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INTRODUCTION.

The problem of the partial differential equations is a never-ending
one among mathematicians from ages ago. After the researches of
Cauchy, Jacobi and Riemann®; during 1870, much remarkable progress
was made: Mayer® found the method of the solution of Jacobi’s
system in 1872. The demonstration of Kowalewski' appeared in 1875.
The first fundamental theorem of Lie's group was written in 1876.
Among the many works of Darboux®, the remarkable memoir on the
singular solutions of partial differential equations of the first order was
presented to the Academy of Paris in 1877. Poincaré, as we have
said in the preceding volume of these memoirs®, presented his thesis
concerning the solutions of partial differential equations of the first
order at the singular points in 1879. Cauchy established the exis-
tence theorem by the method of the calculations ~of limits. But in
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the remarkable memoir of Picard! in 1890, the method of successive
approximations was applied. This method, as well as that of Cauchy,
is used for the linear partial differential equations in the field of the
real variables. The problem has been developed to the researches of
Fredholm. On the other hand, the general problems of the partial
differential equations were almost completed by Goursat in his books ;
especially the theory of characteristics of Cauchy. But the analytical
problems of the solutions of the partial differential equations have
been developed but slowly. We cite the rescarches of Le Roux in
1892® and 1898® and of Delassus* in 1895 about the linear homogene-
ous partial differential equations of the higher orders by aid of Picard’s
method. In these memoirs the singular points (lines) of the equations
with two independent variables are determined and some singular
solutions of Euler’s equation are determined. In 1916 the thesis of
Stoilow was published which treats of the solutions of the same
equations, being given the initial functions with the singular points on
characteristics. In this research, Goursat’s® note in 1906 is applied.
But analytical researches into the solutions at the fixed singularities
have not appeared, with the one exception of Poincaré’s paper. While
after Marotte®, Darboux demonstrated that the equation

Gt b o)Lt et )Y o,
dx dxl 0:1:2

has solutions of the form

1 1

=_~({.4\——————lx1+.“) )1, Uy = (A2x2+“-) )2

U
T Azt Azt e

)
(under certain conditions of 4, 4). On the other hand, Darboux read
Poincaré’s thesis’, but he says nothing about this fact and I am not
certain who was the first discoverer.

The present paper contains discussions of more general equations
than those in the former two®; namely the equation
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where &§(%), §)(2),...5,(#) are holomorphic about and vanish at =
#=-—-=x,=0. For this purpose I use a simple birational trans-
formation plane to plane and the solutions are of a particular type of
Laurent’s expansions in a certain domain. After this, the method is
extended to the discussions of the complete system.

1. Let us consider the transformation :

=N
xn—lzyn—lyr; (1>
xﬂ = .ym

where 7 is a positive integer. By this transformation, for a system
of values (#1..., ¥p1, ¥.) there corresponds one and only one system of
values (%, «os ¥y, %) and for yy=--+ =y, 1=9,=0, H=-+ =2 =%, =O0.
A holomorphic function f(x) of the wvariables #,...x,4, %, becomes
also a holomorphic function of ¥y...¥4, ¥, Next, by P(Ry; ...; Ry)
we mean a domain consisting of circular domains with radii R,, and
centres at x;=o0, in the plane of %, (/=1, 2, ...n). Specially when R,
=...=R,=R, we express it by PJ(R). If F(x) be holomorphic in a
domain vcontaining P,(R), then we have an expansion in P(R),

X 21 In
f(:r)—}_laz,l...],nx1 e,

n

then we have

< 2 __ (2)

Fetn
Ri’l 2

P

where M is the maximum modulus of the function /(x) on the circles
of P(R). By the transformation (1), we have

Pi Pt prretpya)ts,
A=y poaga i Tr P

n-1 n

and suppose this expansion has a common factor 7, then writing

F (@) =97 ¢(»),

we have
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? Zrt Pyt Pt Y pn—m
SU(J’)=2 apr--?n—l[’nyll'“ynq 7, ! ’

where all the powers of y, are positive integers or zero. Since the
series f(x) is convergent in the domain B(R), if R>1, it is clear

