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The system of three components where two liquid-phases co-exist
was studied by W. D. Bancroft' about twenty years ago. He pointed
out that the Mass law could be applied to a case of equilibrium of such
a system. In which case the exponential factors of the mathematical
formula of mass law representing the equilibrium are neither necessarily
nor usually integers.

“Let 4 and B be two non-miscible liquid, .S the common solvent
with which 4 and B are miscible in all proportions when taken singly,
and let the amount of .S remain constant, so that we are considering
the amounts of 4 and B, namely x and y, which will dissolve simul-
taneously in a fixed amount of .S. This, being a case of equilibrium,
must come under the general equation of equiliblium,

OF (%,7) OF (2.9) 4,
e dz + 3 dy =0 (1)

where dx and dy denote the changes in the concentrations of 4 and B
respectively. If it is assumed, in accordance with the Mass law, that
the change in solubility is a function of the amounts of 4 and B
already present,

v B . _
?dx+7dy—o (2)

or adlnz+ Bdlny=o0
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where @ and 8 are proportionality factors. If these are constants, and
/g = 7, we get, after integiation and clearing of logarithms,

#"y = Const. (3)

“It is fouud, however, that in most cases the concentrations can
not be given by one curve, but involve two, so that for one set of con-
centrations we have the relation

iy = (
and for the other set Y 1} (4)

iy = G

The two sets of saturated solutions correspond with different conditions.
Thus, in the chloroform-water-alcohol series, the one set of solutions
is saturated in respect to chloroform and not in respect to water; the
other set is saturated in respect to water and not in respect to chloro-
form.”

In the present paper a further theoretical study of the equilibrium
of such a system of three components is given. If the triangular co-
ordinates be taken to express the three components system as usual,
the compositions of two sets of the saturated solutions will be repre-
sented by the curve 2446 in the figure and a# is the saturated solu-
tions of 4 with respect to B and £¢& that of B with respect to 4. Ac-
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cording to Bancroft’s consideration, if we take a definite amount of .S,
the above mentioned relation (4) must hold; but these relations can
not be directly used in reference to the triangular co-ordinates here
choosen, but must be transformed as follows :

% = Gx+y+ayntt
(5)
(]
;’2?-,1 = Cfx+y+ gyt

where x+y+42 = 1. These equations correspond to the curves @£ and
k5. They do not, however, express the condition of equilibrium be-
tween two liquid-phases which might co-exist. It is evident that this
condition is most important to determine the equilibrium of the system.
If we take such a mixture as is representéd by P in the figure, it will
be separated in equilibrium into two liquid phases of the compositions
represented by Q and R; and these two points evidently must be on
the curves of equations (5).

Let the total number of mols in 2 be &, and 4, B and .S be in
ratios of #, y,and 2, 'Again let the total number of mols in the solu-
tions @ and Z be #, and #, respectively, and the ratios of the three
components in them respectively be x,,9,, 5. and %, 7, 5. Then we
get the following relations

Mg Xt 70y, Xy 2 Ry Vot 1 Vs L 70y BaF 70 By = Ko Vol &y,

or N X ~t+72 Xy — ”ujla'*'”b.yb: ”aza'*-”bzb — ”a+nb= N, (6)
Xy Yo By I

g Xyt 1y %y = (10 + 1) %o
Then Mo Yot Py = (et ”b) Jo (7)
”aya‘*' 7y 8y = (%a'l‘ 720) %y

or g Xt 70 Xy
Xy = ————
R+ 72
—_ ”a]’a"‘ nbj’b
Jo = —EZe b0 (8)
#ot 1y
—_— 2] za'l‘”bgb
Zo — e m———
ng+

And the equation of the straight line passing through the two
ponits (,, ¥4, 25) and (4, 7, &) is



272 Shinfkichi Horiba.

x 9y 2 |=o.
%o Va % ©)
Yo Vo &

If we put the values of %, 7, and 2 in eq. (8) for #, y and 2z of
the above equation, we have

g Xat 102y, VotV HeBut+uyay, | = 0.
Fq Ya Za
Xy Yo %

This equation holds evidently, therefore the point (wy, 9, %) is on the

straight line passing through the two points (%, ¥, 2,) and (s, s, &)-
Now let the thermodynamical potential of the solution Q be @,

and that of R be &,, then the total potential of the whole system is

(p = @a-l‘ ¢b'

When these two saturated solutions are in equilibrium, the change of
the potential for the change d#, and dx, must be zero, viz.
4P+ @) = o. (10)
Taking this equation together with eq. (7) and solving this differential
equation, we have
Xy = Ju (%;J’o» 2) = Jp (xo: Jos xo)
Jo = Pa ('1"0;}/0: zo) Yy = ¢ (%:J’o, 30) ([ T)

