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Introduction.

In a preceding paper' we proved that for a curved surface (S)
which is given by the system

0% ox
—_— = é_ Z,
O ov +/
. S (1)
0% x
=a"" 4 g
w7 o ¢

admits the projective deformation, it is necessary and sufficient that by
the transformation '

7=0/a,p,x, #=a(u), 7= f(v)

(where C is an arbitrary constant, «(x) and #(#) are functions of # only
and v only respectively, and the suffixes # and 7 denote the differenti-
ation by # and v respectively) which does not alter the form of the
equations (1), « and & are reduced so as to satisfy one of the relations

]o _Oi::ﬁ‘
du dv
2° aor b=1.

1 Mem. Coll. Sci.,, Kyoto, 5, 1-28 (1922).
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In the former case, the surface (S) is of the first kind, while in
latter case the surface is of the second kind.

Consider a congruence I’ conjugate to (S), that is, @ congruence
of straight lines such that

1° lines of the congruence are in the one to one correspondence
with points on (S). Accordingly, to a surface which is generated by
the lines of the congruence corresponds a curve on (.S)

2° the lines of the congruence are in the tangent plane of (.S) at
the corresponding point .

3° to a developpable surfaces of the congruence correspond a
conjugate net on (S).

In this paper we shall prove, first, that if the said congruence is
@ W-congruence (that is, if asymptotic lines of two sheets of the focal
surfaces correspond) and moreover, asymptotic lines of (.S) and the focal
surfaces also correspond, then the surface (S), all the Laplace-Darboux
transforms of (S) with respect to the conjugate net in 3° and the focal
surfaces of the congruence admit the projective deformation and the
conjugate net in 3° is that of the projective deformation. Next, we
shall prove that if there is an isothermal conjugate net on a surface
(S) such that, the asymptotic lines of (S) and the minus-first or first
Laplace-Darboux transform of (S) with respect to that conjugate net
correspond, then (S) admits projective deformation and the conjugate
net is that of projective deformation.

§ L

Let us take as the parameter curves the conjugate net which
corresponds to the developpable surfaces of the congruence. Then, as
Green' has shown, the homogeneous cordinates (x) of a point () on
(S) may be regarded as a fundamental system of solutions of completely
integrable system of simultaneous partial differential equations of the

form
2 2
UGS 2% L 0% gy
ou* 07* on oy
\ e (2)
B x| 0w |
0oy ou o0v

1 Amer. J. Math,, 37, 215-246, (1915).
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From (2) we have

Px _ ey dx ‘Bmdr (1) 0% +8(1>

0
0% @ 0’x @ 0x @ 0x
E = g® I L P 4P 46
e " e T
Pz 3 0 x (3) dx (3) ox
=a 0r 4 6™
0ndv* 8 v
3
_(1 CA o " ‘B(” ox + Tu) di 5,
0} 0 ou ov
where
o’ = a(b+ ) +a,,
3V=b, + ab, + d+ 8+ ¥ (c + ab'),
r(D =c¢,+ ac, +ad +bc+ ¢ (¢ + ab),
0P =d, + ad! + bd+ d' (c + ab'),
(l(2> =[l&,, ﬂ@):b[(b + Cl) + é:u + d/’
7(2) =4b4c+ P+, 0P =dd+ Id +d,
a(3> = C/, £ 19(3) = &,2 + é:n

P =Y+ o+ & =da + d,
,#eLl@y—c—%} ﬂ”:l(mw+4_@+dj
a a

“gi{m+aw—@+4—%-4,
a

«(4)

Pu+w¢ — O +d — dJ
The conditions of complete integrability are

7’3+a()—0134)+ (4)
( (3\_5) ‘@(4)_*_ &,‘8(4)+‘3 (4)‘8(3)+ b,)’“)"l‘ ‘3;4)+ 3(4)
’ ‘3(3) +7 ('5) \3) a / + er(é) +T;4),

a(3>6’4)+d"8"3)+5;3) o "3)+d,8 iy (4)+ 5(4)
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(3)

s

(4)

In these formulas the suffixes # and v denote the differentiations

by # and v respectively.
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The first of (4), in virtue of equation (3), becomes

g ké-f 25’) (2&’ ¢ —»Qligi).
ov a Jdv

Hence we can find a function p(x, ) by a quadrature such that

b+2¢’=-0£,
5

¢ Odloga _dp
a oy oy

26/ —

By the transformation
' xr=2%,

where 4 is subjected to the conditions

1 04 _ 1 dp 1 04 _ 1 0p

—_—_—= —_— = —

A oy 4 On

the system (2) is transformed to a system of the same from with the
confficients

A=d, B:b—ii’i, C=C+a OP
2 oOxu 2 odv’