1
that y7¢(p) is also convergent in the domain Z,(R ™*'), but it is not

1
a priori clear that ¢(y) is convergent in the domain Z,(R ™*'), though
it is clear for the case of one variable. By the inequality (2), we have

M 21 Int (D1t A pn1) - Pn -m
Le() | <2 el AR
(At D it ottni)ttn frt Pyt pnd)+pu
s e 2|2 | 2 ,
- ‘0""‘ RP1+...+Pn-l+ﬁn 0 Lo Lo

where p is positive yet undetermined. If we give to p such a value
that the first factors in % be less than unity, then we have

? -1 M P14 oo Dn)t n

1
M " Inrt J,
| ol | <2 )~.--.._w In
4 2 o o 14
M 1
AN
[—t— )l 1 — [~
2 P 2
Hence ¢( ) is convergent in the domain Z,(p). To determine p, if
R=1, we have only to take p=~A But when R>I, we must

S~
determine p such that

<

(m4-1)( P+ L) 20 P14 Du-ttn
£ =X ; (3)

for any g+ + poy+2,. But since

(m+ I)(p1+"'+pn—1)+pn _ P 1+ "+Pn-1
Dt A Pt P =t Pt

+ | <= m+1,

if we take p such that

1

{):R m+1 ,

the above inequality (3) is satisied Hence we have the lemma:
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Between two power-series f(x) and ¢(y), by our transformation (1)
let such a relation as

S (@)=9"¢(y)

be established. If f(x) be convergent in P(R), then ¢(y) is convergent
in P(p), where

1
p=R, or p=R ™"

according as R<<1 or R > TI.

2. Let us consider the inverse transformation of (1), namely

N=x2,"
Vat= TnaZn )
Yo =%y,
Since
. 021, %) = ymi-D
0egm) T

between (#1,...%1, %2 ) and (¥s... 1, ), there is one-one correspon-
dence provided p,=0. Now by P (R;...;R.1;R,,7), we mean a
domain consisting of #-1 circles with radii &;, ... K,4, with centres at
the origins in the planes of #, ..x,, respectively, and of two concentric
circles with radii R, and » (R >7) and centres at the origin of the
plane of x, When R=...=R,,=R,=R, we write it P(R; R, 7).
Now by the transformation (4), any holomorphic function ¢(y) in the
domain P(Ry; ... ; Ruy; Ry, #) will be transformed into a holomorphic
function f(#) in the domain P (R, #™;...; Ry1#™; R,,7). When R =
=R, =R,=R, the domain will become P,(R; R,7) and P(Rr";
R,7). But we do not say that these domains have one-one corres-
pondence by our transformation. Truly the domain F(R#™;R,7) is
contained in the domain transformed from F(R; R,7). An illustration
with two real variables is given in the following figures.
Representation of the transformation for m=1:

1=V V2 } or N=x17" }
=Yy V=%
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x, ¢ y'

Domain corresponding to P,. Py (R; R, 7)

The shaded part of the left figure is F(Rr; R, ») which corresponds
to the shaded part of the domain F(R; R, 7) in the right figure.

The transformation (1) forms a group of one parameter w2 Its
infinitesimal transformation is given by

logx,,-(xl (’;f +oee b Ty :f );

x1 Zn-1

hence the invarants of the group are given by

J

const., where i==;7==#» While the transformation (9) below forms a

E2
=const. and z,=

group of # parameters /..., and hence is a transitive group.

The infinitesimal transformations are

0 0 g i)
Zogx,,-(xl Tf~+ ~~+x,,_la—£:>, x,,——(;];t—, ...... , X -—f—

n
1 1 dxn—l

We remember that in each case the point #,=f¢ belongs to the
singular points of the transformations; but excepting the point, the
transformations are birational and of plane to plane.

