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Introduction.

Consider a mathematical expression
F(@)=c+eazt...+e8"+ ...,

where 2z is a complex variable. We call it a series (more strictly a
power-series). If lim S,(2), where
n=ya

Sa@B)=cot a2+ o+ 8%

be finite and determinate, the series is convergent. When the limiting
value is oo or indeterminate, the series is divergent. In the former

case, put
S{z)=A,+iB,.

Then the equality lim S,(s)=cc means that lim |4,+2B,|=00; but not
at the same timg_”loim A,=0o0 and lim B,,n-—_-);o. Even when these
limits are indeterminate, yet S,(2) may tend to oc. Let us call the
series infinste when both 4, and B, tend to definite limiting values
and |4,+2B,| tends to infinity. When at least one of 4, and B,
becomes indetermiﬁate, we call the series ndeterminate.

In the present paper, the intervals in which a power-series is
convergent, infinite or indeterminate, are discussed. Next, it is proved
that an analytic element outside its circle of convergence and in the
part of the plane toward which the element may be continued, is
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indeterminate. Thirdly, the relation between Leibnitz’s theory and
Borel's generalised sums are considered. Finally, some special cases
of the theorems of Fabry and of Hadamard concerning singular points
are viewed from our standpoint.

1. Consider a power-series
- Fg)=cq+tez+...+e5"+...,

whose radius of convergence may in general be supposed to be unity.
The other case is now out of question. If the series be convergent
at a point, say z=1, on its circle of convergence, then the power-
series F(2), when 2 converges to unity, takes the value #(1), Thus
the extension of Abel’s theorem is due to Stolz! In his book,? Mr.
Stolz proved furthermore that if the series be infinite at #=1, then
the coefficients being supposed real, along the real axis of z-plane,
lim F(x)=00.
z.-,l - . .

By aid of these theorems, we may easily conclude that if /(2)
may be continued over z=1, then the series #(5) must be convergent
or indeterminate at z=1. Put

g=x+iy, cp=a,+10,, =0, I, vee %, vus ,
f@=aytayr+...+a.2"+ ...,
Ax)=by+bx+ ...+ 62"+ ...,

F(2|z)=P+iQ,
be the continuation of F(g) over x=1, where z, is a point within the
interval (o,1). If z varies along the x-axis, then in the vicinity of
z=1, (#<1), we have f(x)=2, f(x)=Q. Therefore, neither /(1) nor

/(1) can be infinite. Suppose, for example, /(1)=00, then by Stolz’s
theorem

and let

lim f(x)=00.
2=yl
Hence for any given positive number G, we have

S (#)>6,

provided x is sufficiently near to unity. On the other hand, since
F(z2|2) is in the vicinity of z=1, is convergent, we may suppose G
such that

1 Goursat, Cour d’Analyse 11 (1918), p. 22.
2 * Stolz-Gemeiner, Funktionentheorie (1905), p. 289.
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|7 (2l2)I< G.

This is absurd, and the same may be said for fi(x). Thus, any power-
Series must be convergent ov indeterminate at the points om its circle of
convergence, over whick the series may be continued.  Therefore if F(r)
be infinite, then F(2) can not be continued over z2=1.

2. For example, consider the series

F@@)=1—3+2— ...,

whose radius of convergence is unity and the series may be continued

over z=1. But for z=1,
Fl)=1—1+1—...,

as is well known, is indeterminate and several objections! are made
against Euler's assumption. I shall present one:
Since, » being a positive integer,

(n+DT
O .
—J sin xdx=(—1)y"*',
2 nT

we have
o T 2n

I =LJ sinxdx:—l—j+—I—J +...
2 2 2 J.

©
0 0

=1—I4+I1—14+....

