Determination of the Second Derivatives of the
Gravitational Potential on the Jaluit Atoll.

By
Motonori Matsuyama.

(Received Sept. 21, 1917.)

CONTENTS.

L. Introduction.

II. The Instrument.
(a) Principle of the Instrument.
(b) The Instrumental Constants.
(¢) Formulae for Calculation.
(d) Correction for the Error of Azimuth.

III. Observations on the Jaluit Atoll.

1V. Discussion of the Observed Data.
(a) Correction for the Tidal Effect.
(b) Reduction to a Uniform Set of Coordinate-axes.
(c¢) Correction for the Effect of the Neighbouring Terrain.
(d) Correction for the Ellipsoidal Form of the Geoid,
(e} The Final Values,
(f) Graphical Representation,

V. On the Depth of Coral Reef.

VI. Conclusion.

I. Introduction.

The Jaluit Atoll is situated at the southern end of the Ralick
Chain of the Marshal Islands. The coral reef of this atoll has a mean
width of about 450 meters and runs, like a long belt, along the sides
of an irregular rhombic lagoon of mean depth of 40 meters. The out-
side ocean is about 4000 meters deep at a distance of 10000 meters
from the atoll. The top of the reef is just at the level of low tide,
except that the middle part is heaped up by fragments of coral reef
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and coral sand. The height of the land thus formed is from 1 to 2
meters above high water. The land is generally 150 meters wide and
forms a chain of discontinuous islets.

Among the scientific problems connected with coral atolls, the
gravitational condition at such an isolated island of very simple con-
struction is one of the most interesting, especially when we consider
the state of mass distribution under the atoll. For the study of this
and allied problems, the late H. Kaneko and the author left Yokosuka
on the 2oth of January, 1915, for the Jaluit Atoll, arriving there on
the gth of February. Leaving the atoll on the 12th of March, they
returned to Yokosuka on the 17th of April. During their sajourn of
about one month they determined the values of the second derivatives
of the gravitational potential at various parts of the atoll by Eotvos’
gravity-variometer ; and the present paper gives the results of obser-
vations and studies on the gravitational condition and the depth of the
coral reef of this atoll.

On board the transports to and from Jaluit, Lieutenants Kawara
and Ogata kindly took precaution for the careful transportation of our
delicate instruments. In the Jaluit Atoll we were indebted to the
hospitality of Commander Tachikawa and his associates, to whom
hearty thanks are due for the unexpected measure of success attending
our efforts.

II. The Instrument.
(@). Principle of the Gravity-variometer.

The instrument used was the Eotvos’ gravity-variometer of dupli-
cate form. Its essential part is a kind of torsion balance with its two
weights at different heights. By means of telescope and scale the
rotation of the arm can be observed. Equating the rotationary moment
due to the gravitational field with the torsional moment of the torsion
wite AQ, we obtain the following equation® of equilibrium of the arm :

nt g L fﬂ_ﬂ) ' *U
(1) = 5 = K > ( o o sin 2a+K0;r0yCOS 2a
U . U
— /2
ikl owos n -+ mhl 370 cos 4,

where © is the torsional coefficient, # the scale reading, #, that in

1 R. v. E6tvis, Untersuchungen iiber Gravitation und Erdmagnetismus, Ann. d. Phys,
355, 59, 1896,
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torsionless state, D the scale distance, K the moment of inertia of the
moving part about the vertical axis through O, U the gravitational
potential and a the angle between the z-axis
and the arm. This equation contains five
unknown factors so that for a complete
solution we need to observe #z at five differ-
ent azimuths of the arm.

Fig. 1.
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For a second balance, with arm in
reverse direction to that of the first, we
have the following equation :—
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where a is the azimuth of the first balance.
Combining this equation with equation (1),
we see that with a gravity-variometer of

double system™ we need, for a complete
m l D solution, to observe the equilibrium posi-
tions of the arms at three different azimuths.

(6)  The Instrumental Constants.

The instrumental constants are contained in the above equations
in the combinations

a=zD£, b = 2D m}ll,

T T

a = 2D X o =20 m’},ﬂ,.

b
7/ T

Among the constants, the following numerical values were given by
Dr. Desider Pekar at the instrument-maker’s in Budapest.

1 R. v. Edtvds, Bestimmung der Gradienten der Schwerkraft und ihrer Niveauflichen
mit Hiilfe der Drehwage. Verh. 15 allg. Conf. d. Intn. Erdmessung, 337, 1906.



20 Motonore Matsuyama.

Instrument No. L No. II.
D 1252 1252 s.d.
K 24825 24767 c.g.s
- 29.848 29.737 gr.
y/3 68.44 68.44 cm.
/ 20.0 20.0 cm.
temp. coeff. +0.074 +0.075 s.d.

The abbreviation s.d. stands for a scale division which is equal to 0.5
millimeter.

Beside these, we must have the values of the torsional coefficient
7 which may be obtained by repeating the Cavendish’s method. Let
a lead sphere of mase M be brought to a distance p from the axis
of the hanging cylindrical mass, whose length is 4 and radius ». Then
the mutual attraction will be

i] ordrdlidi

/= GM—()F-[LL {(p*+ )+ 7~ 21/ p* +7* cos 0}

r 2n )—c

where ¢ is the height of the center of the sphere from the base of
the cylinder. Neglecting small quantities and considering the case
when the center of the sphere is at the same lcvel as the center of

3 (r

Mm I+8<p)

ST
4 \p

If z—mn, be the change of equilibrium-position of the arm due to this

the cylinder, we obtain
2
2

S=G

force, we have

()
@ c= M 2D 3¢

o n—mn { I </1>2}%.
1+—(—
4 \p
A lead sphere of 11.609kgr weight was repeatedly brought in
front of, and behind, the hanging mass. The center of the sphere was
always 10.50cm. from the axis of the cylindrical tube in which the

weight hung. After several trials, the complete determination of r was
effeccted from June 29 till July 11, after the return from the Jaluit

Atoll, and the observed data are given in Table 1.
Now in observations with this instrument, it was always noticed
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that the position of equilibrium gradually changed. In determination
of 7, special observations for this elastic aftereffect™ were made. The
instrument was set in a definite azimuth and, after the hanging system
was set free, hourly observations were made, the instrument being
turned by 360°, but not arrested after each observation. The results
are given in Pl L

In Table 1, T, is the atmospheric temperature, T and T’ the
temperature of the balances No. I and No. II, # and #' the scale-
readings corrected for the temperature and elastic after-effect.

Table 1. Determination of 7

Condition Time Ta T n n—mn, T/ n  n—ny

Series I for instrument I.  June 29-30, 1915.

3 h m o o o o o
set free 7 20 pJ 242! 241 (T=230) 241 (T=230)
stand only 8 20 240] 240 16§57 240 4469

sphere in front 9 20 240| 240 1862 204 240 4468 —o04
» behind | 10 20 239 | 339 1444 —21+4 24'0 4473 +otl
» infront{ 11 20 | 238 238 1859 +z201 239 4469 —o03
»  behind o 20 a.l 237| 237 1443 —21'§ z38 4473 +Hot
,» infront I 20 236 236 1861 4203 236 4472 00

»  behind 2 20 53'4| 234 1448 —210 234 4474 402

,  infront 3 20 232| 232 1862 4204 233 4472 00

,»  behind 4 30 232 232 1444 —21'4 232 4474 402

,, infront 5 30 231 | 231 1862 4204 231 4470 —02
stand only 6 35 230| 230 1659 230 447'4

Series II for instrument II.  July 1-2, 18135.

set free 7 op| 240] 245 (T=236) 246 (T=2-40)
stand only 9 45 | 233| 234 1669 235 4481
sphere in front 10 45 231 232 16609 +o02 232 4277 —202

»  behind I1 45 230| 231 1663 —o4 232 4685 42006
5  in front 0 - 452 230 22.9 1669 4oz 230 4273 —200

»  behind 1 45 | 228 2209 1662 —o0 229 4686 4207

» infront | & 2% 45 227 22:8 1668 401 229 4275 —204

»»  behind ~3 45§ /| 225 227 1662 —o°% 22:8 4687  +208

» infront |2 4 asK| 224 22:5 1667 00 226 4275 — 204
stand only 5 45 223 22:4 1664 225 4476

L R. v. Ebtvds, Bericht iiber Geodetische Arbeiten in Ungarn, besonders iiber Beo-
bachtungen mit der Drehwage. Verh. 16 allg, Conf. d. Intn. Erdmessung, 319, 1909.
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Condition Time Tq T 7 7 — 1 T/ n W —ny

Series III for instrument I.  July 7-8, 1915.

set free | 1:3‘ 1'(') p:| 225 226 (T=2f'o) } 226 (T=2I%)

stand only 11 Io 222 | 223 1660 223 4460

sphere in front o 10a | 220] 221 1865 +204 222 4459 —06
,s  behind I 1o 21:8 | 220 1454 — 207 220 4466 +o01
,, in front 2 10 217 2108 1868  +257 21,9 4464 —oOI
,»  behind 3 20 215 | 215 1451 —21-0 21-8 4469 —o04
, in front 4 15§ 214 | 214 1864 +203 216 4464 —oI
»»  behind 5 10 231 | 214 1451 —2I0 214 4472 +o07
»,, in front 6 213 214 1865 4204 214 446°5 00

stand only 7 o 21-4 | 214 1662 21'4 4469

Series IV for instrument II.  July 10-~11, 1915.

set free 7 op.| 249 250 (T=240) 250 (T=240)

stand only 10 o 24:2| 242 1667 242 4476

sphere in front 11 0 242 24.2 166-8 +03 242 4276 —198
»  behind o oa. | 241| 241 1660 —o5 240 467.8 204
,» in front I o 24-0| 240 1665 oo 24'0 4272 —202
,»  behind 2 o 24:0] 240 1661 —04 24'0 4682 4208
,,  in front 3 o 240| 240 1664 —o1 240 4275 —199
5  behind 4 o0 24-0| 240 1659 +06 240 4679  +205
»  In front 5 o 240 240 1663 402 240 4276 —19'8

stand only 6 o 24-0| 240 1662 24'0 4472

The mean deviations of the equilibrium-positions of the balances
produced by the lead sphere are as follows :—

n—n, { w —ny

Sphere * in front behind i" in front behind

Series I +20.32 —-21°33 | —018 +015
, 11 000 —0'50 L 1993 +20'57

s  IIT +20.45 —20°90 1 —0°20 ) +0-40
, IV +0.13 —0°47 g —20°40 +2070
Mean -+20°39 —21-12 ‘ —20'17 +20-64

|
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The center of the lead sphere was always 10.50cm. from the axis
of the cylindrical tube of the instrument. The actual distance of the
sphere from that of the hanging weight differed from this in two ways.
First, the center of the weight, free from the influence of the sphere,
might not coincide with the axis of the tube, and secondly, the weight
changed its position by the attraction of the lead sphere. If & be the
initial deviation, the actual distance of the sphere from the weight
will be
n—1,

— 00 .+ O
p=10501 0-"

A

the double sign being introduced for the cases when the sphere is in
front of, or behind, the hanging weight. In calculating v we may use
the mean distance and the mean deviation without making any appre-
ciable error, thus

n—1,

= 10:50— 2D

Using this distance and the mean deviations

i —ny = 20:76s.d.,
w'—n'y = 20415.d,

we obtain the following values of the torsional coefficient :—

T = 05139 c. g. 5.,

v/ = 05215 c. g.s.
From these values of the torsional coefficient and the values of the
other instrumental constants we obtain

a =1-2108%x 10°, & = 1.9920X 105,
@' = 1-1893 X 108, & =1.954% x 10°,

(¢) Formulae for Calculation.