Next we shall consider the relations between the partial deriva-
tives with respect to the transformation (1). Let f be a function of
the variables #...#,4, %, and hence of the variables 3, ... #,1, ¥a, then

we have
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F m I ‘
I toox

dy'n—l " 0xm—l ’ .
A K AR i PR
07, " Oz, " Ox,y) O

Multiplying the first #~1 equations by , ... ¥, respectively, and the
last by 7,, we have by aid of the transformation (1),

F .
=x s
% oy, ! ox,
Vi vd (5

n- = X ’
y ! d n-1 ' dxn—l

_yn Qf- =m(y1_a'f_+.+yw_1 a.f‘ +xn a.f .

ayn ayl dyn—l dxn

3. Now returning to our problem, consider as usual the partial
differential equation

XfEEl(x)%+---+E”_1(x) Y vt )Y =0, (6

0%,y 0x,

where §,(%), ..., §,a(%), §.(#) are regular with respect to a1, vv.¥py, %,
in the domain F,(R) and vanish at sm=--=2z,,=2,=0. But we do
not expect that they necessavily begin with terms of the first orders of
K1y oeeFnty X :

It may occur that among the power-series &(%), ..., §,(#), there
is at least one which contain such term or terms as @x™, a being a
constant. Let m be the smallest index, not zero, among them and be
contained in §(#). Applying the transformation (1), we have

En—l(x) = 72Pn—1( ]/),
§u) =3 P 9),
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where (), +evy Pusi(9), P(y) are power-series and #»/ a positive
integer and

Po)y=a=F+o.

By the lemma proved in § 1, these power-series are all convergent in
the domain F(p). Now by the relations (5) and (5/), we have

a 0
Xf=P() Lot Pua(5)L
N 0y
m 9 e )
+yﬂ’Pn(.7) f —mj’n,lpn(y)(yl ()f +"'+.yn—1 f)
W Iy s
m/= () -
{2 P D)Lt s P =i P D)L
9y, ; Wps
+7 P ) 0f ,
Wn

where, of course, at the point y,=+v=yp,4=y,=0,

P(9)—mpyp Py)=a==o.

Hence our equation (6), divided by the first coefficient, will be trans-
formed into the following

v _
oy " @

n

vr="Y
3

1

)
+7{¥) ;J{ + et (7))
2

where %5( %), ++., 7.(¥) are holomorphic in a certain domain contained

in B(p).

4. When no one of the series &(%), ..., &,4(#) contains such a
term as ax¥, we take another variable e.g. x; instead of %, and the
same process may be followed. But if all these cases fail, we consider
the transformation :

r=n-+ ZlJ’m

Xn1=Vn1 + ln—l Vs (8)

Xn=Yu

where /,, ...Z,, are constants, at least one of which is not zero. The °
inverse transformation is clearly
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and hence between (%, ...%,y,%,) and (J4, ..¥p1,¥,) there is one-one
correspondence in all extents of the variables. By this transformation
the equation (6) will become

xr={a@ =) |- Lt ot et L v L =0
\ uZ _ 0 0

In the first #—1 coefficients of this equation expressed in terms of

Pty eoPnas Vu, there must occur at least such a term as ay?. Con-

sequently we may proceed with the new equation just as before. In

any case, by the composition of the transformations (1) and (8),
namely, &y the transformation

x1=3’1)’7 + llym

Znt=Yn1Yp 1 Vns ©

Zn=Yns

the equation (6) will be transformed into the equation (7). Therefore
we assume, without loosing the generality, 4=...=/,_,=oa,
5. The equation (7) may be solved by the general method at

once. Let ¢(9),...,¢,a(y) be the z—1 first integrals, then any
arbitrary function

F(?l(]’)’ ey %‘»—I(J/»

is the general integral of the equation (7), the functions @i %), ...¢, ()
being regular about the point yy=:+ =y, =p,=0. Let P(R; R,7)
be the corresponding domain. By the transformation (4) the equation
(7) is transformed into (6), while the first integrals @i(¥), ..., @5()
will become fi(#), ..., foa(#) which are the n—1 first integrals of the
equation (6), and F(f(%), ..., fu_s(#)) is the required general integral
of the equation (6). By aid of § 2 the integrals fi(#), ...,/fu-1(#) are
holomorphic in the domain P, (R#™; R,#) and truly they are expanded
into the Laurent-series. Thus we have the theorem:
The partial differential equation
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XF=&(2) (;’ﬁ to b () ozf &%) dif: =0,
1 n—1t n

where §(x), ..., Ena(2), §(%) are vegular analytic about the point x=...=
X 1=X,=0, at which they vanisk simultaneously, has the general integral

F(A®), oo Saa()) 5

Fi(®), ooy foikx) are n—1 first integrals and have the form of the
Laurent-series in suck a domain as P (Rr™; R, 7).