On the other hand, we have

(-3

J sin xdx

0

Li=-L1

2
[«

=1—1+.. 4+ (—1)+ -I—J. sin xdx.
' 2

/T

Putting a=nr+ A4, where 4 is an angle less than z , we have
2
a=i(1 + cos A).
2

So that for a—oo, our series F(1) would take any value in (0, 1).
Nevertheless for |#|<1,
I

Fla= 1+z

1 Borel, Séries divergentes (19o1).
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Therefore the analytic function defined by the analytic element F(2)
takes —;— at #=1 and Euler’s assumption is to some degree not absurd.

A complete discussion will be given later.
3. In the following we shall show some theorems concerning

indeterminate series.

Consider a series
S=ay+a,+ .. +a,+ ...,

which is indeterminate. Construct two series
S =a)+a/+...+a+...,
S=a) +a/ +...+a,) +...,

the first being made of all positive terms in .S, taken in order, and

the second, negative terms with signs changed. Then both series .S’

and S must diverge to infinity. Consequently #ke number of varia-

tions of signs of eack two successive terms of the sevies must be infinite.
4. Next consider a power-series

f(@)=aytazx+...+a2"+....
For simplicity we suppose this real. Put
Su(®)=ap+ ax+ ... + a2
If the series be convergent in an interval, then in it
. ,I.l_IPw Su(x)=finite and determinate,

which means that S,(#) tends to one and only one value, independent
of the mode of summation. By our last expression, we mean to increase
n in any manner and yet S,(x) converges to a number. But we do
not mean to change the order of the terms of the series f(x). On the
contrary, if the series be indeterminate, then 71b1i>n Sn(#) depends upon

the mode of summation.
Suppose for any value of #,

[Su(#)I< G,
where G is a positive number, we write it as

|/ (2)| <G,
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and say that the series f(x) is limited. Jf f(x) be limited at a point
x=2x,, then the series f(x) is convergent for |x|<|n|. For the proof of
this, consider the series

o x n
25,.(2:‘.)(—%'), for |xf<|x)|.

n={

Since by our assumption, all S,(#) are limited, the series is absolutely
convergent. Therefore the product of the two series:

(2 s (-5

is also absolutely convergent, and hence the order of its terms may
be changed. Hence it is equal to the series

Sy () + { Sy ()= So (x)}(%) tot {57, (20)— Sn_l(xo)} (§)+

=g, tax+...+ax"+...

Thus f(#) must be convergent. This is an example of the theorem
that if all the terms of the series /(%) be limited at x=ux, then it is
convergent for |#|<|x|! Hence #f f(x) be divergent in an interval
(m, #5) where 0 < #,, ther it can not be limited within the interval.
Moreover, since f(x) can not be convergent for x>, it can not be
limited in the interval (x,*, 15). ™ means the exclusion of the point
x=z. The series 1—x+a’—... is such an example for the interval
(1*, 00).

Moreover, we may prove that if 7(#) be indeterminate in an
interval (w, ), it must not be lmited in one way,. namely neither

f#H>G, nor f(HCG

may be true, where G and G’ are certain numbers. We shall prove
e.g., the case where F(x)>G. In this inequality we may suppose
G>0. For this inequality means that for any value of #, S, (#)>G.
Hence if G be negative, we have only to add a certain positive
number- to 4, Consequently, we may suppose that all S,(x) are
positive in the interval.

1 Goursat, Cours d’analyse 1 (1917). p. 446.
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Now x, being a number in the interval (#, ),

s9=3 {s-sel(%)

h=0

-[Sse(H) -2 rs@(E) ©

=0

where S_,(x)=o0.
Let » take any value within the interval (#,x). To prove our pro-
position, three cases may occur: 1st. If the series

g Sa() (%0)’t

be convergent, then we must have
x n
lim S, (xo)(—)=o.
n=—pwx Zy

Therefore by aid of the equality (1), f(#) must be convergent, and
this is against our hypothesis that the series /(#) is indeterminate.

k .
2nd. If the series ZS,,(xo)(i> be determinate and infinite, then since,
)

by the preceding equality (1),

sox(Ese( @5 o

Hence f(x) must be divergent and infinite. This again contradicts
our hypothesis. 3rd. The only remaining possible case is that the

S sl 5

h=0

series

should be indeterminate. But if so, by the theorem of §3, the varia-
tions of the signs of the series must be infinite. But this is contrary

to the assumption that
all S,(»)>G>o.