We now proceed to derive the numerical formulae for calculation
of the second derivatives of the gravitational potential. The equations
of equilibrium have been given in (1) and (2). Since the increasing
direction of the scales in the instrument are in the negative direction
of the angular measurements in the xy-plane, we must write #,—#
and #,/—#' in the left-hand sides of these equations. Giving « the
values 0°, 120°, 240° successively, we obtain six linear equations, from
which we get '
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ny = (nl+n2+ng)

X
3

n = —; (nl' + 2+ ny )

where the suffices show the scale readings corresponding to the three
azimuths respectively. We obtain, also, the following formulae :—
(i) from the first and the second settings,

1
o oxr - V'3 w{[(”l —n)+2(n— ”o):l

U _ )
oxoy <a+al %) (”1—”0) +7(”1,_”0') y
6
©) o*U I

om0z 1/1? (b+b’ %/){[(”1—%0)4-2(”3—”0)]

P |

_aiz = — ; a

(ii) from the second and the third settings,

(a+ a b’)

+ % [(”’z— o) —(n's— ”/0)]} ’

E
f

Q
R
Y

(a + ;, %’) {[(”3— 7o) + (73— ”0)]
+ % [(”'2—”'0) + (n/s— ”'0)]} ’

©
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U _ 1
0xdz -|/ 3 (& +5' tz){[(”z ﬂo) (n3 no)]

- _:‘:7 [(n’zf ny) — (n's— n’o)—J} ,
R v (Rt
a

- % [(”’2‘ o) + (#'3— ”'0)]} ,

(iii) from the third and the first settings,

FPU_FU _ 2 I
oyt 04 V?(a+a

&’) {[z(ns—no) +(n —no)]

+—Z—, [2 (s—n'o)+(n'y— n’o)]} ,

o*U
oxdy = B I (”1 ”n)"’ . (0 — )
(a +a b’)

8)
( U _ 1 1

020z 4/ 3 (5+b’ %) {[é(”s—”O) +(”1'"”o)]

- % [2(n3’— n)+(n' — n'o):l} s

U _ 1 2
0y0z (b+5’ %) {(”1_”0)_—47 (' —no)p .

Substituting the numerical values of the constants, we finally ob-
tain the following numerical formulae :—

(i) from the first and the second settings
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)= w770l n—m)+2(m=n) |

+(1+ 0-0192)[(71’1— o)+ 2(n's— n’o):l} ,
=—4:126 {(nl— 74)

+ (1 +o0-0192)(7n'\—#'y) },

2
10° Fdx—(% = 1450 {[(nl— 7))+ 2 (nz——no)]

s O°U
1o 0x0z

— (14001 81)[(72’1—- 72,0) +2 (”’2— 72’0)—"} ,

=—2:510 {(711— 7o)

— (1400181 )7y —#y) }’

(ii) from the second and the third settings,

(7)

U U

+(1+ o-mgz)[(n'z— n'o) —(n's— ”'o)w } )
10° ;xg; = 4-126 {I:(ng—no),+ (ns— ﬂo)j

+(1+ 0-0192)[(72’2—72'0) + (”'s—”'O)- } )
10° 00:00; = 1450 {I:(”z— ) '(”3_”0)__

—(1+00 ,31)[(;;/.2— n'g)— (n's—u’o)j } )
10° (ngg = 2:510 {[(ﬂz—ﬂo)+(”s—”o): ,

~(1 +0-0181)[(h2’—n0’) +(n’3—n’o)—} )

R [—

(i) from the third and the first settings,

xo*’(

*U_0U
oy uxt

) =—4-770 {l:z(ns— 7,) + (n,——no)]
+(1+ 0-0192)[2(71’3— ny) +(n'y— n’o)]} ,
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(8 1 U

9 ——
1o o0xoy

=—4-126 {(nl— ;)
4- (1 +0-0192)(n'y — )
10° ;;g =—1°450 {[2(713— 7) + (1, — ’lo)—J
- (1 +o-0181)—Jz(n3’—7z’0)+ ﬂ'3~7l'o):|} )
o U

10 0s = —2:510 {(n,—no)

— (1 +0-0181 )7y —7,) }

(d) Corrections for the Ervor of Azimuth.

The azimuth is measured by means of the horizontal circle, whose
index is in rigid connection with the brass case in which the horizon-
tal arms hang. But the arms change their position, relative to the
side of the case, in different settings. The deviation goes sometimes
so far as 20 scale-divisions, which corresponds to an angle of 27'.
Hence we must add, if sufficiently large, some correctional terms aris-
ing from this small error of azimuth:

Differentiating equations (1) and (2) with respect to o®, we get

(9020 2
—6 jidi cosu—b c()j;()Uz sin a,
1(”’_:‘;.2/_”,) =a <()(j7q—i;i]‘f) cos 2a—2a };)% sin 2a
+6 d(idz cos a4 sin a.
For da and do’ we may use
da = _”_"2___0”_ ,
do’ = ﬁoz,;”’ .

Using the values of the correctional terms &(nz,—#) and d(n',—n'), due

1 R. v. Eotvos, Bestimmung der Gradienten der Schwerkraft vnd ihrer Niveaufliche

mit Hiilfe der Drehwage. Verh. 15 allg, Conf. der Intn. Erdmessung, 337, 1906
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to the errors of the azimuths, we can derive from equations (1) and

(2), the following corrections :—
4 (Z"L/_i({) [ 0*U 020) +a(02U )2
(dy" 0x*) D ( Y 0xdy
L Lo *UY? _ 165 dZU):I
2 (r)xdz 2 a4 \gyos
PU L[ 1,(PU_00NOU | 5, 00 (FY_0U)
4 \0y¥  04°)oxdy 4 odxoy\ 0y OF
1 60 U o*U 3 &' U °U

4 a oxdzdyos 2703/03 0x0z
| (o1 (PU_U) 0T, 5 af 0V 0T
0x 02 TI: 4 & (djﬂ 0xdz 2 & 0xdy dyoz
I é *U (*U _o*U\ _ 1, U ()20]
dxdz( 0y* 022 4 0ydz oxoy 1’
U =L[ I aa’(dU 02(/) U | 3 ad U &*U

dydz 2 & 0x0ydxoz

0y o0x*

1, U B, 80 (0U_AY)
4 0xdzoxdy 8 " dydz \ oy 0i°)1°

+

Substituting the numerical values of the instrumental constants,

we obtain
( 19°4 <a;$—%g ) = —o-ow§24 (dgjz OOZ) + 0-000097 ( daz[d]y)
+0-000154 (oijgg) — 0-000154 ((%U;) .
9) IO”A(;Z:—[()] = 4 0-000048 (d;f 0;3) ddzld/;/_ 0-000154 dig gjgg
10°4 [0] = —0-000001 (d;_}(/]’_ g{;ix/;) g%—l—o-ooo 07 o‘ZZ’ (;;jg]z
1045 gj + o000t (Uoz a;g ) oa;g 0000040 odgj od;g :

For (%—JZ—%%) &c., in the righthand members, the values not cor-
rected for the error of azimuth and expressed in 107° c.g.s. should be

used. These correctional terms should be added te the uncorrected

values.
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As we shall see later, the values of the second derivatives of the
gravitational potential are generally of the order of 100 in 107%cg.s.,
or less. Since the coefficients in the above formulae are very small,
the correctional terms are generally not very significant, though some-
times as great as Ix107°cg.s.

III. Observations on the Jaluit Atoll,

The observations began on February 10, 1915 and ended on March
9, during which time 18 observations at 12 different places were made.

The atoll is of a discontinuous chain of islets having a mean breath
of about 150 meters., Some of them are very long, for example Jaluit
(17km.) and Mejado (5 km.), but generally they are short. Except
in a few places, such as Jabor and Imroj there is no road for vehicles,
so that the instruments were always carried by a sailing boat.

To avoid the complicated influences of the surface irregularities,
it is advisable to locate observing stations at places as free as possible
from such irregularities. In this atoll, the surface of the land is gener-
ally very even, especially near the native cottages. Except in the
native villages, which are distributed here and there all over the atoll,
the land is covered with bushes and forests of cocoanut trees, or con-
structed of fragments of coral reef, so that it was not convenient for
making observations.

The atmospheric temperature and pressure were observed during
the sajourn by self-recording instruments and shew the mean daily vari-
ation given in Pl II. The former was nearly constant after sunset
during the night. Since the gravity-variometer is much affected by the
temperature, the above circumstance was very convenient for the ob-
servations They could be begun soon after sunset and repeated three
or even four times under the best conditions before morning.

The data observed with the gravity-variometer are given in Table
2. Under the heading “ Mag. N ” are given the readings of the azi-
muth-circle when the positive direction of the arm of the balance No.
I, i.e., the direction from the center of the arm to the end from which
the hanging weight was suspended, was directed to the magnetic north.
The magnetic declination in the Jaluit Atoll is +8° 2’. The columns
under 7, aad #/, give the observed scale-readings, while those under
n and # show the values reduced to 25-°0 C and corrected for the
elastic after-effect.
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Table 2. Observed data on the Jaluit Atoll.
Time ’ Setting Tq 1 T "y n T’ Wy w
(1) Jabor (a) Feb. 1o~11, 1915. Magn. NV=355° 57’
7h Iou;:;. set free | !
I0 10 180° 26-0° 26:1° [ 1503 1510 2633 4458 | 4472
1 1o 300 258 259 1639 | 1647 | 261 4330 | 4347
o Ioa 60 1 256 257 1729 1738 259 4439 4458
1 Io 180 256 256 1499 1509 257 4454 | 4475
2 Io 300 254 255 163'9 | 1649 256 | 4324 | 4348
3 10 6o 252 25°3 1730 | 1742 | 254 | 4436 | 4461
(2) Jabor (b) Feb. 11-12, 1915. Magn. NV=355° 57’
9 1o set free ; |
1o Io 180 | 260 261 150-8 150'9 262 4469 4471
11 1o | 300 ’ 258 259 163-9 164°3 26'0 4336 434°5
o 10a 60 | 257 | 257 | 31| 1738 | 258 | aa42 | 4457
(3) English Town Feb. 12-13, 1915. Magn. NV=274° 26/
7 10p. ' set free
9 40 100 257 259 144°2 144-8 260 4396 440 8
10 40 220 | 260 [ 258 1572 157-8 259 4347 4362
I 40 340 262 260 187-0 187-8 26°1 4521 4539
1 Ioa. 100 264 26-3 1432 1442 263 4389 4409
2 10 220 264 263 157-1 1581 264 4340 4361
4 5 340 262 26:3 1871 1882 26:3 450-8 | 4531
5 Io 100 261 26°1 1432 1444 262 4399 4422
6 55 220 262 262 157-8 159.0 | 262 4341 4365
(4) Lyllel (a) Feb. 13~14, 1915. Magn. V. = 315° 12
6 10p| setfree
o Io 100 26-2 263 1439 1447 263 4339 4356
11 20 220 260 26-0 156°1 1570 261 4467 4486
o 20 340 261 259 1810 1819 26r0 4467 .| 4488
r 30 100 257 257 1438 144-8 258 4330 | 4352
2 55 220 o5 | 256 | 1552 | 1564 | 257 | 4471 | 4494
3 58 340 256 254 18-08 1820 254 446°1 [ 4484
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Time Setting T T ‘ 7y ' ” T’ 7y %4

h m ° o o °

5 50a. 100 25°5 25°5 1431 | 1446 | 256 | 4324 | 4348
6 45 220 256 254 1551 1567 256 3468 4492

(5) Lyllel (b) Feb. 14-15, 1915. Magn. V.=315° 14’

Continued.