6. It is not necessary to take the convergent circles of 7 #),...
7.(7) to have the same radii R, and consequently the wider domain
P(R#™; ...; R,_yv™; R,,¥) may be taken for the domain of the integrals
Ji#), .oiy fu—i(#). This domain has a particular property. Since

Ryir™, (i=1, , n—1)

vanish at »=o, though we make the variable #, an infinitesimal of
the first order, yet the integrals fi(#),...,/n(%) remain finite and
determinate, provided the orders of the infinitesimals of the other
variables i, ...4,—; be not lower than ». We may extend the domain
further by Goursat’s theorem'. The first integrals ¢i( ), ..., ¥u_i(P)
are power-series. But if we use his theorem, they are holomorphic
in a somewhat wider domain. Consequently the transformed functions
Ji(#x), +oes faa(x) will become holomorphic in a somewhat wider domain
than P(R#™ o) Ruoi#™; R, 7).

7. We have assumed that in § 4, 4, ...4,—, are all zero, since by
the transformation (8) the differential expression X f becomes

xr ={t) -t gj: LR O R A E) }@—ff—‘:+ En(x)% :

on which in general we may apply the transformation (1). But for
a special case, it may occur that the transformed expression remains
unchanged. In this case our method cannot be applied. Now under
the assumption, we have at first

En(,yl'*'ll_ym "')yn—l+ln-—1ymyn)=sn(yl! ""yn—-h.yn)’ (IO)

1 Bull. Soc. Math. Fr. (1906).
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Next we have

Ei(y1+llyn7 '";yn—l+ln—1ymyn)'_lt€n(_y1+llym "')yn——1+['n—l.ymyn)
= i(.yly "‘;J’n—ly.yn)'
Hence by aid of (10),

. 51(.71‘*'11}’”, '";J’n—1+ln—lymyn)_ét(yh -")yn—lx_yn)

(11)
=l15n(y1; '--).y'n—l)yn)-

Therefore we have

5,(y1+ 2llym e )J’w—1+ 2ln—-1ymyn>—§4(yl+ll)’m '--)yn—1+lw—1ym,?’n)
=ZtEn(y1; "';J/n—ly.yn)'

Hence we have by equating the left-hand sides
51(3’1 + 211 J/”,, ey J’n—l + 2/n—lyn, yn) + E{( J’l’ vea ,an_l, yn)
= 25{(_}’1 + 11_77“ coes Yui + lfn——lymyn)'

This equation being identical with respect to 4, ...4,; we must have,
expanding both sides into Taylor’s series, the relations

) Aty =1
09:99x &
So that we have

Ei(.?’) = An( J’n) »nt...+ Ain—l( J’nl) Inat A't( J’n)-
But since §(y) vanishes for y,=...=y, ,=y,=0, we have rather
(N =Au y) 1+ .+ A V0) Vnst Aol Fu) Yur E=1, cen—1,

where Au( ), oo Aina(In), A ps) are regular with respect to .
Substituting this expression in (11),

n—1

21 Al IV Y= LE S1s ++es Ints In)-

<

Hence we have .
A yn)= E,;(,y) ;MJ/), 5, J=1,2,...0—1,
Al ya)=0, i=£7,

that is
)=y M (), i=1,2,... 7
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Our differential expression is therefore

Xf=M(x)(x1 gf +---+x,,_1 0df + x, (')f).

Ay X1 0,

In this case the first integrals can at once be found or we may
consider a little more complex transformation than (8).

We shall make a remark upon this equation. Suppose M (x)=1,
then consider the equation

xy
ox, 0%,y ox,

This equation shows that the function f is homogeneous of the th
order with respect to the variables. Especially the eguation

xaf+y0f+zdf=~2f
ox oy 0z

is satisfied by Weierstrass' g-function with two periods » and y. This
function is uniform about the point r=y=z=g0.

