On the Solutions of Partial Differential
Equations of the First Order at
the Singular Points. Il

BY

Toshizdé Matsumoto.

{Received June 30, 1919)

INTRODUCTION.

The homogeneous partial differential equation of the first order

stfl(x) ﬂf +52(x)—§£—+...+57,(x) (’?f =g,

0x, dx,

where §(%), §x(%),...,6.(x) being holomorphic about the point (o, o,...0)
and
E(x)y=Ax;+ ..., I=1, 2,...7,

the dotted part being terms of higher degrees, has #»—1 algebroidal
solutions in the vicibity of the point (o, o,...0), provided 4, Z,...4,
satisfy the following conditions:

1.° the relations

Ayt hopo+ o 420, A=Ay, i=1, 2,..n

are not satisfled by any positive integral values of gy, ps,...f,, pro-
vided g+ o+ ... +2, =2;

2° if we denote 2, 2,...4,, by the points on a plane, then
we can trace a convex polygon in which these 7 points lie but which
does not contain the origin; or we may say that this is a straight
line through the origin, on one side of which all the # points lie.

In the previous memoir' these are called Poincaré's conditions;

1 T. Matsumoto, Memoir of the College of Science, Kyoto Imp. Univ., Vol. I1, No.
5 (1917), On the solutions... .
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and the writer discussed the case where the coefficients §(x),54(2),...
&.(x) commence by general lincar homogeneous functions of 4,
...#,; and the case of a complete system. In both cases Poincaré’s
conditions had a determinative power for the existence of solutions,
i.e, for the existence of holomorphic solutions of the equa-
tions: Xf=Af, i=1, 2,...n. In the first part of the present memoir,
the author wishes to make, about this equation, some comments with
respect to Poincaré’s conditions and in the next part some considera-
tions of the equation Xf==1,f are extended over the partial homoge-
neous differential equations of a higher order in which we shall obtain
a glance at the relations existing between our problem and the
ordinary differential equations of Fuchs’ class.

L

I. When the system of numbers 2, 4,...4, satisfy the second
part of Poincaré’s conditions but not the first part i.e., if for positive
integral values of p,, p,,...0» a relation e.g., for i=n»:

PR N P + Pubn= 4, (1)

exist, we shall prove that #he ftotal number of suck relations is
Jinite. For when such relations as (1) would exist for infinitely many
times, then the total sum of integers: g;+p;+...4p, must increase
indefinitely. But since 4,, 4,...4, satisfy the second part of Poincaré’s
conditions, as usual the centre of masses

Dhtpdet ot Pk
Ditpt . P, (2)
cannot be the origin, ie., its absolute value must always be greater

than a positive number ¢. But when p,+p,+...+2, become sufficient-
ly great, the ratio

Dl Dk — A
ﬁ1+p2+ ...+ﬁn—l

approaches (2). Therefore from certain value of py+p,+...+2,, (1)
can not be satisfied.

2. To test whether such a relation as (1) exist between A’s, let
& be a straight line on one side of which the » points 4, ,,...4, lie.
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Multiply these numbers by ¢%, where  is a certain real quantity. Then
all the real parts of A%, Ax®,...2,% may be made positive; for the
multiplication by such a number is nothing but a rotation of amount
@, of the straight line g about the origin, and hence £ may be made
to coincide with the y-axis. Therefore assume the transformation has
already been done, then the real parts of 4, 4, ... 4, are all positive,
Moreover suppose that the real parts of

by Dy oo 2y (3)
are of an increasing order. Then if a relation hold :
- ]51121 +p222 +. ..ﬁil;'i' vae +pn)‘n=l’ll

then p;,..., must be zero, or else after our arrangements, the real
part of the sum of the terms of the left-hand side is greater than that
of 4, This is absurd.” Therefore it is only possible that

phitplet o piidia=A 4)

Therefore we may determine all possible relations such as (4).
3. Given the equation

of
()xl

X=(hxn+...)