9 I0 180 267 26-8 166-1 167°3 270 4639 4663
10 4 300 265 265 171-8?| 1730 267 4392 442.7
11 5 60 265 265 151°1 1523 266 4308 4333

o I5a. 180 26°5 265 166-3 167°5 266 4639 | 4664

I Io 300 26-5 364 1602 161-4 264 4302 4328

2 10 60 264 26 4 152+ 1534 264 4299 432°5

3 10 180 264 56-4 1659 167-2 264 4641 4667

4 10 300 26-2 262 160°1 161°4 263 4306 | 4333

5 5§ 60 262 26-0 1526 151-9 26°1 4304 | 4331

6 5 180 260 260 166°1 1674 26-0 463-9 | 4667

7

10 300 25§ 260 1600 161-3 261 4300 4328

(6) Majurirok Feb. 15-16, 1915. Magn. /V.=330° 38'.

8 8p.| setfree
9 13 180 273 272 1717 1717 273 4505 4506
I0 20 300 270 271 1523 15277 27°1 456°1 4569
1 23 60 267 268 1662 1669 26:9 4269 4283
o 23a. 180 26'6 266 1712 1720 26-7 450°1 4517
2 8 300 26-8 267 I51-2 1522 267 4512 4582
3 16 60 T 267 267 1652 166.2 267 4258 4280
5 38 180 268 266 168-9 1700 26-7 4483 4506
6 33 300 26-8 266 1502 1514 267 454°3 4570

(7) Jaluij. Feb. 16-17. 1915. Magn. N.=22° 13’

7 7 set free

8 27 220 263 265 160°2 160°3 266 4589 | 4592

9 27 340 25'5 261 1547 | 1552 | 261 | 4482 | 4493
10 42 100 253 255 1712 1720 256 421°4 4231
11 57 220 251 251 159-8 160-8 252 457-8 4597

oIy 340 25°1 250 | 1538 | 1549 | 250 | 4478 | 4498
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Time Setting Ta T "y ”n T n n
h m o [}
2 Iza, 100 247 247 1711 1722 250 4201 4222
3 37 220 250 249 159'2 1602 250 358-0 4603
4 37 340 25°1 248 1530 | 1543 24'9 4476 | 4500
3 37 100 250 249 I511 1724 249 4195 4320
6 37 220 250 249 1792 | 1605 250 4580 460°5
(8) Jabor (c). Feb 17-18, 1915. Magn. N.=357° 39'.
8 op.| setfree
9 180 258 258 1510 is1-0 262 449-2 4493
10 300 258 25-8 1650 165-4 26-0 4370 | 4379
14 60 257 257 1740 | 1746 25-8 4469 | 4483
o oa 180 25°5 254 1499 150-8 253 4487 | 4505
58 3co 253 252 1643 1653 25'3 4360 | 4380
1 55 60 3573 253 1739 | 1749 | 253 | 4462 | 4483
(9) Jabor (d). Feb. 18-19, 1915. Magn. NV.=357° 39’
9 4ops set free
10 40 180 260 260 1504 1503 262 4448 4487
11 35 300 258 25'8 1646 1650 25-8 4366 437°5
o 30a. 60 258 258 1739 1745 258 4462 4475
(10) Imroj Feb. 19-20, 1915. Magn. N.=14° 3’
6 6p.| setfree
9 36 180 27-3 273 1652 165-8 27°4 4605 4619
10 36 300 272 272 | 1637 | 1644 | 272 | 4299 | 4316
1t 36 60 270 270 1509 151-8 271 4370 4388
o 36a 180 270 27:0 | . 1652 1662 271 4603 462°3
Y 300 262 276 1639 1650 26-8 4306 4328
2 45 60 262 264 1503 1514 265 4368 439°1
3 56 180 260 | 260 165°0 1662 261 4601 4624
4 56 300 262 262 1631 164°5 26-3 4288 4312
5 56 60 26-0 261 1510 1524 262 4371 439'5
7 1 180 270 265 1648 166-3 265 4603 4627
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Time 1 Setting ' Te : T 1 7y n T/ Wy »

(11) Lebjer Feb. 23~24, 1915. Magn. N.=311° 11’.

; nIl p.| set free

8 31 220 260'1 26°~0 166'0 166-2 25°~9 4273 427-8

9 3t 340 258 258 | 1693 | 1699 | 257 | 4549 | 4561
10 31 100 259 25-8 1480 | 1487 259 | 4464 | 4479

o ia 220 257 257 165-5 1664 257 4251 4269

I 340 256 256 169°1 1701 257 4543 | 4563

2 1 100 258 255 147;8 1489 257 4561 4483

3 1 220 258 257 1651 1662 25-8 424°3 4265

4 I 340 256 256 169-0 170°2 25-7 454'1 4562

5 I 100 257 254 477 1490 256 4460 443'.3

6 21 220 256 256 1650 166-3 256 4247 4271

7 21 340 252 254 | 16900 | 1703 255 | 4539 | 4564

(12) Namolar Feb. 2425, 1915 Magn. N=322° 14/

6 31 p| set free ”

9 31 220 258 261 165-8 166-0 26-1 4300 4314
10 3% 340 263 26-2 147-0 147-8 26-2 4590 4606
Ir 31 100 264 264 I71-2 1721 26-4 4395 4413
o 3la 220 263 262 165-9 166-8 262 4300 4320
1 31 340 265 262 1470 1480 262 4588 4609

2 31 100 266 26-5 1715 172:6 26'5 4396 4418

3 41 220 26-8 266 1657 166-8 266 429'3 4316
5 I 340 26-8 268 147°0 1481 26-8 4580 4603
6 1 100 26-8 268 171-9 1731 26-9 4398 442°2

(13) Mejado Feb. 25-26, 1915 Magn. N=359° 27’

7 15p.] set free i
8 40 220 27:6 276 1611 161-2 27'8 446°1 4465
9 42 340 272 272 178:9 1794 27°3 4420 | 4431
10 45 100 26-8 269 1475 148-2 270 4473 4487
11 45 220 266 267 160°3 161-2 268 4450 4467
0 45 a. 340 266 266 1788 179-7 266 4410 4430

I 45 100 26°1 262 1470 1480 262 4470 449'1

2 45 220 26-0 260 1601 161-1 26°1 4448 4477
3 45 340 261 26-0 178:3 | 1794 | 261 4409 | 4432
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Time Setting T, T 72y 'n 1 'y w
4h 4cr>na. ) 100° .25°~8 2§-9 1470 1481 26'1 4467 4490
5 30 220 259 258 1599 1611 259 4443 4467
6 25 340 253 258 1783 | 1795 259 | 4409 | 4433
7 30 100 24'9 253 1469 | 1476 | 253 | 446'3 | 4488
(14) Bokalokouj (a) Feb. 27-28, 1915 Magn. N =306° 20’
3p.| set free
3 220 26-8 267 x;o~z 1406 267 4392 440'1
9 3 340 267 26-8 1681 1687 | ‘268 4441 4455
10 3 100 269 2609 | 190092 1917 | 269 | 444'9 | 4465
o 23a. 220 267 267 1402 I41°1 267 4387 | 4408
. I 53 340 265 265 185-2?| 1692 265 4439 446°1
2 48 100 266 267 169:9?| 1710 267 444°1 4464
4 29 220 26-7 26-8 1402 141-3 269 4387 4410
5 23 340 26-9 269 1679 | 1691 26:9 4435 | 4459
7 18 100 273 271 1782 179°4 271 4443 4466
(15) Bokalokouj (b) Feb. 28-March 1, 1915 Magn. N=306° 20’
6 53p.| set free
10 3 340 272 270 1681 168-8 272 4444 4457
I 3 100 270 270 1782 1790 271 4450 4466
o 5a 220 270 270 1402 141°1 270 439-0 441-8
1 3 340 27-0 270 167.8 1687 270 4440 4459
2 3 100 27°0 270 1781 179'1 270 4443 4464
3 3 220 26-8 270 1402 141-3 27°0 4388 4409
4 18 340 270 26-9 167-7 168-8 269 4440 4463
5 13 100 269 269 17779 | 1791 270 | 4441 | 4463
6 13 220 269 26-9 1400 141-2 269 4387 441°1
7 18 340 272 270 1677 | 1689 270 4435 | 4459
(16) Jabor (¢) March 4-5, 1915 Magn. N=356° 17’
7 5o0p.| set free
55 180 267 276 152-0 151-8 276 4474 4485
9 45 300 265 272 1649 | 1652 | 272 | 4350 | 4358
10 40 60 266 1735 1740 266 4457 4481

264
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Time * Setting Tq T ! 7y Il 7 E T ‘ 7/, 74
I 1h 3omp. 180 2603 260-3 1507 I51°5 2(?-3 4473 4489
o z20a. 300 260 26-0 1646 1655 260 434'2 4359
I IO 60 260 260 1737 1747 260 4451 4480
2 o 180 26-0 260 1503 151°3 26'0 4470 | 4690
2 50 300 26-0 26-0 164°3 1654 260 4340 | 4366
3 40 60 26-0 26-0 1736 1747 260 4451 4474
(17) Namnum March 5-6, 1915 Magn. N=345° 38’
4 58p.] set free §
7 38 220 270 272 1579 1585 272 4488 4501
8 58 340 27-0 290 1663 1671 271 460°1 4616
9 58 100 269 269 1631 1640 270 | 4213 | 4230
10 58 220 266 267 1574 | 1584 | 268 | 4479 | 4499
11 58 340 26:4 264 166-2 1673 264 4600 462°1
o 38a. 100 262 263 16279 1640 263 4209 4221
1 58 220 262 262 157°1 158-2 262 4474 | 4497
2 58 340 262 26°1 1660 | 1672 261 4600 | 462-4
3 58 100 262 261 1630 164-2 26-2 4602 | 4226
4 58 220 262 262 1570 1582 262 4480 | 4503
5 53 340 262 262 662" | 1675 262 | 43593 ‘ 4617
6 358 100 26-7 264 162-8 1641 26-3 4197 1‘ 4221
(18) Imej March 8-9, 1915 Magn. N=18° 7/
15 p. | set free
9 50 220 257 257 1508 | 1514 | 259 | 4520 | 4532
0 55 340 258 | 258 | 1773 | 1780 | 259 | 4306 | 4321
I 55 100 252 254 1632 1642 257 4490 | 4507
o 35a. 220 25-6 250 150-8 151-8 251 451°5 453'5
I 35 340 252 251 1770 1781 252 430K 4323
2 5% 100 250 250 1631 164'3 250 4488 | a51v1
3 55 220 25°1 250 1498 151-0 251 4512 4535
4 55 340 252 250 1771 | 1784 | 250 | 4299 | 4323
5 55 100 252 250 1629 1643 250 4485 4509
i
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IV. Discussion of the Observed Data.
(@) Corrections for tne Tidal Effect.

As we have already seen, we need at least three observations of
equilibrium-positions in order to determine the second derivatives of
the gravitational potential. These observations take some three hours.
The surface-irregularities of the land in the neighbourhood of the sta-
tion are, of course, constant during this short interval, and their effect
may afterwards be reduced if the necessary data be had. But the effect
due to tidal disturbances is variable even during this short interval
and hence requires careful investigation.

The tide-generating potential may, as usual, be written in the form

GM

& {cos%p cos? cos 2¢+ sin 2¢ sin 20 cos ¢

3
4 &
+ (I -3 sinz(?)(lg — sin2¢)] .

By differentiations, we may easily derive the expressions for the second

V=

derivatives of this potential with respect to the coordinates of a point
on the earth’s surface. They will all have the form

3.6M

(trigonometrical sines and)
2 Ve .

cosines of the coordinates

The coefficient will have values of the order of 107 c.g.s. in the
case of the moon. Thus the direct effects of the tide generating poten-
tial are far less than the limitting accuracy of the instrument.