Hence this assumption cannot but be absurd. Since #;—.4,>0 may
be however small, f(x), in the interval, can not be limited in both
ways. The discussion is unvalid at x=x. Moreover, suppose that
at a pont x=z, (<4< x), (%) be limited in one way eg.,
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F(2) >G>0, then as we have just proved, within the interval (x, %),
it must give subintervals in which f{#) is not limited in either way.
Let » be such a point in one of them. Then by aid of the inequality
(2), /() must be limited in the negative way. This is absurd.
Therefore we may conclude these as follows :

If the series
F@)=ataxr+...+a,+...

be divergent and indeterminate in the interval (xy, x,), then the sevies
(%) can not be lLmited in either way at any point in the interval
(w*, %), 2, >0. Therefore if f(x) be limited only in one way, then it
must diverge to infinity. This result may be extended to the field of
complex numbers.

Remark 1. As we have proved, an indeterminate power-series
can not be limited, ze., S,(#) may take, at general points, values
greater than any positive number, respectively any number less than
any negative value. But for general functions, this is not true. For

example f (x)=sini is indeterminate for x—»o0, but it is not greater
x

than unity, 7.e., limited in both ways.

Remark 2. Though an indeterminate power-series can not be
limited in both ways, it may at certain points take finite determinate
values for certain modes of summations. For example let /(x) be

f(x)=xo—(l +—f'—) x—xgx2+(l+ —;—') P2

+ (= 1)+ (—1 "+1(1+——I—)x"’"+1i... ,
(=1 (=1 (2z+ 1)1
where #, is a number greater than unity. The radius of convergence
is unity. This series may be continued over x#=1; for if |z|<1, then
clearly

xo—x .
X)= ————smn uxz.
/) 1+2°

Thus f(#¥) is a sum of functions which may be continued over x==1.
Hence it may be continued. If at x=2x, we sum up /(%) by two
successive terms from the beginning, we heve

[ (%)= —sin x,.

On the contrary

. lim S;,= + 0.
NP
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From the theorem of § 1, we naturally come to inquire whether
a power-series be indeterminate outside the arc of its circle of con-
vergence over which the serics may be continued. For a special case
it is clear. For example, the series

F(e)=1—2+2—...

may be continued over z=1 and is indeterminate for z==1. We shall
enter into the discussion of the general case where the answer is
affirmative.

5. If a convergent power-series

S(X)=ay+ax+...+a,x"+...

whose radius of convergence is unity, be determinate and infinite at
x=2x,, (%,>1), then for 1I<+=x, f(x) must also be infinite. For proof
of this, consider as usual the identity ’

SiH=aytax+.. Fa "

= { So(#0) + Si(x) (%0) ot S"—l(xo)(—_:::) ” }

(=2 )+ s )

3
1°. If the series Z'Sh(xo)(—f—) be convergent, then since
E7)

lim Sn(xo)(f_)" —o,
n—px X

0

S.(¥) must converge to a number, and this is impossible. 2°. The

series X S‘(xo)(—j—)hcan not be indeterminate, since the variations of
signs are finite. ' 3% Consequently it must diverge to infinity. So
that the series 7(x) is infinite in 1<<x==x,. This is true also for
S (#0)=—o00.

From this result, it follows that if f(#) be indeterminate for
%>z, then it must be so for any x>, If not, it gives at least a
point &' >ux, for which f(2') is oo, (or —oc). Hence for any x<x/,
S (#) must be co {or —o0) which is contrary to our assumption. Thus
the points x==0, are divided, if possible, into three parts: 1°. o=x<I,
20 1alm, 30 m<lx In the first interval f(x) is convergent ;
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in the second it is infinite; and in the thirvd, it is indeterminate (by the

preceding theorem, it oscillates between —oo, + 00).

conv. wnf. ind.

| | | x

o I Xo

6. Let us give an example. In the formula

x
2
put
Su(x) =53, h=0,1,2,...,n.

