbu-
lent one at the CBT depth in (a), and in
contrast, the turbulence diffusion is more
significant in (b).

CBT depth is in the layer of (Dt < D). δ is expected to converge the
repeating of the two stages of Figs. 13(a) and 13(b) when traveling
downstream.

V. CONCLUSIONS
This study focused on local gas transfer in an accelerated open-

channel flow and conducted a theoretical expansion of the stream-
wise development of the CBT related to the gas transfer velocity. In
addition, the CBT was evaluated using a local DO profile measured
with an extra-fine needle probe. The mean velocity and turbulence
were measured via a PIV system including a high-speed camera and
an LLS. The newly proposed theoretical model and the measurement
results enable us to understand how the CBT is formed and how it
varies in the streamwise direction as influenced by the mean veloc-
ity acceleration and the production of free-surface turbulence. The
main results are summarized below.

(1) The streamwise variation in the CBT was mathematically
introduced by integrating the 2D gas-concentration transport
equation from the free surface to the depth of the CBT. This
theoretical model suggests that two types of factors, i.e., the
streamwise acceleration of the free-surface mean flow ∂Us/δx
and the ratio of the turbulent diffusivity at the depth of the
CBT to the molecular diffusivityDt(δ)/D, significantly control
the streamwise variation in the CBT ∂δ/δx.

(2) The DO profile was measured at several test sections in an ini-
tially deaerated open channel. The DO values were obtained
by traversing the probe in the vertical direction during the
first-order recovery stage when the normalized dissolved con-
centration varied linearly. The streamwise variation in the
CBT was evaluated by fitting an exponential function at each
section.

(3) In the streamwise direction in the acceleration zone, the
PIV results showed that the free-surface mean velocity and
turbulence increase and that the cross-sectional area grad-
ually decreases. In addition, the streamwise variations in ks
and β′ were small in the upstream side in the acceleration
zone, which corresponds to the variation in the free-surface

velocity. It was noticed that the free-surface turbulence fac-
tors started to increase not at the entrance, but around the
mid-position within the acceleration zone. It is also of partic-
ular significance that they continued to increase at the exit,
which implies that the reduced turbulence generation in the
acceleration zone started to restore there. In addition, relam-
inarization occurred over the wedge, which is in agreement
with the previous experimental studies.

(4) The comparison of the theoretical CBT model and the mea-
surement data indicated that the contributions of both the
mean velocity and the turbulence diffusion are significant in
the acceleration zone. The CBT began to decrease a bit down-
stream of the entrance corresponding to the variation in the
free-surface turbulence factors, and the inflectional point of
δ(x) appeared at the downstream side of the acceleration zone
and continued to decrease at the exit.

(5) The proportional coefficient of the SD model increased in
the acceleration zone. This suggests that the gas was more
excessively transferred by the mean velocity acceleration than
by the uniform flow without the streamwise acceleration.
The above-mentioned local analysis of the CBT is expected
to be applied to air–water interfacial mass-heat transfer in
non-uniform flows.

There have not been any detailed discussions in previous works
on what drives the CBT in accelerated open-channel zones. By intro-
ducing the mathematical expression of the streamwise variation in
CBT, this study not only suggested turbulence diffusion, but the
mean flow gradient also significantly contributed to the gas transfer.
The theoretically introduced terms, −Aδ and Bδ−1, can be obtained
by the accurate measurement of δ with a sub-millimeter scale in a
meter-scale laboratory flume. The obtained results and findings here
could not be achieved before.

Generally speaking, the gas transfer velocity kL is often evalu-
ated as a bulk-mean factor by many previous works on gas trans-
fer in channel flows and oscillation tanks. Whereas in non-uniform
flow fields, such as acceleration zones, secondary currents by side-
walls, wake behind structures and sedimentations, Langmuir cir-
culation in ocean (e.g., Ref. 50), gas-convergence zone, and gas-
divergence zone are expected to appear locally at the same time. The
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mechanism of local gas transfer and related modeling of kL were
not known for sure. The present study may be an occasion to pro-
mote the investigation of such a local gas transfer phenomenon.
Although this study focused on only one hydraulic condition, the
physical mechanism of the streamwise formation of the CBT could
be explained and discussed reasonably based on the combination
of the newly proposed theoretical expression and accurate veloc-
ity and concentration measurements. The influences of the bot-
tom configuration and roughness appear in the Us acceleration,
Dt , and CBT, which are key variables in this theory. When the Us
and CBT are measured as in the present experiments, this theory
is applicable to the vertical two-dimensional open-channel turbu-
lence without free surface fluctuations. Under these conditions, a
similar discussion will be possible for other non-uniform fields, such
as flows through submerged vegetation patches, over sand waves,
and strip roughness. We aim to examine the limitations of the
proposed theory in more detail together with further experimen-
tal studies. Furthermore, if a reliable evaluation of Dt using the LIF
or the eddy correlation method becomes possible, the streamwise
growth and decay of the CBT can be predicted. Model improve-
ments for violent free surface flows will also be significant in future
work.
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NOMENCLATURE