The Jaluit Atoll is a group of small islets in the open Pacific.
The surface of the sea-water around it, under the influence of the tidal
force, may be considered to take the form expressed by the equation

¢=4 (cos"’ﬁ —3—) ,
3

where @ is the arcual distance between the highest point and the point
under consideration. This effect may be considered in two ways. First,
the surface at a point will change its inclination, and secondly, it will
change its height above the mean sea-level. If ¢ be the inclination of
the real surface to the level-surface, we have

s = A sin 26 {I + A4 (c0520 ~ L)}—l
a 3

@
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In the Jaluit Atoll the amplitude of the spring tide is nearly 1 meter.
Assuming that this value holds in thc neighbouring ocean, the incli-
nation of the surface of the sea-water will not exceed 0’03 which
again we nced not to consider.

We will, therefore, proceed to consider the effect of the rise and
fall of the water-surface around the station. Take a system of cylin-
drical coordinates p, ¢, ¢ where a starts from the z-axis in the direc-
tion north to ecast and the f-axis is the normal through the origin,
. taken positive upward from the mean sea-level. Then, neglecting small
quantities, we can derive the expressions for the effects of a sector
bounded by radial lines of azimuths «, and «, and concentric circular
arcs of radii p, and p,, as follows :—

U U _ 1 . . 30.°+ 2K 3p i+ 2k
s Gal {sm 20,— sin za,}{(pz T ) ({Jf—+—k2)%}

U { Y 3pl2+ 24 3p 042/
Oxdy 4 GaC lcos 20,— COS$ 2a1J {(‘02‘+lz‘)2 (pf+ﬁ2)%}

oaxoUz Go %( f/){sm G- sne }{(pzf;)—

- o }
(o +A03)7
T A AN | (P o

el }
IRCEYGE

(10)

where /% is the height of the origin of the zyz-system above the sea-
level. From these expressions, it may easily be seen that when the
water-surface has circular symmetry around the station these effects
will all vanish.

For numerical culculations, the surface around each station has
been divided into systems of sectors by radial lines of azimuths differ-
ing by 30° successively, and concentric circles of radii 1 x2" meters
starting from z=o0. For sectors whose inner radii, as in the present
case, are greater than 16 meters, the above formulae are applicable.
Table 3 gives the numerical valse; of the dsffects of each sectors of

_— U o
height 1 cm. The two values of —— pperpe and 3505 for each sector are

the coefficients of ¢ and ¢ respectively. The effect of a sector will
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. | | | .
Radius ©o° 30° 60° 9o° 120° 150° 180°
in meters 180 210 240 270 300 330 360
l 1 l |
_ﬂ] i in 1015 c.0.8
ot owt .g.5.
16
32 —799 o +709 +709 o =709
64 —401 o . 4401 + 401 o — 401
128 —203 o | + 203 +203 o —203
256 — 101 2] 1, 4101 -+ 101 o —101
512 — 51 °o 1 45 + 51 o — 51
Yoz4 - 25 o + 25 1 + 25 o — 25
U .
——. in 19—15 c.g.s.
oxoy 9 €
16
32 +450 +899 +450 —-450 —899 —450
64 +232 +463 +232 —232 —463 —232
128 +117 +234 +117 —117 —234 -1y
256 + 59 + 117 + 59 — 59 — 117 —~ 59
§12 + 29 + 59 + 29 — 29 — 59 - 29
to24 + 15 + 29 +15 | -5 - 29 - 15
. .
ok in 10—15 and in 10-18 c.gs.
0x0z
16
32 +58 +£10z2|x 42 £75| k16 27| F16 F27 | F42 F75|F58 Floz
64 +16 & 30 12 22|+ 4 =+ 8|F 4 F I|FI12 F22/FI6 F 30
128 +4 £ 4/ 3 £3]£I =1 |FI F8 F3 F3F4F 4
= 1 *x 2 o x 1 o o o o o olF 1 F 2
256
o + 1 o [¢] o o o o o o oF I
512
o o o o o o o o o o [¢] o
1024
2
QE in 10—15 and in 10—18 c.g.s.
0y0z
16
32 FI16 F27|F42 F75| F58 F1o2 | F58 FIlo2 | F42 F75|7F 2
64 F 4 F 8|=F1z2 22| FI16 F 30| F16 F 30| F12 +22|F 4 F 8
128 =1 1|/ F3 F3| F4F 4|F4F 4|F3 F3F1 FI1
o o] o O|lF 1 =+ 2|FI1F 2 o o o o
256
o [ o o o+ I o o ) o o o
512
o o o o o o ) o o o 0 o
1024
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be obtained by multiplying these values by the height ¢ of the water-
surface in centimeters.

As it may be seen from the table, the coefficients of ¢* are very
small and we may omit them without making appreciable error. Since
our discussion refers to the change of height of water-surface common
to all sectors, we may, for each station, write

(5 52).= Cp5a)+ace
2 2
(11) (%?Z}' - %gj M
(W)gz 0x 08 +BL
(%g—jz-)= a‘;{g + B, .

where the suffix s in the left hand members denotes the values when
the height of the water-surface is £,. The coefficients 4 and B depend
on the distribution of the water-area around a station. Their values
for each station are given in Table 4 in 107 c.g.s.

Table 4. Coefficients of tidal effects.

Station Ay As By By
Jabor —0'Q00TI1 + 000081 000000 000000
Eng. Town + 105 - 5 - 1 — 4
Lyllel - 178 ! - 71 + 19 — 3
Majurirdk - 10 + 14 — 3 + 1
Jaluij ~ 55 ~ 10§ A -
Tmroj -~ 28 + 61 + o
Lebjer — 34 — 121 + 11 “+ 6
Namolar + 66 — 117 - 2 — 4
Mejado + 91 -+ 51 o + I
Bokalokouj — 24 - 49 + 4 — 28
Namnum + 59 + 75 + 7 — 8
Imej ) + 55 + 1713 + 15 - 18

Now substituting the relations (11) in the equations of equilibrium
(1) and (2) we get the following expressions for the torsionless posi-
tions instead of (5) :—
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I I I {
—_— . it 2 — WG~ E
3 (”1+7lz+”3)+<3 aA,+ 3 (55’,)&1 C_)
adi+ L ad,— L _ B+ L éB)( —C.),
( 41/3 F 236 S

"= % (n’, + 7+ n'g) + (% @' Ay — % b ,BZXC‘ - 52)

+(_41/ Atz a 1/_.4 ¥Bi—— &'32)(@—&) ;

or, substituting the numerical values of @ and &,

710=

-+

g = ;— (721 + 73+ 73) + (0:040 Ay + 0:065 By) (L1 — &)

(12/) +(—0017 A;+0:020 A,+0:058 B;—0:033 By)(&2— ),
12
o= % (s + 7'+ 73) + (0040 A;—0:066 Bo)(&1—Cs)

+(—o0-017 A+ 0-018 A+ 0056 B;—0-033 By) (L.~ Cs)

where A4 and B should be expressed in 10°c.g.s. Since 4 and B
are of the order of 107 or less and Z less than 100cm., we see that
the tidal change of sea-level does not affect the values of #, and #,’
in the order of 107% scale division.

Denote the values of the second derivatives calculated by the
formulae (10), (11) or (12) by the suffices p, g when they are obtained
from 7, and #, In order to obtain the normal values not affected by
the tidal influence, we must substitute the values given by (11) in the
equations of eqailibrium (1) and (2) and solve the resulting ones. In
this way we get the following relations : —

(i) from the first and the second settings,

(e )
*U < A,
(

02U d U

I

1/2—3— 2 (CL—C-:) ’

I

oxady dxdy 1,2
(13) FU
= z 2 —(2 ’
0x0z 03:02) B 1/ 3 5 (Cl C') ’

o*U
0y0z ( dydz )1,2 o

(ii) from the second and the third settings,
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()20 U U U I
0yt oA <0y d—x>> —?Al (57—{_53) ( )

FU ([ FU 1/ 7 ( ~
3027 _<dxdy> AL (*) A‘< +C)
FU [ *U

0xdz (()xdz) Bl (Co ) 1/77 ( gg),
(55T ae) e

0y0z 0903 )2,3‘ 2 B¢ 2 f)

(iii) from the third and the first settings,

(14)

(50 ) a2 afa)
(15) %:gg ) ( gfg’ )3'1_/%’
oo = (oo )3,1‘31 Gt — By (AP
Sz = (o =5

The tidal observations at Jaluit Atoll showed the amplitude of
the spring and the neap tides to be 98 and 6o cm. respectively and
the phase lag 4" 12™. The author prepared two tide-gauges of Prof.
Honda’s type'; and their records, though incomplete, were consistent
with the tides calculated from the above data and the positions of the
sun and the moon. On the other hand the observations with the
gravity-va{ribmeter were generally repeated two or three times at each
station, and the results showed that the tidal effects were not very
large. Hence we need not any accurate value of .

The calculated values of the second derivatives, co.rected for the
tidal effects according to the above method are given in Table s.
The resulting values show some disagreements for one and the same
station and they sometimes go so far as 17x107%c.g.s. Some part
of these disagreements may have been due to the unevenness of the
sea-bottom near the shore, but more probably to some' unknown dis-
turbance of the instrument. As to this disturbance the author desires
to make further investigation, here satisfying himself with the mean
values.

Lt K. Honda, Phil. Mag. 10, 1905. Zeitschr. f. Instr.-Kunde 26, 1906.
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Table 5. Values corrected for the tidal effect.
) 1
8 ¢in em i i Y 2T ey »U
= . 7, —_——— R -
3 0 0 oy oxt 0xQy 0x0z oz
(1) Jabor (a). A,=192°’

I —15 io—978 +30:8 +34 +424
2 +24 1632 4426 —96:9 +30'2 +33 +42-8
3 +57 1631 4427 —-960 +308 +36 +432
1 +176 163-2 44277 —97'2 +308 +33 +432
2 +76 1633 4428 —98:8 +321 +32 +433
3 +57

|Mean 16320 44270 —97'34 + 3094 +336 +42:98

(2) Jabor (b) A,=192°6

1 —50 L =997 +303 +27 +42:3
2 ~ 2 1630 442°4 f —99'7 +303 +28 +42:3
3 +72 '|

Mean 163-0 4424 | —997 +30°3 +275 +423

(3) English Town. A4,=193° 3¢’

1 —88 —2284 +88-9 —17-1 +396
2 —63 163.5 4436 —~229°3 +897 —17:4 +401
3 --23 163-3 4437 —2284 +904 —167 +41°3
1 +45 1634 4436 —2286 +904 —17:3 +41°3
2 +77 163°5 4434 —~2250 +91:7 —185 +409
3 +89 1635 4438 —2252 +91°4 —17°9 +44°5
I +51 1638 4439 —2190 -+91°4 — 177 +44°5
2 —28

[Mean 163'50 44367 —222:67 +90°56 —17'51 +4174

(4). Lyllel (a). A,=152°55’
I —95 — 1192 +104-8 — 361 +19'1
1 —69 1612 4443 —119'7 + 1053 —360 +187
3 —27 1612 4442 —1189 +1059 —367 +178
+32 161-0 444°5 — 1174 +1059 —386 +4-17-8