Then for x=2x, we have

Su(220) = — (So+ 281 + ...+ 27715, ) + 27,
Assume

— 2841 — ~2n _—
_ Sp=22" s =2 1=o0,1,2,..,n
Since

2%y + 27 sy = 2020,
we have for n=2m,

Sun(27)= — 2(2+ 2°+ ... + 4% + 2 H

= 24”““(1 —i) +4 So.
15 i3
For n=2m+ 1, we have
PR |
Somir(2%)=— 4T <o.
Hence for m—>o0,

lim Szm(zxo) =+ iX),
M=Ppw©

lim ng+1( 241«'0) = —200C,
M—yp

and consequently our series f(x) for x=2x, is indeterminate and
limited in both ways.

S(%) =(1 —--—){So(xo) +Si(x0) + oo + Spi(m0) (%)w-l} +S, ("")(%0)’”

not

Now to find the concrete form of the series, we must solve the fol-

lowing equations with an infinite number of unknowns:

Sop=ay,
Si=aptax,

Se =0+ a1+ %k,
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Sa=ayF X+ 2 .. F A,

This is a special case of the systems which are treated in Volterra’s
equations.! For our case, the treatment is easy.

We have

‘Z0=507

$i—3
al_ ’

o

Ky Sp—i

an"‘ n n’n 1 s
Zo

Therefore substituting the values of s,, we have

A =2,
e 2WHL _ 521 _7 2%
72 4z
Aopp1= -1 —2‘2?1 .
2 g

The required series is
f(x)=Z—L(L)x+l(i>2x2—i(—-2—)3x“+... .
2\ x 4

Specially for a,=2, we have

f(x)=2—i2x+lr"—ix’+..., (1)
4 2

whose radius of convergence is unity and
f(1)=00, f(2x2)=c0.

The point which divides the intervals where the series f(x) becomes
7

infinite, respectively, indeterminate is found to be £.. For at this
2
point
2h
Ay A" + Ay g 2 =(L L l)(L) =0,
4 2 2 2
-1 2 1.7 7 7\t
a2h—1x2h +a2hx‘h= ———+__._ A >O-
: 2 4 2 2

1 Volterra, Legons sur les E"quatz'om tntégrales et ..., (1913), p. 40.
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Thus S,,( Z

§ 5, for x just less than A , the series must be determinately infinite.
' 2

Concluding these, for our series (1), the whole interval of » is divided
into four parts:
+ inf. conv. +inb. ind.
|

) is limited in one way. Therefore by the theorem of

|
= 1 << +1 = 3!5 <x

At x=3-5, f(#) oscillates between 0 and oo.

7. In §1, we have proved, by aid of Stolz's theorem, that a
power-series /' (2) which may be continued over z=1, must be con-
vergent or indeterminate at #2=1. If it be indeterminate at #=1, then
by §5, it must be indeterminate for 2>>1 along the real axis of the
z-plane. But if it be convergent at =1, whether it is indeterminate
for 2>1 is not known. In the following we shall prove it. As before,
instead of considering F(z), we discuss its real or imaginary part for
real values of 2 which is divergent for 2>1, namely

S =atax+...+a,4" +....

Since F(z), by our assumption, may be continued over z=1, its real
and imaginary parts may also be continued over x#=1. Therefore
J(#) may be continued over x=1.

8. For the general proof, we take a quite different method which
is nothing but to connect three theorems proved by Borel, Hardy and
Vivanti. In the following the process is briefly stated.

Since the series

F@)=a+taxt...tar+...

may be continued over x=1, the analytic function defined by f(x) is
holomorph about x=1. Now draw two concentric circles, center at

the point z=2L1 . Let the radius of the inner circle be . Make
2 : 2

that of the outer one just greater than this; so that in and on the

circle, the analytic function may be holomorph. This circle intersects

the real axis at O’ and 4. Let the circle be called C. By Cauchy’s
theorem for the analytic function f(#), we have

(2) az,

1
n _2—77;'{ JExs) n=0,1,2,
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Consider the associated function of /() :

i

AR
n!