+(22x2+...)l—+...+(/1,,x,,,+...) o =475 (5)
()xg axn

where the dotted parts stand for terms of higher degrees, suppose,

Ay, As,...2, being in the previous arrangement (3), that

Pht . pA =4 1</, (6)

where p,,...p; are positive integers whose total sum is not less than 2.
We make a further assumption that in (6) none of 4,,...4; can linearly
be expressed by the other, i.e., they fulfil the first part of Poincaré’s
conditions. This assumption is possible, for if 4; be not so, then we
have only to eliminate -it from (6). But as we have proved, since
the total number of such a relation as (6) is finite, the case may occur
where p,+...+2; is maximum. Under these conditions the equation
(5) has a holomorphic solution commencing with the term

y AR 2
XL ey
' ) y41 y23
=% %+, )

By the method of calculations of limits, often used in the previous
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Memoir, the wnigue existence of the solution f; can easily be proved.
It is our purpose to show that this solution is not helpful for solving
Xf=o.

Since 4y,...4; satisfy both parts of Poincaré’s conditions, the
equations

X=X f, h=1,...7, (8)
have holomorphic solutions of the form
H=xmt ., k=1,...1,

the dotted parts being terms of higher degrees. Now consider the
product

21 2i 41 P
FE 1 ..f,; =X ...,1.’, +...

Then clearly by (6),
XF=(ph+ ...+ pdi) F=AF.

On the other hand since the solution f; is unique, it must hold that

2i 2i
Si=F=f Q.E.D.

IL

1. Now consider the equation

(@2 +..) -2 4 oyt - g (g )OS
ox’ 0x0y 9y
9f 9 _
+(/zx+...)—o}—— +(/éy+...)W + (A+...) F=o, (1)

where @, &, ¢, 4, k£, 2 are constants not zero and the dotted parts
stand for terms of higher degreés written before. All the functions
being holomorphic about (o, 0), the origin (o, ¢) is a singular points
of this equation.

At the origin, we must have

A(S D=0, hence (f),=o.
Differentiating (1) by x resp. ¥ and putting x=y=0, we have
(% +x)(_ﬂi) =0, (/e+z)(_‘?f_) =o.
()x 0 oy 0

If neither £+4, nor £+ 4 be zero, we must take
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(7= (5=

027 0 (}y 0 )

Differentiating with respect to x twice, x and y, finally » twice, we
have, for (o, 0).

9
(20-+ ziz+/1)( 2
(z&+/z+/z-+z)(ﬁ)o —o,

(zc+2k+l)( f>0=o,

Therefore suppose e.g., 4 satisfy the equation
2a+4 24+ A=o, (2)

then the solution f of the equation (1) commences by %

2. Now differentiate the equation (1), p-times with respect to x
and g¢-times with respect to y, then for x=y=o0, the term with diff-
erential quotient of highest order is found to be

[a( )2+25pg+c\ )2+/zp+/éq+ A](ax”d q)

p+
=lap+20pg e+ i+ =0+ A1 (520,

the other being of lower order. If the coefficient
ap*+ 2bpg+cq*+ (- a)p+ (—b)g+ 2 : (3)
does not vanish for any positive integral values of p, ¢ such as

p+g=3, (4)

then we may calculate all the values of differential quotients at x=y
=g, step by step.

3. Now put
S=A3+0, (5)
A being a constant, the equation (1) may be written as follows :
0’y 0% . 0% ov v
— + 2bxy +¢y” +hx + £ + Az
ax’ ot dxdy 7 0y ox 4 dy 7
0% v 0% dv ov
= + + @z + +¢ -2 40+,
Cro—r5" o Y1 oxy Do 0y 4 oz @2 dy v+ y (6)
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where ¢y, ¢u, ¢n, ¥ commence at least by terms of the third degree,
¢1, ¢3 by the second degree, § by the first degree. Let M be the
maximum modulus of these functions, » the smallest radius of con-
vergent circles about (o, 0), then we have, as fonctions majorantes,

ol o M)

leals 2l — Xt
r

ey
[, I = f:iZEZ

I

M Fr

|6]