8. We proceed to the problem of a complete system of partial
differential equations. This case may partly be solved by a method
similar to that by which I succeeded before as shown in the first
paper’.

Let a complete system

xr=tu-Lrta@ Lt st Lo, |
1 2 "

2, )Y A .
Xaf=bule) 5+ En()- ot oo ) ST, (12

..............................................................

erEErl(x) aa;{ +Er2(x) (;Z- +”'+5rn(x) otzc =o,
1 2 n

be given, where »<#, and &y(%), (%), ..., §(#) are regular about
and vanish at the point #=5=.--=x%,=0 and among X/, X;/, ...,
X, f, we have the relations

1 loc. cit. (1917).



On the Solutions of Partial Differential Equations etc 237

(XX)f= D) CaXofs  HT=1, 2
=1

We assume that all the functions (y, are holomorphic about the point
n=x=..2,=0. Among &y(x), §x(2), ..., Ema(®), G=1,2,...7), let
£u(#) be one which contains such terms as axr where m is the
smallest positive integer. [If this assumption be absurd, we have only
to consider the transformation (8)]. Then applying the transformation
(1), we have the following complete system

__ o of
=" + 71 7) 5

2

+ 771n

Yo/=nu(7) gf— + 77f2(7;)7‘)f_+ st () ;f =0,
g V2 W (13)

---------------------- D R P Y X N TN PR Y

Kf-=—77r1(1')—(;f/—1+77ﬂ(y)%2—+---+7;,,,(y) 0‘;{ =0,

n

»

where all the coefficients 71( %), +o.91(¥), --%m(y) are holomorphic

about the point yy=g,=---=y,=0, and such that
(VY) /=D DyVufs  6j=1,2er.
8=1

It can easily be shown that all the functions D, are also holomorphic
about the point yy=pp=-=y,=0.
Now put

Vif=Yif+ 2 R NY. S,
J=1
where R,y(»), (7/=1, 2,...r) are yet unknown functions; then for the
permutability of the infinitesimal transformations ¥,/ and Y/f, we
must have these functions such that

KR{,"" Du,'l‘ 2 .D]J',R,U=0, s=I, é, ...... 7’.1

J=1

1 See the first Memoir (pp. 290—1I).
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But this is a system of » simultaneous partial differential equations of
the first order with respect to the unknowns Ry (j=1,2,...r). All
the coefficients are holomorphic about the point x=x=..-=x,=0

()R'L'a
and those of T (s=1, 2,...r) are unity. Hence by the general
1

theorem, with respect to the ordinary points, there exists a system of
holomorphic solutions &,( »), (s=1, 2,...7) about the point #;=sy=+:-=
#,=0, with the mere initial conditions that all these functions vanish
at the point yy=p,=..-=y,=0. Following this process we obtain a
complete system

W=y, VLo , V£, (14)
such that
‘ (VW Y!)f=o, 5 =2, 3yeerenn 7,
a (15)
(Y'Y= Dullf,
] % )
where all the composition-functions such as [, are holomorphic about
the point y,=y,=-.-=y,=0, Moreover we may conclude that
VD y=o, LI=2,unee 7, P=1, 20cuues 7. (16)

9. Consider the equation

4

0
YV f=—
1 o

+7u( )

=o.

9 9
oot
0]’2 0_7"
By the general existence-theorem, we can find z—1 first integrals
(), +o@ua(y) which are regular about the point yy,=y,=...=g,=o,
satisfying the initial conditions

at yy=0. The dotted parts stand for terms of higher degrees with
respect to the variables ..., (or we may give up these terms).
Let us consider the transformation

&=

a=eg)=gat e,
.......................... , . (17)
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the dotted parts stand for terms of higher degrees with respect to the
variables 7, #5,...#,. This transformation is reversibly holomorphic
about the point yy=p,=--+=p,=o0. Applying this to the complete
system (14), then we obtain a system such as