A(z‘):ao-'f-alx-Ii'—f-... +apx”

where ¢ is a real variable. This function is clearly an integral func-
tion. Putting the values of @,, we have for any value of

R N WA
A= _zn—zJ; ¢ dz.

So we have

21

A= —— J' —j:z(z—) ¢/ 5) dz,

— 2 (E-1)

A= —— J L@ e\ Jda
@ omi ),

Therefore for any x of a certain ellipse whose major axis is 0’4,

our series f(#), is absolutely summarble. Thus the polygon of sum-

mability may be determined. These are due to Mr. Borel!

Now after Mr. Hardy? writing for simplicity,

U=y X", S,=ty+tty+---+o,, n=0,1.2, ...,

¢ n
&y Upyal

— U= I et E: Ta’t.
N *

0

we have

o
|

o0
—tz:
e S,
" nl
N

But the series #,+#+...4+#,+... is, as we have seen, summable.
Therefore

0 tﬂ
lim e > s

is finite and determinate ; so that our series 3%, admits both of Borel’s
definitions of summability.

Next suppose our series /(%) Z.e., 2u, be co, then we can determine
a positive number 2V, such that given a number however great G,

. >G, for any # >N,

Therefore
© tn N—1 t”
—t ~t — TV —
e gsn”!>e g(sn G)”!+G,
and hence

1 Borel, loc. cit., p. 123.
? Harxdy, Quarterly J. (1904), p. 34.



Some Properties of Analytic Elements 405

Ll n
lim e > s, ¢ =00,

Ll n=0 n

This proof is due to Mr. Vivanti®. This result is contradictory. Thus
our series must be indeterminate. Now by aid of the theorem of § 5,
our proposition is true:

When a power-series, whose rvadius of convergence is unity, f(x)
=aytax+t o+ a, "+ ... may be continued over x=1, then it must be
indeterminate for all points x>1. For x=1, the series may Sometimes
be convergent or sometimes be indeterminate. Moreover when f(x) may
be continued over x=1, this is also the case for any derivatives of
S (x), Therefore, at the same time, all derivatives of f(x) are indeter-
wunate, for x>I.

9. The above theorem is a necessary condition of the analytic
continuation, but not clearly sufficient. Or, take, for example, Mr.
Fredholm’s series, changing @ into —a,

2 2
f(#) =1—ar+ a4 — ...+ (—1)a" k...,

where ¢ is a positive number. The circle of convergence is the
natural limit of the function. But for #>1,

2
a’n+lx(n+1)

2
arx"

= >,

provided # is sufficiently great. Therefore
(1 —ax)+(a2x22—- a3x*2)+ v =—00,
1—(ax— tz2x2)2— (a3x32—— a‘x‘§~ vee=+00,
so that f(x) is indeterminate for x>1; likewise for its derivatives.
1o. In remark 2, §4, we have given a power-series which takes

a value by a certain mode of summation. From that series, we
obtain a new one,

= H—%
/() 1+42

=xy— 2 — X+ B o (— I L ()

We see that.
n]i)m S2n+1 (xo) = SZn-{-l (.ro) =0.

1 Vivanti, Zheorie der Funktionen (1906), p. 329.
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Here we notice that o is the value of the analytic function f(#).
Therefore we naturally come to conjecture that such .would be a
general property. But this is at once proved to be wrong. For,

consider the series
SA=1—z+2— (-1 %

For this series S,.{1)=0. But the value of the analytic function at
X=1I is —I—, different from zero. We notice that ¢ is the lower

2
limit of S,(1). This is not the case for the preceding series. The
second conjecture is that when the limit of S,(x) at some point
x=ux, for a certain mode of summation converges to a number differ-
ent from the upper respectively lower limit of S,(#), that limit would
be the value of the analytic function at x=ux, This conjecture is
also destroyed by the consideration of the following series;

1+cosb+cosz2b+...+cosnb+....