2 +89 161-1 4443 —117-6 + 1062 — 384 +17-3
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2 1
:S.". { in cm. "y 'y ()?U_ﬂ’] Lt evo 2U
3 a2 0= 0x0y 0x92 i 0y0z
3 +97 1610 4442 —116'4 +107°3 —383 +17'3
1 +57 161°1 444°1 —1161 +107'3 —379 +17°3
2 +15
FMcan 161-60 44427 —1I17°g0 | - Iob'10 —37-43 +17:90"
(5) Lyllel (6) A,=230° 48/
1 —-54
2 —96 164-2°? 447-4? i
3 —94 164:3? 44757 +41°2 - 1227 +144 +39:8
I —62 1604 444°2 4402 — 1227 +12:4 +39-8
2 —21 160-8 4439 “+40°0 —1224 4113 +41-8
3 +27 | 1607 4440 +421 —122'4 +11-3 +407
1 +71 1607 4442 +444 —122:4 + 120 + o7
2 +94 160-2 4444 +45'6 —1234 +132 +385
3 +95 160-2 4444 +44'9 —124°0 +137 +44°3
1 +74 1602 4442 +430 —124'0 + 142 +44'3
2 +30 -
{Mean) 16046 44419 +42-68 - 12300 +12:81 44114
(6) Majorirok A,=217° 24’
1 ‘—54 +690 . | —552 —~62-4 —63
2 -89 1638 4453 4722 l —57'9 -632 —50
3 - 96 163-9 4456 +712 | =589 638 —63
1 —-78 1637 4461 +77°9 —589 —66-2 ~63
2 — 4 1635 4460 +737 — 546 —66-0 —62
3 +49 162-8 4456 +76'5 —52-2 ~ 654 —51
i +94 1625 4452 +689 ~52-2 —64'2 —51
2 +77 . e
[Mean 163:37 44563 +72:91 - 5570 —~ 6446 —576
(7) Jaluij A4,=205° 49/
1 —11 I +456 —554 —~631 +44'7
2 —-35 1625 “ 4439 ‘ +47°5 —572 —632 +449
30 -79 1627 | a0 | 446z | —s8a | =634 | +aas
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80 |
;E Zin cm. g 2wy ﬂj— O;U i Al Ll
3 2 Ox2 0x0y 0xQz d0yoz
I - 92 162:6 4442 +3503 —584 —64-8 —44'5
2 - 69 162:6 4439 +51°1 —59°1 —660 —46'5
3 —21 162'4 444 1 +50-8 —59'3 —-659 —46'6
1 +21 162:2 4442 +49'1 —59'3 —67:4 - 466
2 +65 1623 4441 +499 —~6or —67'5 —467
3 +87 1624 4442 +49'6 —60-8 -67-7 —46'5
1 +97
Mean 16246 44408 + 4890 -—-5867 —6544 —4572
(8) Jabor (¢) A,=190° 23’
1 +15 . —962 +34'9 +29 +42'3
2 —28 1637 4452 —94-2 +332 +19 +438
3 —65 1636 4456 —-95.3 +289 +24 +44°7
L -85 1636 4456 ~952 +289 +1°5 +446
2 —84 1637 4456 —957 +32°6 +14 +44°9
3 —63
Mean 163:65 445°50 —095°32 +31.70 +202 + 4406
(9) Jabor (d) A,=190° 23’
1 —24 —941 +357 +10 +430
2 —55 1633 4446 —939 +360 +1°0 +431
3 -75 ‘
Vean| 163-3 444°6 ~940 | 43585 | +r10 +431
(10) Imroj A,=173° 59
I +43 . +238 —g60 +289 +32:6
2 +1I0 1607 4441 +263 —08-2 4-28-8 +328
3 —27 1608 4442 +280 —-97'5 4285 +32+4
1 —55 161°0 4446 +34'9 —97'5 +285 +324
2 —70 1609 4447 +33°1 —952 +291 +31°1
3 —67 160-9 4448 +303 —97°5 +299 +325
I —46 1607 444°2 +187 —97'5 +305 +325
2 -6 1610 4444 +184 —97-2 +298 +335
3 +31 1611 444°5 +171 —98.3 +301 +330
+58
Mean 160-89 444°44 +2562 —97-21 +29'34 +3233
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£l inem | L |2r_wrl 2v | eu | eU
8 ' ° 0 a2 a2 ‘\ oxdy 0xdz dy0z

(r1) Lebjer A,=276° 51’
I o + 1422 4488 +181 —527
2 +30 1616 4439 +1409 +50'1 +188 —550
3 +53 1617 4436 +142°4 +50°5 +184 —546
1 +62 1617 4437 + 71423 +51°5 +187 —546
2 +49 161-8 4438 +1400 +534 +190 —551
3| 42 161.7 4437 | +1407 | 540 | +102 | —s550
I - 8 161-8 4437 +1390 +54°0 +19'4 —550
2 —37 161-8 4437 +1400 +530 +19°0 —554
3 59 161-8 4439 +139'3 +52'3 +192 —540
1 —~63 161-9 4439 +141'3 +523 +189 —540
2 —49

Mean 161-76 44377 +140.81 +5309 +1887 —54'44

(12) Namolar A4,=265° 48
I + 1 -~ —23'3 +36'5 —636 | —a44
2| +34 1622 4444 —216 4350 —642 | —440
3 +59 162-2 4446 —21'4 l +32'9 —638 —438
1 +69 1623 4449 —z216 +329 —640 —438
2 +62 1625 4449 ~24'4 +376 —637 —44'3
3 +40 1625 4448 ~246 +37'4 —636 | —441
1 + 2 1625 4446 —~202 : +374 —628 —44'T
2 —42 162-7 4447 — 305 ‘ 4386 —~630 ! —438
3 —65 . . e . j

IMean 162:41 44467 | —2458 | 43604 | —6359 | —s401

(r3) Mejado A,=228° 35’
I —57 . +121°4 +55 +537 +54
2 —28 1629 446°1 12147 +52 +536 +56
3 +15 1629 446-2 +121°9 +5°5 +538 +59
I +50 1630 4461 41209 +5'5 +549 +59
2 +65 1629 4463 +122°3 +43 +546 +65
3 +76 163-0 4466 41202 +26 4549 +70
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g1 . | U eU|  eU PU »U
s {1In cm, N Wy —— - A Il
3 ! ov: 0x%  0xdy 0xdz 0yoz
1 +62 162-y 4467 1 +1223 +26 +537 +70 ‘
2 +31 | 162-9 4466 +1206 +4-0 4541 +63
3 — 4 | 16229 | 4463 +122-2 453 +537 +54
I - 36 | 162:9 4463 +1238 +53 +531 +54
2 — 64 162-7 4463 41201 +45 +54 3 451
3 —-79
[Mean 162:90 ’ 446-35 +121°58 +4'57 +5413 | +595
(14) Bokarokouj (a) A,=281° 42*
1 —84 ‘
2 —89 l 167-0? 444 0
3 —70 | 16727 444°3
—24 17307 4445
2 +178 166-1? 444°4 J
3 +92 166°2? 4445 :
1 +65 | 16057 444°4 —526 + 1054 —139 +462
2| 440 | 1633 444° ~5z5 | 41053 | —136 | +462
3 + 21 ;
|Mean 163-3 4443 —52:55 | 410535 —139 +46°2
(15) Bokalokouj (b) A,=41° 42’
I —go +2039 ¢ —280 +480 —12'1
2 —64 163-0 44477 +204°2 —284 +479 —119
3 —21 1629 4448 +2036 —29'0 4484 —1I'
1| 426 1630 4447 +204°7 —290 474 —1rt
2 +68 1630 444°4 + 2069 —299 +46-9 - 99
3 +92 1631 4445 -}-206-3 —31'1 +46 8 — 99
1 +90 1631 4445 -} 206°5 —31'1 +469 - 99
2 -+ 65 1630 4446 12061 — 307 +47'3 —10°5
3 +22 1631 444°4 +200:6 —30'3 +47°1 —109
I —22 .-
JMean 163-25 ‘ 44458 -+ 20542 —2976 +47 41 — 1081
(16) Jabor (¢) A,=191° 45’
1 +18 [ \ -- 1019 + o6 +57 ’ +41°1
z| -2z 1637 | 4441 | 1014 +302 | +54 +41'5
3 | —58 163-6 ! 4443 } —I0I'k +310 ! +59 ‘ + 424
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gl *U Ul U ®U rU
3| e o "o o 0w s Py e
1 —8o 1637 444°3 —101'x +31°0 +52 +42'4
2z —87 1639 4443 —102:2 +31°9 +4°5 +43'7
3 —175 1638 4443 —1or7 +32:2 +42 +43:2
I —58 163-8 4445 — 982 | 4322 +28 +43°2
2 —26 1638 444'3 — 97'5 +316 +26 +43'5
3 +10 .

Mean 163-76 44430 —100:64 | +431'34 +454 +4263

(17) Namnum A,=242° 24

1 +71 4-202-9 —2-5 —526 +25°1
2 +43 1632 4449 +202°7 —23 —526 +25°1
3 + 5 1632 4448 +203-7 —1q —526 +250
1 —34 1632 4450 +209-2 —14 —~53'8 + 250
2 —65 " 1632 4447 +209°6 —~19 —54°2 +258
3 -78 1632 4446 +211°4 —0'3 —546 425K
1 —'84 1631 4447 +-208-8 —03 — 545 +25°1
2 —49 163-2 4449 +208-2 —02 —544 +25'0
3 —13 1632 445°1 +205°9 —02 —535 +26'5
I +26 1633 4449 +206-8 —02 —531 +265
2 +58 1633 4447 +208:3 —03 —53'5 +272
3 +75 .

Mean 163-21 44483 +207-05 — [00 —53'58 + 2558

(18) Imej A,=209° 55’

I +60 — 262 42101 +476 4531 '
2 +56 164°5 4453 —243 +199 +47°5 +530
3 +38 164-7 4454 —24°4 +20°2 +474 +527
I + 11 1647 445'5 —236 +202 +47-8 +52'7
2 —19 1647 4456 —256 +21'5 +47°6 +531
3 ~43 164'5 4456 —240 +227 +481 +546
I —58 164:6 4456 ~236 +227 +481 +546
2 —58 1646 4456 —24'4 +22:5 +480 +54'5
3 ~34

Mean 164-61 44551 —24'51 +21°35 +47-76 +5354
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(6)  Reduction to a Uniform Set of Coordinate-axes.

The direction of the =z-axis was not the same for each station,
as is shown by the values of A4, in the table. As a new system of
coordinates, use the meriodinal, the prime vertical and the plumb-line
directions as the axes. The formulae of transformation are

d;;/; - 0;2{ = (0;5 —_ O;g) cos 24,4+ 2 (;);g/ sin 24,,
d%%— = —% (%J/UT* %) sin 2Az+—§;% cos 24,
—;Z_TU{ = ()();()0,; cos Ax—%);—oU; sin A4,,
0—(275% = g—;% sin A4, + (;)Ji([)]z cos A,. -

(¢)  Correction for the Effect of the Neighboring Terrain.

The resulting values are under the influence ot the terrain around
each station and also of the ellipticity of the geoid. The effect of the
former origin was corrected by means of the E6tvos’ method’, with
2=1-32m instead of 1-00m and ¢=2:0" instead of s=1-8. In this
method the field is divided into sectors by radial lines of azimuth differ-
ing by 43° successively and concentric circles of radii 5 m, 20m,
som, 100m and 1ooom. If ¢ and z be the inclinations of the earth’s
surface in the innermost circle in the meridional and prime vertical
directions and ¢ the heights at the intersections of the radial lines and
the circles, then the effects are given by the following numerical for-

mulae :—
10° <_0;y£2__ %%) = —053623 ({18 55— (idows m
—0-09104 (79— 75 + 75— {1)o=z0 m
—003534 ({1— L5+ &5~ L omsom
— 003308 ({1— {5+ 55— pmroom
— 000474 (£1— L5+ &s—Cr)pmtonm

1 R.v. Ebtvds, Restimmung der Gradienten der Schwerkraft und ihre Niveauflichen
mit Hiilfe der Drehwage. Verh. 15 Allg. Conf. d. Intn. Erdimessung, 337, 1906.
2 F. H. Helmert, Die Schwerkraft und die Massenverteilung der Erde. Encyk. d. math.