Io- Zlf"——: df ’
02,
Zifetu(@-L sy Lt tn(e)-L,
02 0z, 0z,

2 /=Lt )Lt ()L

02y 0z,

where the coefficients £y(2), £a(2), ..., &u(2) are holomorphic about the
point gy=g=-+=g5,=0 By aid of (15), these differential expressions
satisfy the relations

2°, (Z.Z) f=o,

,
o\ ..
3% (ZZ) /=D By S b J=2,0n?,
=1
where all the composition-functions Z;, are holomorphic about the
point & =g=-.-=2,=0. Now by aid of 2° we have
Zilw=0, 1=2,00.00 7, S$S=1, 2,...... n,

and by (16) we have
ZEy=o, 5, J=2,0000ue 7, =1, 2,

These results mean that all the functions {;(2) and Ej, are indepen-
dent of the variable 2. Now put

Zif=Zf— Lul®)Z f (18)
=Cm(3) Vi +"'+Cin(3)—aL , 1=2,000?
0z, 02,

Then still we have
(ZIZi)fEO) 2.=2,--....7".

Moreover we have
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(th—;)f = 2 Estf, 5 J=2,i..0t

8=1

The newly deduced complete system consisting of »—1 equations with
respect to z—1 independent variables:

ZZf"‘C%(z s?n(z) 3 =0,
............................................... N (19)
Zf= (0) -~ P

may be treated in a similar way. (It may occur that among the
coefficients £pn(2), ..., &m(2), some number may exist which does not
vanish at the point #,=..-=2,=0. In this case the next transforma-
tion of the variables is unnecessary.) Therefore, by mathematical
induction we arrive at the result: Zhe n—r integrals of the complete .
system of the partial differential equations (12) at the singular point
M=xp=—+--=x,=0, can be obtained by aid of some number of Ssuccessively
combined applications of the transformations suck as (1) and (17). The
Jorms of the integrals about the point x=zx,=--+=x,=o0 are very com-
Plex, but they are uniform in the domain survounding the point x==x,
=...=z,=0, (the point being excluded).

In the preceding discussions the complete system (12) is supposed
as any of the coefficients &;,(#),{.(%), ..., (%) were not zero. But
.as we can easily verify, this restriction is not essential.

10. In §9, we have used the solutions of the equation of the
form

=0,

Yf=§—f+vz(y)i+---+vn(y) A
4! 09y D
having been given that initially the solutions shall become the given
functions for y;=0. The given functions being regular about the point
Je=-=y,=0 and the integrals are also regular. Now for simplicity
let an initial function be y, for y;=o0; this function will become by
the transformation (1) x4,™ For this function, the point #=s=-=
x,=o is an unessential singularity. Therefore by our transformation, we
can find such a solution as will become #,2;,™ for x3;=0 of the equation :

Xf= '-7f +52(x) — -l-c,.(x)

n
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in the domain P (Rr™; R, 7).

The general problem of the integral at the singular point, being
given initially a function with singularity at a point, is very diffcult.
But when the singular point #;=#,=-.-=x,=0 be an unessential singu-
larity of the given function, z.e., when we may write it

P(x)
Q) '

where P(x) and Q(x) are regular about and vanish at the point #=
Hy=-ev=x,=0, by our transformation (1), if this function become
regular about the point, we can also find the solution of the equation
X f=o0 with this initial function. This property may be extended to
such an equation as

Xf=F(x, f)=ulx)f+vx).

where #(x) and o(x) are holomorphic about the point pH=x=-.-=
#,=o. When the functions & (x), &%), ..., §.(%); #(x), v(x) have the
point xy=x,=.--=x,=0¢ as an unessential singularity, our method may
still be applied; for by the multiplication of a certain regular function
of x, #, ...x, into the equation, it should be transformed into the -
form already discussed. But such function, equated to zero, is nothing
but the singular manifoldness which is fixed. Thus our method may
be applied to the fixed singularity of the kigher class. For the homo-
geneous partial differential equation of the ZAigher order, Mr. Stoilow
found singular solutions at the moving singularity, the initial function
being quasi-uniform, but not at the fixed singularity. _