This series is divergent and # being not- equal to zmm, its Borel’s

. . . 1 . .
integral sum is easily found to be -—. Let us consider a power-series
2

S (@)=1+zxcos+2°cos 20+ ...+ x"cos nb+...,
which is convergent within the circle of radius unity. At the point
x=1, it is divergent. Now put

Sa(1)=1-cos 0+cos 20+ ...+ cos n0,

Then
2r+ 1 0

2

sin

2 S,(1)=1+
sin —
2

Specially consider the case 8=, then
4

sin (2n+ I)%

2 Sn(l)=~‘1+_—_.—?,
Sin ——

8
=141, n=0, 3 (mod. 8),
=‘I+C0t£, =2, I 5y
8
=1—-1I, 5':41 7 ’» »
=I—C0t£: 561 5 Y}
8

L Bromwich, Theory of infinite series (1908), p. 275.
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Therefore for n==8m+4,
S,=lim S,=o0.

Since 2 <cot %<3, this value lies between the upper and the lower

limit of the sums.
The analytic function can easily be found to be

_ V2ta—2 _ .
f(x)" -;/E(I-I—JLA) 1] f(I)" 2
Hence for our mode of summation
F(1)2= lim S,(1).
N0

The third conjecture is that when S, tend to several values, among
them there should occur the value of the analytic function. This is

also fatal. For by aid of the last example, If S,(1) tend to L, by
2
a certain mode of summation, then

lim sin(2z+ 1)~ =o.
—ro 8

And this is impossible. All the conjectures are proved to be wrong
on the circle of convergence.
11. Now we notice in the preceding problem that

lim Sy, (1) = finite and determinate, h=o0,1, 2, ..., 7,
k—>n

and their arithmetical mean = is nothing bnt the value of the analy-
2

tic function at #=1. Consequently we come to the fourth conjecture.
Namely, given a divergent servies

S=at+a+...+a,+ ...,
4

Bm Spa=S®, k=0, 1, ..,m—1,
k—>x
be all finite and determinate, then

L (S<°> + B4+ S0)
w

is equal to the genevalised sum of the given series. This supposition
is true:

At first we shall consider Césaro’s generalisation. Since the
sequence of numbers '
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Sh’ Sm+h ycrey Skm+h: see
converges to S®, we have

it Spant oot Soman Q)

lim
—>w k
= lim S,,+Sm+h+...+5km+h . kmtm—1
b—>n Em+m—1 ¥
~ (%)
= lim Sit Spent oot Seman S , £=0, 1, ..., m—1
—>w Em+m—1 m

Adding these 2 equations side by side, we may conclude that

lim pSot St eee + Simimes =L(Sf0)+5(1)+ ceo S
=y km+n—1 m

Hence, in general,

lim S°+Sl+"'+S’”=L(S(°)+Sm+...+S("”"1)). (I)
m

NP ¥ /2
g E.D.
And our series is simply indeterminate.
Next, we consider Borel’s generalisation. TFor this purpose con-
sider the limits

lim —EM, k=01, ..., m—1,
t=>n &
where t" N o
tm +h
E=—+ ceet +...
i2) ARNCEI)] * (km+ 1) |

The functions Z,(#) satisfy the differential equation
arE

=F
arm
Therefore let #(=1), #, ..., #n—1 be the roots of the characteristic
equation
=1,
then we have
Eh(t):'-' Choerot"i‘ Cme”lt+ P + C‘hm_lermf—lt, (2)

f=0,1,...,m—1,

where C's are the integration-constants. These constants are to be

so determined that
Cot+ Cat oot G =0,

Curot Curi+ .o+ CinsPms =0,



Some Properties of Analytic Elements 409

G+ G+ oo + Gty =1,

Ctm 4 Gt oo+ Gt =0,

To find (,, its denominator is equal to

1 I vee 1 =+ (re—1)(7o—7) +eeene (Po—¥m—1)
d=|rs 7 oo 7y (—72) ceere (1= 7m—r)
O ¢ AP ot (2= 7m)-

o 1 I I I I
dpy=|0 n e Fmq =% |7 72 Yt
) A A A
h
17
1 m—~1 r{l+1 r;t-i—l 1,7};-1—}
1 1 —1 1 —1
O M . R4 " L PO |