Wiss. VI 1B, 131, 1910.
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—
o'U

Gy = oS0 (Le=Ci+Le—~Lopmsm
+0:04552 (Lo~ &4+ s —Cs)omto m
+ 001768 (La— s+ Ls—Lo)o~so m
4001710 ({3~ s+ Co—Ls)omivo m
+0-00238 (Lo — s+ &5 — Cs)o—1000 m
=+8-538¢
+ {0-0421 ¢ (£ + &5) + 00068 ¢ (&3+&7)
+00246 € (L + &+ E+Cs)
+0-0178 % (§o— &4+ &—s) }osm
+ {0-14496 (£, — C5)+ 010250 ({,— Li— Lo+ o)} oms m
+ {0:01303 ({1— &) +0:00922 (¢ —Li—C+ &)} pmsom
+ {0:00120 (&, — &5) + 000086 (Z2— L4~ Es+ E)} pmeso m

10°

9 OQU
to 0x0z
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+ {0:00031 (£1—¢5) +0:00022 (o= L3~ Lo+ L) ot w
+ { — 0000017 (£ —5)— 0-000010 (Eo— 4 —Cs
+Zs)} o-towo m
+ {—0091041 (£ ~{5") — 0-001372 (£’ — L~ 78" +75)
— 0:001444 (8182 — &Za— Lsle+ CsZh)
— 0000598 (£ol3— {s8s—Lelr+{ils) b oms m
=+8538%
+ {00421 2(5+ £7) + 00068 4(Z1+ {5) + 00246 x(Ls+ Lo H L5+ L)
+0:0178 ¢ (Ci— &~ L+ L)} pms ma
+{0°14499 (Ls—&:) +0-10250 ({,— L~ st L) Yomsm
+ {0-01303 ({5~ £7) +0:00922(L s~ L6~ L5+ ) fomto m
+ {0°00120 (&3 —;) + 0-00086 (s —Es— s+ 22)} omsom
+ {0:0003 1 ({5— &)+ 000022 (&3 —C— s+ L2)omtoo m
+ {0:000017 (£5—{7) — 0:000010 ({s— &6~ L5+ {2) fpmioto m
+ {—0-001941 (£’ ) — 0:001372 (£~ L — &’ + )
—0:001444 (&sZa—Lelr—Cnls+ Eals)
—0:000598 (2,85 — &5Zs— el + E1la) ot

0:U
9
to yoz

*

As we have noted before, the land-surface of the Jaluit Atoll is
rather flat and not very high above the mean sea level. The correc-
tional terms due to such a land-form at each station were naturally
very small.

(@) Correction for the Ellipsoidal Form of the Geoid.

At a point on the surface of the geoid, we have

*U  FU (1 1)

of 08\
;U
oy T

where p; and p, are the principal radii of curvature in the meridional
and prime vertical sections. The equation of the geoid, center origin,

® ., 9, 2
RN 4 =
at a + & !

becomes, when transformed into our coordinate system,
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5 [cos sinzﬂ) 7 e <sin20 cos*t .. ( 11
£ ( po +—Tz +7{2+C = +—é2 + 2§¢sinf cosd e b”)

_ pcosf qsinﬂ)_ (psin,ﬂ gcosly
25( at 7 2 a + & )__O

where 6 is the inclination of the tangential plane at the origin to the
equatoreal, and p and ¢ the co-ordinates of the origin referred to the
initial coordinate axes. We have

_2 7%
tanﬁ————az—,
p=rcosg,
g =rsin g,
7 -7
1—¢cos’p ’

¢ being the geocentric latitude of the origin, From the above equa-
tion we obtain the principal radii of culvature as follows:

i 2 ()
p1=(p51;1 0+qc950)/(c0s0 + sin?0 ’

a s a’ &
sin 8 cos 8 sin®f = cos®d
lo2=.'(pa2 +qbz )/( P + 5 )

In our case ¢ = +6° so that

pL = 6323 km.,
02 = 6364 km,,
and from these values we get
2 A2
%%—%EUT = 10004 X 107%¢c. g. 5.

Again, the gravitational acceleration at a point on the geoid at
latitude ¢ is given by®

7o = 978-030 (I'4+0-005302 sin’¢— 0000007 sin®2¢)

cm.
‘sec?
Differentiating this with respect to ¢, we obtain

2;0' = 978:030 (0:005 302 sin 2¢ — 0-000014 sin 4¢).

Since

1 F, R. Helmert, die Schwerkraft und die Massenverteilung der Erde. Encyk. d. math.
Wiss. VI 1B, 95, 1910. :
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>

and also in the present case ¢ = +6°, we finally obtain

*U o
T +1-68x 107°¢c. g. s,
Also we have
U —0o
050¢

These corrections due to the ellipsoidal form of the geoid should
be subtracted from the observed values of the second derivatives of
the gravitational potential.

(e) The Final Values.
The resulting values after the application of the above corrections

“are given in Table 6.

Table 6. The Final Values.

Station 0,20— Lit4 il ru i
on? 08 080n 08 oot

Jabor (a) — 7311 +4878 + 405 —4271
» (D) — 76-22 +48-08 4 4'50 —41-92

»  (c) — 7668 +4648 + 673 —43:30

» () — 7252 +5013 + 510 —42:56

»  (€) — 7705 +48-66 + 154 —42'73

y» mean — 7512 +4843 + 438 —42:64
Eng. Town —12872 | +4132:33 42388 —36-31
Lyllel (a) —252:56 + 1445 +23'49 —3298
» (D) — 25591 +12+48 +23:31 —3508

,» mean — 25424 +1347 +2340 —34°03
Majurirok — 9850 —40°71 +46°14 +4376
Jaluij AR —55:37 +8579 —12:68
Imroj + 5574 —68:88 —3395 —29:30
Lebjer —171:95 —3487 —5349 —2524
Namolar 4+ 2478 —3372 — 2096 46664
Mejado — 16-16 —6078 —3304 —44'53
Bokalokouj (a) — 4560 —107°13 +4071" +22:98
i (b) — 4546 — 10546 +4093 +2347

» mean -~ 4553 — 10630 +4082 +2323
Namnum —129-88 -84'58 +4580 +35:63
Imej + 1426 +21-80 — 1635 — 7021
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(f) Graphical Representation.

- For graphical representation of the resulting values, we proceed
as follows. Let A, be the azimuth of the principal section &, of the
larger curvature of the equipotential surface at a point. Then

U U _~/ U dPUN (_ ;U \?
opd  0&F (0772 052) * 205()77)’

_ *U 0*’U ()2(])
tan 24, = —2 ——— 65077 /( =)

In obtaining A4, we must take the minimum angle of 24, when

U U ;U FU .

XA ——0?,— is positive and add = when is negative. In

Topf T e

other words, if A4, be the minimum value, the azimuth of § is 4, or

’U_ o

072 052
case the addition of 7 to A4, makes no difference.

The gradient of gravity at each station is obtained by

A/( *U ) ( U )2
()s 950¢ oot 7
U | U
opo¢ | oFog

T . . . . .
A0+—2— according as is positive or negative. In either

tan 4, =

For 4, we must take the minimum angle or add = to it according as

U

a§a¢

These curvature and gradient terms are shown in PLIII. and PL IV.

On the whole, the results agree with those which we may expect in
the present case.

V. On the Depth of Coral Reef.

Among the geodetic meanings, which the second derivatives of the
gravitational potential contain, suggestions concerning the distribution
of density under the ground is most interesting in the present case.
Coral atolls are naturally built upon foundations probably of volcanic
origin. The difference in density of the coral reef and the material of
the foundation gives a means whereby to estimate the depth of the
former. This is important whatever theory, subsision or solution, we
assume concerning the formation of the atolls.

For this we first calculate the values of the second derivatives of
the gravitational potential upon various assumptions as to the depth

is positive or negative.
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of the coral reef. The Jaluit Atoll has an irregular rhombic form
difficult of mathematical treatment. Hence a way for mechanical integ-
ration must be found.

Consider a system of cylindrical coordinates with ¢-axis in the
plumb-line direction. Then the gravitational potential at a point p, &, {
due to an elementary mass o7 dr dfl dz at another point 7, 8, z is given by

G ordrdl dz

4U = - .
Vv PP+t —2pr cos (a—0)+(&—2)*

Differentiate this expression with respect to the coordinates of the
former point and put p=0,&=0. Then we find the second derivatives
of the potential at the origin due to tne elementary mass as follows :—

"(%(4—%’1—) =—3G %ﬁ%drda s,
4 ;;g, = %Ga%drdﬁdz,
,?,f{z =- Ga%%‘-;drdwz,
A%_—-_Ga%drdﬁdz.

Integrating these expressions, we obtain the effects due to a sectoreal
column bounded by the limits # and », 0, and ¢, and 2, and 2. The
results are as follows :(—

2 2 .
%% - %—g = 0P (r, 5)(sin 20,— sin 20;),
U 1
—_— = ) — 0
0%07 ”P(”’ Z) P (cos 260,—cos 2 0,
2
(?xf)/,vg' = oQ(7, 2)(sin 0,—sin 0,),
2
P = ~a00, ) cost—cos ),
where
=1 7 alog— 2 __|™"
P(r,e) = — ) 2log — Cavrd
v V 7oy X
= ; 1 . .
o) G‘ ("2'*"‘2)%-}_ g r+ P+ 5,4
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It is to be noted that, in these expressions, » and 2 occur in ratio,
so that the calculation becomes very simple if we choose successive
values of » and z by

7 = z, finite,
Fm =",

n—1

.3n = Z1.

when the smallest limits of 7 and z are zero at the same time, the
values of P and Q become infinite. In Table 8, the values of these
functions for different valucs of » and z are given, The values of
the trigonometrical factors in the above expressions may also be easily
calculated from trigonometrical tables as shown in the annexed table.

As to the depth of the sea around the Jaluit Atoll the author
could obtain no exact data, except a small map' kindly shown by
Prof. Ogawa in the Geographical Institute, which was magnified and
used in the calculation.

Any finite values of the second derivatives of the gravitational
potential, corrected for various influences before described, must be due
to the difference in density of the coral reef and the material of the
foundation on the one hand and of the sea-water on the other. We
know nothing about the material of the foundation, though it is prob-
ably of submarine volcanic origin. The density of volcanic rocks varies
over a somewhat large range as follows® :—

syenite 2.54
granite : 2.68
trachyte 2.63
tonschiefer 2.81
basalt 2.99
mean 2.73

The composition of volcanic rocks, moreover, is not the same for dif-
ferent portion of the earth’s surface. Volcanoes in the Pacifiic Ocean
are generally composed of rocks of greater mean density,® such as 3.12
for the Hawaiian rocks. That the foundations of the atolls of the
Marshall Group, if volcanic, can not be of recent formation, must be
taken into account; and their density is not likely to reach 3.12. Thus

1 Andrees, Hand atlas.
2 M. P. Rudzki, Physik der Erde, 99, 1911.
3 J. P. Iddings, The Problem of Volcanism, 123, 1914.
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Table 7. Values of P(r, 2)

4 © o fom I 3 9 27 81
om
—49682 —21'180 —7°342 —3'552
+62-726 4+ 4.561 +0'404 --0-060
-1
- 2702 —20454 —28-960 —13-850 —4-880
+ 10:80%7 + 35298 +22.211 + 2539 +0477
3
— 0069 — 2679 —20'454 — 28:960 —13-850
+ 0716 -+ 10'555 + 35298 22211 + 2539
9 -
— 0001 - 0066 — 2679 —20°454 —28-g60
+ 0033 40683 +10°555 -+35°298 + 22211
27
o — 0001 — 0066 — 2679 —20°354
+ 0001 +0033 + 0683 +10°555 +25°298
81
o — o000l —0-066 - 2679
-+0-001 + 0033 +0683 -+10'555
243
o —o0-001 —0-006
-+ 0001 40033 +0683
— 729 — -
o — 0001
+0-001 +0-033
2187
[o]
6561 Hooor

Table 8. Values of the

o° 30° 60° 70
|
sin 20, —sin 20, +0-8660 o —08660
—;—(cos 26, — cos 28;) ~0-2500 —0°5000 —0°2500
sin §,—sin 6; 405000 -+0-3660 +0 1340
cos 0, —cos 8, F01340 F03660 F0'5000
180° 210° 240° 270°

the writer has assumed cases where the density of the foundation is
2.6, 2.8 and 3.0
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and Q(7, 2) in 107° c.g.s.