8s = Ya (xo; Yos 30) & =" (xO: Jos 30)

Eliminating %, 7, 25, we get

La (%;J’a, Za) = O} (12)

G (%0, I 31)) =0

These equations must correspond to Bancroft’s formula

2y C
=0y

zll—l- ) 4

x?&zjl C
ant1r T 72
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To determine the functional form of eq. (12), we must have know-
ledge of the functional form of eq. (10). Planck® gives the formula for
the potential of any solution of solid or liquid state from the Nernst's
heat theorem, as

4
@ =j: TC;’JZT— R 1n ¢— % (13)
where C, is the heat capacity of the system, »; the number of mole-
cules, ¢ the concentration, 77/ the heat function represented by W
=U+pV. Then we get the molecular potential of each component,

00 (% 0w, dT w _
o =[ TR (t4)
. ow _ oW _
because if we put o wl’Tn; = 2y, ... then

acp _— awl an — awz

07, 07"’ om, 07 "

If these two liquid phases are in equilibiium, the molecular potentials
of each components in both phases must be respectively equal, viz.

g0 =99, P =9P, # =P

where ¢ is the molecular potential of 4 in the first phase and g@

is that of the second phase and so on. Representing eveiy quantity
in both phases similarly, we get from eq. (14)

T 0P AT WP @
J‘: Y AR a 7 R 1n &
— 7 0w 4T _ 'wﬁf)_ ()
_.f e 24 —Rlnc. (15)

In dilute solution @ is a function of 7 and p only and in the any
* 0w dT
w o 07 T
— remains constant; but in our case = is a function not only of p

iosthermal change under a constant pressure, the expression

and 7, but also of ¢. If the variation of concentration, however, be

very small, we may take @ to be independent of ¢ and write eq. (15)
as follows :

1 See Planck, Thermodynamik, 3 Aufl. § 291 and § 293.
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7 9w dT T 0w AT WP |, wd &P
_ _ —Rln_ _ .
L o7 ) o7 T 7 T TR =

Since £ = z,, P = zx,, it foilows

K,= Rln e
F7)
Ky
R Ko
or =22, i6
e 7 (16)

Eliminating #, by means of (7)

Ky Ky
R .t e T
ek——-—~“+b-¢’o=1’a(f+ “eR>-
7, . A

In an analogous way, concerning the components 4 and B we have

Ky &
7 #,+n ey T
e ® D0 bJ/0=J/a(I+ “eR),
7y 72,
s Ky
s g —a2
J 7Z“+””Zo=3a(1+ “eR'>-
, A

Consequently, by combining above relations with #+p,+4 =1, it
follows :

x(l _j/ll Zl.l
=1, I

Fon + Kp + Ky ( 7)

e ® e ® e &
Similarly we have
X I 3
+ + =1I.

Xy Xz K (174)

¢ B ¢ B R

Equations (17) and (17,) are the relations corresponding to eq.
(12); but it is a limiting case when the curves (5) or (12) may be
seen as straight lines; in relating K,, &K, Ky are functions of #, 7,
84, %y ¥y & and envelopes of the straight lines (17) and (17,) are the
real solutions.

The point of intersection of the curves @2 and Z5 or the critical
saturated point £ is a point where X, Kp, and K are all'equal to zero.

Moreover, to establish the relation between conjugate points 2 and
0, or the compositions of two liquid phases in equilibsium, the follow-
ing operation is appreciable.
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Put the values of %a, ¥4, 24 % 93 & in (11) to eq, (9) and eli-
minate two in =z, %, 2 for example y, and z, with the relation (7),
then we have a relation

(%, 9,8 %) = o. (18)

This is a relation having one parameter; and, differentiating with z,,
we get an envelope of straight line QR, viz,

0k

0x,

(19)

k(%9 8%)=0
o

This is repiesented in the figure by the curve Zmz. When we know
the functions (12) and (19), the problem of the equilibiium of the three
components system, where two liquid phases co-exist, is completely
solved for a definite temperature and pressure. The curve aké or eq.
(12) must be called an ‘““equilibrium curve " : and the envelope Zn# or
eq. (1g) a “conjugate curve.” To know the eqilibrium condition of
any mixtuie of these thiee components, draw a tangent to the enve-
lope from the point P representing the total mixture, then two inter-
secting points ¢ and R of the tangent with the curves of equilibrium
are the points of the equilibrium.

The author express his thanks to his colleague Mr. Sono, of the
Mathematical Institute, for his valuable advice.