M=) s (i)

(ri—73) oo (Fa—Vm)

where M in a certain factor to be determined. Since

P—1=(—1)F" "+ )
=(r—1)r—r)r—n) ... #—7,1),
for r=7(=1), we have
| (o= )(7o—72) e (Fo— V)= (3)
On the other hand, with respect to the equation

1+7+...+7 4. +rl=0, (4)

we have the relations

I +7’1+ ese +7’1h+ eve +1’1m'_1=0,
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Hence we have

1 7 - 7t

I 7 ' =0
h 1

I 7’1,.,_1 Ym—1 r;'ILtl

This equation must be identical with (4). The coefficients of »™* is

+ (=) (1) - (r—7mmd)
(ra—73) v (Fa—Fms)
(rm_z -7, m,-x),

That of #* is nothing but +4,,. Hence, noticing that the coefficients
of the equation (4) are all unity, we have '

M=+1.
Hence by (3) we have
,,o=ﬁ’= i—l—, A=0,1,...,m—1.
4 m

On the other hand, since the real parts of #s except =1 are all
less than unity, we have

lim
P

Therefore we have from (2)

limihgé)— =C,,o=—1—~, £=0,1,2, i, m—1. (5)
o m

(This is clear, since we must take the + sign.)

Now since the sequence S;, Spirs oy Sgmin, - converges to S®,

we have

a2 St St
im """ ) T T i) e
> - ’
E(®)

£A=0,1,..,m—1.
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Whence by aid of (5),

t’z fm+h tk'm+h
Sp —+Spip—m—+ ..+ S _—+...
im AU g A e+ 7) |
t—>w e
= lim S® _Eh_(t)_=ﬂ .
t=>0 e e

So we reach the result

v
LA
7

Se+Si Lt S,
lim 1!
t—>x et

6
SOL SO, 45D ©

ne

0. E. D.

Applying this result to the analytic function defined &y
f(@A)=a+ar+...+a,2"+...

whick as often said may be continued over x=1, the value of the
analytic function f(x) at =1 is equal to the avithmetical mean of
SO4SV4 o 4 S™D where

lim S,,,,,+,,=S(h), /l=0, I, ceuyi2—1,
Ll

are all supposed to be finite and determinate.
Outside the circle of convergence x>1, these limits can not all be
finite and the theorem is clearly untrue. '
12, Afer the fourth conjecture has been proved, we may give
a complete discussion according to the series
S=1—1+1—1+.... (1)
After Mr. Borel!, Euler and others took X a5 the value of the series.
2
Now, by aid of § 11, L the arithmetical mean is equal to the
2
generalised sums. If we consider the function defined by the series.
S(@)=1—z2+2—...,
the arithmetical mean — is equal to the value of Borel’s integral
2

sum at x=1, which is the value of the analytic function defined by

1 Borel, loc. cit. pp. 4-7.
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That Leibnitz' gave L as the value of the series from the
2

standpoints of the theory of probability, corresponds by our side, to the
equality (1) of the last article.
For Lagrange’s serier’.

f¥)=1+0+0—-2+o++r+o0+0—B+o++40+...,

using the same notations as before for z=1,

Sie4s=1,1,1,0,0, according as £=o, 1, 2, 3, 4.

Hence by our theorem, 3 is the value of the analytic function
5

11— Pr+1
X)i= =
/@) 1—Y P+ +280+Fx41

at x=1. To give another value does not rest upon any theoretical

standpoint.