81 243 729 2187 6561 19683 59047
—o819 —0272 — 0090 —0'030 — 0010 — 0003
+ 0007 + 0001 o o o o
— 1634 —0'547 —0182 -—0'060 —0'020 —o0007
+0'053 +0°007 + 0001 o o o
—4-880 —1-634 —0'547 —0'182 —o0-060 —0'020
+0477 +0053 40007 + 0001 o o
—13850 — 4880 —16-34 — 0547 —0182 — 0060
+2539 40477 40053 -+0'007 + 0001 o
—28 960 —13:850 —4-880 —1-634 —0547 —0182
+-22:211 + 2539 +o477 40053 +-0007 40001
—20°454 —28-960 —13-850 —4:880 — 1634 —0547
+ 35298 +-22-211 + 2'539 +0477 +0053 +-0-007
— 2679 — 20454 —28-960 —13850 — 4880 ~1634
+10°555 +35-298 +22-211 + 2539 —0477 ~+o0-053
—0-066 — 2679 —20'454 —28-960 — 13850 — 4880
+0683 +10°555 + 35298 +22-211 + 2539 +0477
— 0001 --0'066 — 2679 —20'454 - 28-960 —13850
40033 4-0.683 + 10555 +35-298 + 22211 + 2'539

trigonometrical factors.

90° 120° 150° 180°
—0-8660 o +0-8660
402500 -}-0°5000 + 02500
F0-1340 Fo- 3660 F0°5000
F0-5000 F0-3660 F0'1340

270° 300° 330° 360°)

The coral reef is exceedingly porous. The density of the mate-
rial is 2-4 according to the author’s determination. The effective den-
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Table 9. (1). Calculated values of
Station Jabor Eng. Town| Lyllel Major Jaluij Imroj
Obs. values —7512 —128%2 | 25424 | —9850 —71°58 +5574
for & = 26
Depth in meters
— 6943 —16212 © —25359 | —11017 | — 7866 | -+8539
9 —6967 | —15897 | —247.89 | ~1¥0992 | - 9155 | -+79'55
27 — 7006 —155'19 --248-83 —111-13 | --101-07 +7581
81 1 —69-50 —146'57 | —24192 | —10885 | — 9996 | -+73I0
243 —68-24 — 13549 —229'35 —10232 | — 8800 | +6373
729 ~62-85 —129:49 —22566 | - 9273 | — 7616 | +52:86
2187 —5559 | --11979 | —19462) — 8099 | — 6981 | +3858
4000 —45°33 — 10772 —179°67 -~ 8391 — 6112 + 2952
for a; = 2-8
— 7669 — 17445 — 27002 — 116-01 —~ 8257 . 49782
9 — 76497 —170°38 | —263:06 { —11570 | — 9833 | -+9067
27 — 7738 — 16576 | —-264°21 | —107'19 | --10994 | 8609
81 —75°21 —15§22 | —25577 | —11351 | —10861 | +8280
243 —7309 —141°67 | —24040 | —~10642 | — 9398 | +71°35
729 —66'55 —134-33 | —21858 | — 9469 — 7950 +5806
2187 —57°66 —12246 | —19795 | — 8747 — 7174 4059
4000 —4533 —107°72 | —17967 | — 8391 | — 6I'12| +2952
for g, = 30
3 —83-01 —18678 | —28645{ -—-121-85| — 8648 | +11025
9 —84-27 —18179 —278-23 —121.48 | ~10513 | 10179
27 —84-70 —176:33 | —28545 | 12325 | —11883 | + 9639
81 —80-92 —16387 | —26062| —11351 | —11726| - 9250
243 —7796 —-147-85 | —25145 | —11089 | — 9996 | -+ 78:97
729 — 7025 —139'17 | —211850 | ~— 9665 — 8284 | -+ 6326
2187 —5973 —12513 | —202:55 | — 9395 | —~ 7367 + 42:60
4000 ] —4533 —107-72 | —19769 | — 8391 — 61’12 | + 2952
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2 2
w (2077
dy 0?

Lebjer Namolar \ Mejado ’ Bokal. [ Namnum Imej
—~171°95 +24.78 ] —16-16 ' —4553 —129-88 + 1426
for 6, = 26
—187:36 +2855 —2741 —47-81 — 19088 +25-99
— 18711 +27'80 —2678 ~47'77 —179°13 +2579
— 18545 +27:17 —24°99 —4917 —169-24 +21-51
—182:20 42528 —2305 —48-82 —15I-71 +15'34
— 17641 12346 —2042 —4758 —132:52 41251
—168-08 +21°77 —18-44 --44°70 —-11§17 +10°69
— 16277 +1976 ~16:71 —4175 — 9760 + 947
— 15405 + 1712 —1516 —37°26 — 8027 + 540
for o, = 2-8
— 19477 +-31-09 —30.13 -~ 5016 —21548 +3056
—194°45 +30°17 —29-36 — 5011 —201°11 43033
—192°41 -+29-40 —27-21 —51-82 —188-99 +2510

 — 18847 +27 09 —24-80 —51:39 — 16759 +27'55
—181°38 +24-87 —21-58 —49-87 —144°15 +14°09
—17279 +22:80 —19'17 —46°36 —122:93 +11:86
—164-71 +20°35 —17-05 —4275 —I0I'45 +10°37
~- 15405 + 1712 —1516 —~37-26 — 8027 4+ 540
for a; = 30
—202-18 + 3364 —32+85 —52'51 —24008 +35°19
- 21179 +3254 —3194 —52:45 —22309 +34:87
— 19941 +31:63 —2940 —5448 —20874 +28-69
—194'74 +28g0 —26'54 —5396 —18347 +1976
— 18634 +26-28 —2274 —52-16 —155-78 +-16:67
—174'90 +23-83 —~ 1990 —4802 — 13069 +1303
—166°65 +2094 —17:39 —4374 —10530 +ir-2y7
— I154°05 + 1712 —1516 —37:26 -~ 8o27 + 540
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Table 9. (2). Calculated values of

Station Jabor | Eng. Town| Lyllel Majur Jaluij Imroj

Obs. values +4843 | +13233 | +1347 — 4671 — 5537 — 6888

for o, = 2:6
Depth in meters

+37'75 +169°57 | +1386 —5834 —7177 —101°37

+42:61 +167.29 | +1373 —59'73 ~71-78 — 9616

27 +56'14 415792 | 412:72 —5598 —66-86 — 8858
81 +51°38 | 414576 41258 | —5537 | —5938 | — 7931
243 +42:94 +14004 +.f2'°9 —51-78 —5I-70 — 7613
729 +29.68 +13453 | +12:24 —4362 —41°51 — 6764
2187 + 19°61 412311 | +11°66 —31'57 — 3657 — 5220
4000 +13°05 +117°41 + 1022 —2494 — 2981 — 4327

for o, = 2-8

+43°25 +181-13 | 41467 —65-82 —81'10 — 11427

+49-01 +17839 | +1I451 —65-04 —8r12 —107-71

27 +65'73 +167°54 | -+1327 —~62:88 —75'10 — 98:64
81 +59-91 +152:18 | +1310 — 6213 —65'96 — 87:33
243 +49'59 | 414541 | +12:50 —5774 | —5679 — 8344
729 +33'39 +138:59 | 1271 ~47 77 —44°12 — 7084
2187 +2107 +124:37 | +11:98 —3304 | —3855 — 5418
4000 +1305 +117:41 | +1022 —2494 —29'81 — 4327

for a; = 3.0

+48°75 +192°59 | 41548 —7324 —90°43 —127°17

9 +5537 +18949 | +1529 —7035 —g046 —119-26
27 +7532 +17716 | +13-82 ~69:78 —83'34 —108-70
81 + 6844 415866 | +1362 —68-89 —¥72:54 — 9535
243 +56-24 +15078 | .+ 12:91 —6370 —61-83 -~ 9075
729 +37'10 +142:65 | +1318 ~51.92 —4673 — 7404
2187 +22'53 +12563 | +1i2:30 — 3451 —40°14 — 5616
4000 + 130§ + 11741 +10°22 —24'94 —29-81 — 4327
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Lebjer Namolar Mejado Bokal. Namnum Imej
—3487 —3372 — 6078 —106-30 —84'58 +21-80
for 6, = 2:6
—45°38 —47'43 —82:51 — 11432 —8830 +39'73
—43'92 —45-87 —74'92 —112'40 —8476 +32:51
—41°39 — 4477 —69-39 —11058 —84:40 +29+68
—3828 —38-46 — 6462 —109-08 —80'52 +22°09
—3608 —3277 —59-01 —10433 —79-70 +1834
—3307 —2851 —5048 — 10043 —4571 +16-24
—29-16 —24-88 —41°58 — 9605 —6773 +15-07
—2443 —2132 —4I'11 - 9I'I2 —5532 +1033
for o, = 2-8
—5003 —5324 —9r72 —11948 —9563 +46:27
—438-25 —51'33 —82:44 — 11713 ~91:30 +43°55
—4561 —4998 —7568 — 11491 —90:87 +3398
—41-35 —42°27 —6973 — 11176 —86'12 +2471
— 3867 —3531 —62:99 — 10727 —85°14 +20°12
—34'99 —3o11 —5702 —102:38 —79'75 +17°57
—30°21 —2567 — 4836 — 971§ —70°49 +16°12
—24'43 —21:32 —4r11 — 91°12 —5532 4 10°33
for o, = 3-0
— 5468 —59'0% —10093 — 12464 — 10296 +52-81
—~52'58 —5679 — 8996 —121-86 — 9784 +49'59
—4983 —55'19 — 8197 —119'24 — 9734 +38-28
—41'74 —46-08 — 7504 — 11444 — 9172 +27°33
—41-26 —37:85 — 66-97 —11021 — 9038 +21-90
—36:91 —-3171 — 6356 —104°43 — 819 +18-89
—3126 —26:46 — 5514 — 9825 — 7325 +17°17
—24'43 —21'32 — 4I'11 — 9I'12 — 5532 +10°33
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Table 9. (3). Calculated values of