A

Hence consider the equation

2
s(x2 gsz + 22y o’V

+5° +x
Oxdy 4 a5 ox dy

(22
7 FV OV |, IV

T #tr \aE Ty T oy +I)
v
M(x—l;y)z M x+y
o . ov 4
+ O, — L
—5 (o ) 5 ®
V4 v

where ¢ is to be determined. Every term of each coefficient of the
right-hand side of (6) is, in absolute value, less than the correspond- .
ing term of (7). Now differentiating the equation (7) g-times with
respect to x and g¢-times with respect to y and put x=y=o0, we get,
from the left-hand side of (7), the differential quotient of highest order,
ortels

o

e(Pt2p9+g—1) (W
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Therefore if for p+¢ = 3,

lap*+ 26pq+cq*+ (k—a)p+ (£ —8)g+ A
(+gF—1

Z€>O, ‘ (8)

the series calculated from (7) serves for jfonction majorante of that
of {6). .
4. The fraction (8), for sufficiently great p+g¢, is nearly equal to

|ag® + 20pg + cq]

p+qr

There if 1° the sum (3), Ze., numerator of (8) do not vanish for p+

¢==3, and 2°, the points @, 4, ¢ marked on Gauss’ plane lie all on-

one side of a straight line through the origin, the inequality (8) may

be fulfilled. These are nothing but Paincaré’s conditions. '

Under these conditions we shall prove the existence of a power-

series commencing with terms of the third degree in » and » which
satisfy the equation (7). Put

©

rty=u,

then we see, in the equation (7), that I7is a function of # and it
may be written as follows:

e(zf sz—{»u dV—-V)
an’ du

_ M # 3 v
7 r-—u( i’

2
+I)+ M d (2 v

>+M “ V. (10)
vy r—u au y—u

This equation, after dividing by ¢, may be written in the following
form:

2
2+ . )Y puir.) Y

4 i
i .W—(I ‘o V=mut ..., (r1)

the dotted parts stand for the terms of higher degrees written before
and » is a constant.

To solve this equation (11), consider the equation without the
second member :

2
u‘z(r—i-...)% +u(1+ ...)%—(1+...)V=o. (12)

This equation belongs to the equations of the second order of Fuchs’
class. Its characteristic equation is



84 Toshizo Matsumoto.
o(N)=rir—1)+r~-1=0.
The roots of this equation at # =¢ are
V= I, Vo= I,
where 7,—7;= —2 which is not a positive integer. Therefore the
equation (12) has an integral
: n=u Uu), (13)
where U(x) is holomorphic and U(o)3=o. To find the integral of (11),
put
V= C V. =Cul(n),
where the function C is to be determined.

Putting
daCc
au

=2,

# is found to satisfy the equation

w(U(o)+.. )—f———}— 3Uo)+...)e=mu+...... .

Therefore z is of the form

772
g o u{l+ ..

4U(e)

Hence

C= fza’u = U( )242(1-{- Dy

V=power-series commencing by the term 2’

Thus our equation (7) has holomorphic solution commencing by (x+
), which is the required fonction majorante of the solution z (x, )
of the equation (6). Hence, #ke partial differential equation (1) :

(0P +...) 9?, +(2b2y + )02 () 0f
x0y
+ (kx4 .. ) , +(/a_y+ D) = " +(z+ D =o,

where the dotted parts mean terms of higher degrees than the foregomg
terms, under Poincard's conditions has a holomorphic sohition of the form

J=AL+...,
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provided the equation (2) be fulfilled -
2a+ 2+ A=o.

5. The result can easily be extended to the case where the first
part of Poincaré’s conditions is not satisfied, namely when

ap*+ 2bpg+ e+ (h— a)p+ (A— b)g+ A=o. (3"

Suppose this relation is the last one where p+¢ is a maximum in-

teger. Then
(o)
@x?’dyq 1/

is arbitrary. Hence put, instead of (5),
J=A4y"+v,
then in (6) the function y will commence with terms of (p+g+1) #
degree, the other remaining the same. Consequently the second mem-
ber of (11) will be of the form
mPTIT

Moreover € will commence with #"*%. Therefore the lowest power in
Vis p+g+1, hence v will commence by the power p+¢-1. Thus,
when a, b, ¢ lie on one side of a straight line through the ovigin, our
eqnation (1) has still a holomorphic solution in the vicinity of (o, o).