Returning to the series (1) the discovery of Borel's sum verifies

the fact that Leibnitz’s theory is not incorrect. But whether this is
generally true or not, is not known. By our proof, #he gap between
Leibnita’s theory and Borel's generalisation has been crossed. At the
same time, Pringsheim’s objection looses any value as Mr, Borel has

already declared.?
We shall add another example.

S=0+sin 0+...+sin w0+ ...,

g cos n_:l ]

25=cot —— 7]

2 sin —

2

For simplicity put =", then
4
2S5,=0, n=0, 7 (mod. 8),

. =cot ——1, =1, 6 .
=cotl+1, =2, 35 ’

1 Borel, /oc. cit., p.p. 4-7.
2 Borel, loc. cit, p. 7.
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=2 cot _77:_ = 3 4
8 b ) ~J 1

Hence the generalised sum is equal to L cot %, which can easily
2

be calculated by Borel’s integral.!
13. Let us return to the discussion of singular points on the
circle of convergence.

If the series
S@)=atax+...4a+...,

may be continued over x=1, then as we have proved in §8, f(%),
for x>1, (sometimes x=1 inclusive) must be indeterminate. There-
fore by § 3, the number of variations of signs in f(#) must be infinite.
Consequently we have the following result:

Given a series of real coefficients

S(@=atazx+. ...+ ax"+...,

if between the coefficients
aﬂ

lim
o @piy

:—_I’

then the point x=1 wmust be a singular point of the analytic function
defined by f(x). If the vadius of the convergence be unity, and if

. a
Iim n
n>® an+1

>0,

the point x=1 is a singular point of the function. If a,=O0, suppose
«@uu1 o be the comsecutive of a,4. This is a special case of Fabry's
theorem.? A special case of his theorem is that given a power-series

F(x)=co+eaz+.+czg+...,

if between the coefficients
cn

lim
> Cpqa

=I,

hen z=1 is a singular point of the analytic function defined by F(2).
But our result is wider than this special case. For consider the series

F)=(0+)+0—0z+...+(@+(—1))z"+....

1 Bromwich, Xe. cit, p. 2735.
2 Hadamard, La Série de Taylor, (1901) p. 25.
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Then
.
lim 2=+
>0 Cpit
Yet
lim %=1,
NP o an+1

and g=1 is a singular point.

If, moreover,
|en—A| <€,

where e<1, then at the point x=1, f(#) becomes infinity. This point
is a pole of the first order, For

m+h m+h m+h
E a " —A E‘ < E: (ex)",
" = nm

in the vicinity of the point x=1. This implies the special case of
Mr. Hadamard’s theorem.
From these considerations, we notice that several researches are inti-
mately related to the simple property that the analytic element F7(2)
must be indeterminate outside the circle of convergence to which it
may be continued.

14. If in the preceding conditions, 4 be zero, Z.¢., when

lim %=1, |al<s,

n=r®  Apyy
where e, is convergent, then the point x=1 is not to be a pole
and is either an essential singularity or a branck-point of the analytic
function defined by f(x). For by the second condition f(1) is con-
vergent. While by the first condition, the point must be a singular
point. Examples are these:

2 n
2 2
1° fE)=1+ %+§+...+—;‘?+....
i (E) . s (2
2 2!\2 n! \2

The first series has its circle of convergence as its natural limits.

1 Hadamard, Joc. cit, p. 39.
2 Hadamard, Jc. cit., p. 32.
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For the second which is an element of (1—x)%, =1 is the branch-
point. Both are convergent at x=1.

15. At the end we shall shortly consider some divergent double
series.

Consider as usual the series

f(x)=ao+a1x+-u +d,,x"+ YT

Suppose it may be continued over x=1, then taking a point r=a
within the interval (o, 1), the series

F(efe) =r @+ E=D )t T gy

is convergent for certain values of x. This may be stated as follows
The double-series, writing x—a=§,

S= a -
+aa+af
+ @, + 20,08 + &

is convergent, if we sum up first by columns and then by rows. But
if we sum up first by rows and then by columns, the sum is indeter-
minate.  Pushing such considerations further, we may give several
cases.