Station Jobor Eng. Town| Lyllel Majur. Jaluj Imroj

Obs. values +4-38 +2388 +2340 +-46°14 +8579 ~339%

for o; = 2:6
Depth in meters

3 +10'19 + 2805 +25-60 +29-09 +4215 —2883

9 + 992 +27'85 +2509 +2914 +4382 --27'96
27 + 832 +27:34 +24'57 + 3101 +5013 —28.66
81 + 969 +2743 +23-67 43511 +5332 —31'15
243 ‘| + 877 | +2534 | +2240 | +34'99 | +4959 | —2934
729 + 7:36 + 2255 +20°90 +3341 +46-59 —2682
2187 + 565 + 20°00 +1859 + 2581 42871 —18-02
4000 + 333 +17:68 +15:47 +16:93 +16:35 —1234

for o; = 2-8

+1I71 + 3036 + 2785 +31-79 +47-89 i —31-28

9 +1139 +3011 |t 42723 -+ 31-86 +4993 | —3143
27 + 969 +2949 +26'59 +34°14 +57-65 —32'29
81 +1I'10 | +20.37 +25'49 +39'15 +61-54 — 3511
243 + 998 : +2704 | +2394 | +3901 +56:98 | —3312
728 + 825 | +2363 +22:11 +37-08 +5I-10 —3004
2187 + 616 ! + 2051 +19-28 +27:78 + 3146 —19-38
4000 + 333 \ +17:68 + 1547 +16-93 +16:35 —12:34

for g, = 30

i +1323 | 43267 | +3010 | 43449 | +5363 | —3473

9 |+ 12:86 +32:37 +28-37 +34°58 +5604 —34-90

27 | +1084 +3164 | +2861 +37-27 +65:17 —3592
81 ‘ +1273 +3031 +27°31 +43'19 +69-76 —39-07
243 R B (Y +2874 +2548 +42:83 +64:37 —36'90
729 S+ 914 +2471 +23:32 +4075 +55°61 —3326
2187 + 667 +21-02 ~+19-97 +29'75 +34°21 2074
4000 b+ 333 +17-68 +1547 +16:93 +16:35 —12:34
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Lebjer Namolar Mejado Bokal. Namnum Imej
—53'49 —20'96 - —3304 +4082 +45-80 —1635
for o; = 26
—6074 —24.19 —29°34 +46:35 -+34'90 —19'65
—61-35 —2367 —29°63 +46'82 +36-65 —19'54
—61°42 —23'55 ~29-82 +4704 +4r°11 —1948
—60-85 —22'1§ —3027 +46-03 +42-04 —16°90
—55'09 —18-95 —3937 +43:39 +39'14 —15:40
—50'63 —1534 ~2832 +39-46 +3313 —1328
—43'71 —1070 —21-83 +34-68 +2042 —1172
—3811 — 591 — 1644 +31°07 +23:38 — 909
for a; = 28
—65'79 —27'93 —32-21 +4075 +37°47 —22°00
—66-32 —2762 —~3257 +50'32 + 3561 —21-86
—69-60 ~2747 —32-80 +50°59 +45-05 —20'54
~ 6591 —~2599 —32:35 +4985 +46'19 — 1463
—58-87 — 2185 —3225 +47°13 +42:64 —16-80
—5341 —17°44 —3096 +41:33 +35:30 ~14:21
— 4495 —11-76 —2303 + 4548 +27:46 —12:31
—3811 —~ 501 —16°44 +31°07 +23-38 — 969
for ¢; = 30
—6083 —32+21 ~ 3508 +5315 +4004 —24°35
—71-69 —3I-57 — 3551 +5382 +22:57 —2418
—71°78 —3139 ~3578 +54°14 +4899 —22-60
—7097 —29-83 —36'43 +53-27 +5034 —2036
— 6265 —24°75 — 3513 +48 87 +46°14 —18-20
—56'19 —19'54 —3360 +43-20 +37°47 —1514
—46°19 — 1282 — 2423 43628 -+ 2950 — 1290
—3811 — 359I — 1644 +36-07 +2338 — 909




64 Motonor: Matsuyama.

Table 9. (4). Calculated values of
Station Jabor Eng. Town Lyllel Majur. Jaluij Imroj
Obs. values —42:64 —36°31 — 3403 +4376 —12:68 —29'30
for o; = 2:6
Depth in meter
3 —35'98 —22:61 —2330 + 3401 — 3604 —19:84
9 — 3642 —2190 —2392 +34°45 —3548 —19'63
27 — 3912 —22:06 —24'90 + 3691 —3352 — 1946
81 —3820 —2301 —2g-01 +37°14 — 3654 —1924
243 —36-88 —26:61 — 3151 43649 —35°61 ~1892
729 —3421 — 3150 — 3200 + 3471 —3334 —2I°55
2187 —25:30 — 4055 —3362 42643 — 1643 — 3026
4000 — 1416 —52-16 —39'59 +25-65 —12:41 — 3678
for o; = 2-8
—40-84 —27'16 —25-8I +35-87 —3822 —22:45
—41°38 —26'56 —26:33 +36°41 —3839 —2227
27 —4466 —26-69 — 2716 +39°41 —28-44 —22:13
81 —43'54 —27°49 — 3064 +3970 —3968 —21:04
243 —41°93 —3054 | —3275 +3890 | 3855 —21°67
729 —3644 | —3468 | —3317 | +3673 | —3577 —23-89
2187 —2778 —4234 | —3454 | +2883 —17'33 —21-26
4000 —14'16 —52'16 - 39'59 +2565 — 1241 —3678
for ¢; = 30
—45'70 —317 —28:32 -+3773 —40°40 — 2506
—46-33 —3r22 —2874 +3837 —41°30 —24:91
27 --50°20 —3I'32 —29:42 +41°91 —41:36 —24-80
81 —48-88 --31-97 — 3227 +42:26 —42-82 — 2464
243 —46'98 —3447 —3399 +41°31 —4149 —24'42
729 —3869 —47-86 —3434 +3875 —38-20 ~26-23
2187 — 3026 —44'13 - 3546 +31-23 —1823 —32:26
4500 —1416 —52'16 —30'59 +25°65 —12:41 —3678
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Lebjer Namolar Mejado Bokal. Namnum Imej
—2524 +66:64 —44'53 +2323 +3563 —7J021

for g, =26
—28-81 +71-86 —3845 + 2506 +28-85 —48-08
—29-80 +71°13 —4028 +25°31 +3310 —49'56
— 3003 +70'34 —4013 +2583 +36-05 —55-02
— 3006 +69-32 —4017 +25'25 +3373 —5709
— 2764 —~63-87 —37'93 +22-66 +33-06 —57:33
—2345 + 6017 —40'55 41878 +21-06 —54:62
—1967 +56:50 —4563 —1573 +22'57 ~ 5037
—1463 +5116 —4957 +1309 +18:61 ~-3331

for a; = 2-8
—31:06 +76:46 —40'16 +27-78 +31°13 —51-37
—3317 +7512 —4L71 +2803 +36-32 —5318
—3346 +74°61 4158 +2866 +3993 —5762
—3327 +7335 —41°62 +27°95 + 3709 —60'16
—30'53 +6892 ~-3972 +2479 +36:27 ~60'23
—25°41 +6218 —41-94 + 2005 +3174 —5714
—2079 + 5769 — 4623 +16:32 +2345 —5194
— 1463 +51'16 —49'57 +1309 +18-61 —3331

for o; = 3.0
—3511 +81-06 —41:87 +30°50 +3341 ~54:66
—3654 +79°11 —4314 +3075 —3954 ~ 5680
—36:89 +78-88 ~4303 +31°49 +43:81 —60o22
—3648 +77:38 —4307 + 3065 +4045 —6323
—3342 +7397 —41°51 + 2692 +3948 —6313
—27-37 +64'19 —~4333 +21-32 +2584 —59-66
— 2191 +58-88 —46-83 + 1691 +24'33 —5351
— 1463 +51-16 —4957 +1309 +18:61 —3331
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sity which causes the gravitational irregularities on the surface is but
the mean density when all the cavities are filled up with sea-water.
This mean density was determined to be 1-69.

With these data were calculated the values of the second deriva-
tives of the gravitational potential for various depths of the coral reef.
The resulting values are shown in Table 9.

Comparing these values with the observed, the probable residuals,
corresponding to each assumed depth of the coral reef, was calculated
for the curvaturé and the gradient terms, with the following results :—

TaBLE 10.
Depth = 2 . .
in meter or =26 28 30
for the curvature term
+8-90 +12:38 +1555
9 7°60 1094 14:36
27 603 931 12:41
81 386 6-37 855
243 2:64 354 527
729 400 345 359
2187 7°54 668 535
4000 1039 10°39 10°39
for the gradient term.
3 +360 +358 +3'50
9 350 340 340
27 32§ 2'90 310
81 2-98 271 2:go
243 296 2:58 256
729 3.19 2-85 2-83
2187 461 427 394
4000 623 623 623

The minimum residual for the curvature term occurs at the depth
of 243 m., if we take ¢,=2:6, and of 729 m., if ¢;=2-8 or 3-0. For
the gradient term, it is 243 m. for all assumed densities of the found-
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ation. Considering the mode of variation of the residual with depth,
we notice that, in the latter case, the probable depth will lie between
243 m, and 729 m. when we assume ¢,=2-8 or 30

In Pl. V the abscissae give the depth in logarithmic scale i.e.,
n = log z /log 3

and the ordinates give the residuals, The minimum residuals seem

to occur at the depths.

ar =26 g = 2'8 o = 30
7 b3 7 z ” z
Curvature term 50 24.3m 57 520m 63 1001?)
Gradient term 50 243 52 { 301 56 466
Mean n 50 545 595
(meann) 243 | 396 683

" It must be noticed that the mean residual is the least for the
curvature term, if we assume g;=2:6 and z=243 m, while in the case
of the gradient term when 6;=3-0 and z=466 m. These do not harmo-
nize, and we can not conclude which assumption is the more probable.

Boring! at the Funafuti Atoll reached the depth of 1114% feet or
about 337 meters.

the main material.

Throughout this depth, reef-building corals were
The lower third, however, was hard enough to
Thus the lower part of the rcef is very compact and has
greater density than the upper part. Our calculation was founded on
the assumption that the reef had a uniform density. The depth of
the coral reef calculated upon this assumption must give some value
smaller than the actual.

yield the core.

VI. Conclusion.

The interest of the writer in the subject of this study was speci-
ally aroused by the fact that the Jaluit Atoll is an isolated island of
simple construction in an open sea. The values of the second deriva-
tives of the gravitational potential at 12 stations on the atoll have
been determined by the Eotvos’ gravity-variometer although the value

of the gravitational acceleration in that island is not yet known.

1 The Atoll of Funafuti, published by R. S. London, 1904.
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Necessary corrections due to the elastic after-effect of the torsion-
wire, the deviation of the azimuth of the arm, the tidal effect, the
attraction of the surrounding terrain and the effect of oblateness of
the geoid, have been considered in full and applied to the observed
data. The resulting values have been given in numerical tables and
represented graphically. :

Generally speakiug, the gradients of the gravitational force on that
atoll are directed inwards, perpendicular to the line of the reef. The
curvature of the equipotential surface is larger in the direction perpen-
dicular to the line of the reef than in the direction parallel to it. The
stations are all situated near the inner shore of the atoll and the
value of the mean gradient at those stations is about 6ox 107°c. g.s.
The values of the differences of curvatures multiplied by the gravita-
tional acceleration varied from 60x 107 to 280x 107° c. g. 5., the mean
value being about 150x107%¢c. g.s.

These observed values have been compared with the values calcu-
lated for each station under several assumptions as to the formation of
the atoll. As the density of the coral reef, the value 1.69 has been taken,
being the mean value obtained for all specimens when the pores were
filled up with sea-water. The density of the foundation has been assumed
to be 26, 2:8 or 3-.0 The mean residuals, thus obtained, shew that
the effective depth of the coral reef should be from 243 to 1000
meters, according to the assumptions of the density of the foundation.

This estimation of the depth may be subject to several criticisms.
The author has taken 1-69 as the density of the coral reef throughout
its material ; though the boring at'the Funafuti Atoll suggests that it
is compressed and has greater density at the lower part. Hence the
depth obtained as above must be too small.

Again in the calculations, it has been assumed that the reef was
built up on a flat foundation. More probably it was built up on a
peak or peaks of a submarine volcano.

In order to consider these points more fully it would be necessary
to introduce more assumptions of density distribution in the coral reef
and of the form of the peaks; and for the present, we content our-
selves with having obtained certain estimations of the effective depth
of the coral.

In conclusion, the author owes hearty thanks to Prof. Dr. Shinjo,
by whose intercession he has started on his excursion and under whose
suggestion and care most of this paper has been completed.
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