6. Our considerations may be extended easily for cases of equations
of higher order or for cases of equations depending upon variables
more than two, For the equation of higher order a little modification
is necessary. Let us consider the equation of the ##Z order with
two variables :

611 7. n
(an,0ﬂ+...)Tx{+((;‘)a,,_l,lx"“’yr...) o7 +...+(ao,,,y"+...)g{

04" oy
~ o - - i
by ot ) L (s a2+ )L
+ (Onao )()x"_l (CNlns, 12"y )dx”"()y
an——]
4 Gomy™+ ) W{:
F o :
+ (ot o) L g+ o)=L =0 ' (14)
. ay oy
where in general the term of lowest degree in the coefficient of
o/

is (’f) ™ »* multiplied by‘a constant.
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For this epuation, the equation corresponding to (11) is of the form:

—1
w(1+.. ) +u"’"‘(1 ) <V cu(r4.) S v
du™ du

—(1+...)V=mu, (15)

the dotted part being as usual terms of higher degrees. The charac-
teristic equation of (15) without the second member is

o(N=r(r—1)(r—2)...(r —n+1)+... +#(r—1)+r—1=0. (16)

This equation has a root »=1, and the other roots cannot be a positive
integer greater than unity. Therefore when »; runs the series of the
other roots, 77 cannot be a positive integer. Hence our Fucks’
equation, the equation (15) without the second member, has a holo-
morphic integral commencing with the term #, while the other in-
tegral cannot be holomorphic at z=o.

7. To prove the existence of a holomorphic solution of the equation
(15), consider in general the equation

rm—1 m—1i
e A L o 2
adut du

ar
F(V)E])o‘a’,—zv +21

.
Then

P P — gy T o0 420200

+ Ol ppon— 12 & ot (Pt A=t 0r) ZL

+ (ﬁﬁn —'ﬁ’ﬁﬂ> V=o.

In our case

d'n-'i

pi=u"""+..., i=0, 1,... n—1,

Pa=—T1+...,
P =m+...,
P =mhd + ...,

20! +ﬁp,+1—ﬁﬁ,—(mu +...) (=D~ 4 L) + (e + . (0
)= (b L) (L)
=mu Y (n+ 1~ z—/z)u"“+ 2.
Loo=mu N (w"t +..L),
PO st Ppu— P ns =l — Fu+...),
204 = p=mu b+ ...

Hence the equation
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S _ g,
du du (17)
will be, after dividing by w7,
n vy . arv
(" +...) o +((n+1=R)u"+..) o +.o
(e x—i—meir.) Y
du?
av
+ (—tu+..)=—+(+...)V=o0.
(=it o) Dt () )

The characteristic equation is, therefore, .
o(N=rir—1)(r—2)...0 =)+ (n+1-1)r{ir—1)(r—2)...r—n+1) + ...

+(n+1—i—y(r—1)(r—2)...(r—n+i+1)+...+(=Ar+i=o0.
But since

Mh—1)..(h—n+i)+n+1—i—2)h—1)..(h—n+i+ 1)

=h(l—1)...(i—n+i+1),
we have by successive calculation
e(By=hl—1)— 1+ h=0.

Thus % is a root of the characteristic equation ¢(»)=o0. Moreover if
this equation has an integral root, then it must be a divisor of %;
therefore when #;, runs the series of the other root, #,-# cannot be a

positive integer. Therefore the equation (18) has a holomorphic in-
tegral such as :

V=Ku"+...,
K being a constant. As we have said in the preceding paragraph,

this cannot be an integral of the equation (15) without the second
member. Hence from (17),

£V)=cp,
¢ being a constant. Therefore -1~ is an integral of the equation (15).
Thus our equation (15) has a holomorphic solution commencing with
#* which serves as the fonuction majorante of the equation (14). Thus
we may conclude as follows: Zhe egquation (14), has always a holo-
morphic solution in the vicinity of (o, 0) provided a, ,...a, , marked as
points of a Gauss' plane, lic on one side of a straight line through the

origin. It is of-course necessary that 4 satisfy such an equation as (3').