ΔC ≡ Cs − Cb concentration difference
α proportionality coefficient
β′ intensity of the surface velocity diver-

gence evaluated by rms operation
β̃ instantaneous surface velocity divergence
δ thickness of the concentration boundary

layer (CBT)
c̃ instantaneous dissolved oxygen concen-

tration
C dissolved oxygen concentration
C′ ≡ (Cs − C)/(Cs − C0) normalized dissolved oxygen concentra-

tion
Cb bulk dissolved oxygen concentration
Cs saturated dissolved oxygen concentration
D diffusion coefficient of the dissolved oxy-

gen
Dt turbulent diffusion coefficient of the dis-

solved oxygen
Fr ≡ Um/

√
gH Froude number

H water depth

kL gas transfer velocity
ks ≡ (us′2 + ws

′2
)/2 turbulent kinetic energy at the free surface

k2 reaeration coefficient
K pressure gradient parameter
Ls streamwise length of the acceleration section
Re ≡ UmH/ν Reynolds number using the bulk-mean veloc-

ity
u turbulence component in the streamwise

direction
u′ turbulence intensity in the streamwise direc-

tion
ũ instantaneous velocity component in the

streamwise direction
us′ streamwise turbulence intensities in the free

surface
U time-averaged velocity in the streamwise

direction
Us time-averaged streamwise velocity at the free

surface
v turbulence component in the vertical direc-

tion
v′ turbulence intensity in the vertical direction
ṽ instantaneous velocity component in the ver-

tical direction
V time-averaged velocity in the vertical direc-

tion
w turbulence component in the spanwise direc-

tion
w′ turbulence intensity in the spanwise direction
w̃ instantaneous velocity component in the

spanwise direction
ws
′ spanwise turbulence intensities in the free

surface
W time-averaged velocity in the spanwise direc-

tion
x streamwise coordinate
y upward vertical coordinate with the bottom

origin
y′ downward vertical coordinate with the free-

surface origin
z spanwise coordinate

APPENDIX: DERIVATIONS OF EQUATIONS
Derivations of equations in the main body are indicated here.
How to lead Eq. (12) is as follows:

∫

δ

0
V
∂C
∂y

dy = ∫
δ

0
(−∫

y

0

∂U
∂x

dy)
∂C
∂y

dy

= −[C∫
y

0

∂U
∂x

dy]
δ

0
+ ∫

δ

0
C
∂U
∂x

dy

= −C(δ)∫
δ

0

∂U
∂x

dy + C(0)∫
0

0

∂U
∂x

dy + ∫
δ

0
C
∂U
∂x

dy

= −C(δ)
∂Us

∂x
δ + ∫

δ

0
C
∂U
∂x

dy. (A1)
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How to lead Eq. (18) is as follows:

∫

δ

0
Cdy = ∫

δ

0
e−

y
δ ΔCdy + ∫

δ

0
Cbdy

= ΔC∫
δ

0
e−

y
δ dy + [Cby]

δ
0

= ΔC[−δe−
y
δ ]

δ

0
+ Cbδ

= ΔC[−δe−1 + δ] + Cbδ

= δ(−
ΔC
e

+ ΔC + Cb). (A2)

How to lead Eq. (19) is as follows:

∫

δ

0
U
∂C
∂x

dy ≈ Us ∫

δ

0

∂C
∂x

dy

= Us
∂

∂x ∫
δ

0
Cdy

= Us
∂

∂x
[δ{ΔC(1 −

1
e
) + Cb}]

= Us{ΔC(1 −
1
e
) + Cb}

∂δ
∂x

. (A3)

How to lead Eq. (20) is as follows:

∫

δ

0
ye−

y
δ dy = [−yδe−

y
δ ]

δ

0
− ∫

δ

0
−δe−

y
δ dy

= −δ2e−1 + δ∫
δ

0
e−

y
δ dy

= −
δ2

e
+ δ[−δe−

y
δ ]

δ

0

= −
δ2

e
+ δ(−δe−1 + δ)

= −
δ2

e
+ δ2
(−

1
e

+ 1)

= −
2δ2

e
+ δ2
= δ2
(1 −

2
e
). (A4)

How to lead Eq. (21) is as follows:

∫

δ

0
C
∂U
∂x

dy ≈ [C(
∂Us

∂x
y)]

δ

0
− ∫

δ

0

∂C
∂y

∂Us

∂x
ydy

= C(δ)
∂Us

∂x
δ −

∂Us

∂x ∫
δ

0
y(−

ΔC
δ

e−
y
δ )dy

= (
ΔC
e

+ Cb)
∂Us

∂x
δ +

∂Us

∂x
ΔC
δ ∫

δ

0
ye−

y
δ dy

= (
ΔC
e

+ Cb)
∂Us

∂x
δ +

∂Us

∂x
ΔC(1 −

2
e
)δ

=
∂Us

∂x
δ(

ΔC
e

+ Cb + ΔC −
2ΔC
e
)

=
∂Us

∂x
δ{ΔC(1 −

1
e
) + Cb}. (A5)

How to lead Eq. (22) is as follows:

∫

δ

0
(U

∂C
∂x

+ V
∂C
∂y
)dy

= Us{ΔC(1 −
1
e
) + Cb}

∂δ
∂x

+
∂Us

∂x
{ΔC(1 −

1
e
) + Cb}δ

− (
ΔC
e

+ Cb)
∂Us

∂x
δ

= Us{ΔC(1 −
1
e
) + Cb}

∂δ
∂x

+
∂Us

∂x
(1 −

2
e
)ΔCδ. (A6)

How to lead Eq. (25) is as follows:

∫

δ

0
−
∂cv
∂y

dy = ∫
δ

0

∂

∂y
(Dt

∂C
∂y
)dy

= ∫

δ

0

∂

∂y
(−Dt

ΔC
δ

e−
y
δ )dy = −

ΔC
δ ∫

δ

0

∂

∂y
(Dte−

y
δ )dy

= −
ΔC
δ
[Dte−

y
δ ]

δ

0
= −

ΔC
δ
{Dt(δ)e−1

−Dt(0)e0
}

= −
ΔC
δe

Dt(δ). (A7)
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