11. After this extension we can easily give up the assumption
made in § 8. We have assumed that all the composition-functions
Cy, were holomorphic about the point #=x=---=x,=0. We shall
first prove that these functions, if not holomorphic, must have only an
unessential singularity. From the relations

XX) = (Xu— X)L

oz,

= zr: CanXef

t=1

=§": zr Cistbes SZ , %, =1, 2,eeuen. 7,

g1 fenl
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we have
-A’iEjl_Aija: Cfﬁ;li"' szEu‘*‘ iy Cﬂ}r&.rl’
A’tsz—‘XiEn: CmEn‘*‘ Cme o i Cijrsﬂy (20)

D R R R R TR PRy ’

‘X::Ejn - ‘X}Ein = a;ilsln + Cij2$2n + et C‘ijr‘:rm
4 J=1, 2,0, 7.

Since X/, X, f,...X, f are linearly independent, we may assume without
loosing the generality that

£y By e £, ’
€ Zp i £,

dyn=| [$0
£ Ey o £,

Therefore from the first » equations of (20), we can find all the
functions Cyi, Cijs,... Gy The functions (%), Ey(%),..., (%) being all
holomorphic about the point 4,=s=—---=x,=0, we see that all the
functions Cj;, Cijp, Gy may have only unessential singularities. But if
the point 4 =u1,=-.-=x,=0 belong to the unessential singularity, then
we put 4(#) the least common multiple of all the functions 4,(#) and

L)X, =X, [, i=1,2,....7,
so that
(X.X) f=(4X, 4X) f

=X,AX, f— XX, f+ D) 4Cu X, f

=1

Sinee all the products 4C;;, are regular, X,f, X,f,...X,f constructs a
complete system whose composition-functions are all regular about the
point my=m=-.-=x,=0. With this system we may go as shown in
§§ 8, 9 and arrive at the same result. Thus the discussion of the
complete system of the parvtial differential equations is completed.

12. In the following we shall give some applications of the
preceding theory to a class of linear homogeneous partial differential
equations of the second order.
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Let
- Xf=8x)

9 /A r
e

I
X’fEEl’(x)i+Eg’(x)—Q—f—+--n +E,,’(x)_if_ , (21)

ox 0x, 0x,
where §,(2), ..., §,(2),...£,/(x) are holomorphic about and vanish at the
point x=#=-.-=x,=0. Moreover suppose that among the expan-
sions of §(x), ..., §,4(#); §i(¥) contains such a term as ax™ where m
is a least positive integer and it be the same for §/(x). We consider

the following linear homogenous partial differential equation of the
second order :

XX f= {51'(x) ai +£/(2) d‘; +eet 8 (@) d’; }{5,@) d‘;
+&y(x) d + e +§,(2) 9 }f =u(x) f+u' (%) (22)
ox, 0z,

where #(x) and #/(x) are holomorphic about the point z=s= .=
#,=0 which is a fixed singularity of the equatlon. This equation is
equivalent to the linear simultaneous equations :

Xf=¢, }

X'o =u(x) f+d'(x).

Applying our transformation (1), this system is transformed into

b d p)
Yi=y(y) y +7:(7) 4 +e () 7 =g,
an 2 Yy

Y'f—=—%’(3»)%+m’(y)—%— + oo 74 ( y)—g;w( N+ (),

where all the functions 74 %), %/(») and o(y),?'(y) are regular about
the point y,=p,=---=yp,=0 and (), 7'(y) do not vanish at the
point. The equation (22) then becomes

Y'Y F=0(3)F+7(9).

2
The coefficient 7,(y)7,/(y) of d_yf; does not vanish at the point y =
1

Ys=++=y,=0. Therefore, by the general theorem of the existence
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of Cauchy-Kowalewski, we may prove the existence of the singular
solution as will become, for y;=0

S=regular function of p3,... 9,

¥ _
dJ[l »”

Thus our equation (22) has solutions expanded into a special Laurent-
series. These considerations may be extended further, the point x =
xy=+=x,=0 being a fixed singularity of each characteristic function
of the partial differential equation.