De=d+ Lpl (1,07 107 1,07 _ ;6(24_)
, 4 g I

47 0 4 Ov 4 O o’ ou
1 (0p )
+—a( 7)
16 \dv (
By L g 1
4 Ov 4 ou’
D+ ly? (100 1 0P 1 0
4 Ou 4 ()7) 4 Oudv 16 Ou Ov J

These coefficients are seminvariants of (2), and the new system

1s said to be in its canonical form. The relations
B+2C=o, 24B'— C— gA“

e

which follow from (6), characteristic of this canonical form.
Any proper transformation of the form

#= g(u), T=G(0)  eevireerarraeannnn (7)

affects only the parametric representation of the conjugate net given (2),
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but leaves the net itself unchanged. The invariants of the net are

those functions of the seminvariants,

transformations of the form (7),
invariants are

which remain unchanged by

except for a factor. The fundamental

a W =p_31 02 &= L1 02
’ 8 a ov’ 8 a du’
!
) ®,=D’+B’C', D=0 — B’()a__ ()B) al’ +3( 2B — CI2)
. oy s
These satisfy the equations
2 & TR 7 1
a = g ? % —‘% ) ¢ = -—6 y
w 5!’1) [
_ . - i
@ = 2 m’ @l - ———! @I.
% Spu‘r)v

The second and third of the conditions (4) may be expressed in terms

of the invariants as following.

0*log a 0B’ o¢’

+3

ou

0 (D

_,<_

a

D _ 0 D
ov on a Ou
I
- (()%’ + L
ou ov 4
- ﬂa( 0 | 98
2a Ou \ Ou 07/
g
2
) + o0
0B’ 0(5/
ou v

o8’ | o€
+
ou oy

dv

__L_(
2a Ou

Consider two points p and

ox
== —
£ ou

dzﬁo_x—
v

D! Oa
4+ = 72
a 0v

3 0loga
4  Oudy

o

)
)

)

0uodv on ov

1 dloga
4 Oudy

 (8)

o¢’

0%’
+
ov

on

)+

(oo %)
3 0loga

4 oudw ) )

§ 2.

¢ such that
of

_.x’
ou

...........................

o0

'
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where 6 is a solution of the partial differential equation

2
0 — 599 00 49 of
duody on ov

—F A0, e (10)

Then we have seen that' congruences whose developpables corre-
spond to the curves C,(z-const.) and C, (#-const.) are those which are
formed by such lines as po and the surfaces which are described by p
and ¢ are focal surfaces.

Put
2
w=a20 +599 1 g9 70
0v° ou o1
@ 0% 1 00 w 0f 1€ 0°0
= + 8= + — 00—,
p=u 00? A v + o’
@ 0 0 @ dﬂ \4) of (%) 0°0
=a +00— 2=
¢ 00 07°
Then we have from (3), (4) and (10)
%0 22 020 2 ()0 ( y 08 @
=% — 08
040y wt +E” ov t ’
0°9 & 0% () ()0 @ 00 )
oY 9v 90 LN
0207? 07* B T ov +379,
—g‘ze‘)_ = — &w + ¢1
3 = Hw—ay,
v
%Zf_ = Jy— ﬂ“)w,
w ow a, \ Ow
él___ ( (3 )__
oudy ou + a / ov
s
+ (25; —b,,—}—a”—ﬂ)w. .................. (1)
a

From (2), (9) and (10) we have

1 J. Kanitani, Mem. Coll. Sci., Kyoto, 5, 329, (1922).
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W (g5 WYy (¢ 1)
F + 7 p+ic 7 a,

........................ (12)
0o , 0 ) /) )
- = 5 _— / u
ou ( d ot (c + /] 2
from which follow
0 ( ) op ( 8, ) op
+(c + =
0udy g +
R O )
T
(13)

0o 4 ) o 7]
={d 4+ L) ( __%) »
00y ( 0 _’: Ou i ] 7

+|é + 8 +d— ( )(c’+ )J

where

o*p 0p op op
= A B 4+ G Difeneinniiiiiiiiiiiiannnnen I
oudy 107)'1—*_ 10u+ Y ov i (14)
and
0o oo oo
e = A, ey +Bg—+62__+Dga ..................... (135)
respectively,
where A, By, seieeuen. 3 Ay, Byy o eeeiiiens are functions of «, 4, ......... s
# and their derivatives.
In fact, we have form (2), (9) and (10)
ox _ 08
Ou  ou
0p _ 4 0% 0% 06
3;—(fauz o r= a—6~—+6p+ca+wx,
alo — ! 01}) ( ! 00)
o=+ g)er(e=F)
Fp _ 0,00 0 ( _ Hw) @
0t 0 u+ 07/+ 4 0 prT e+ 8,
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’p (, 0,,) dp (1 0u) do 0 (1 0,‘)
(5 + )% 4 (097 | O () 0O
e 0) o0 " T80 T\t

from which follows

. a{wu—(c’+fi)} .
0% a Jp

o .0, 00
0
0wy oy AN )
(s 1@)_& a
(+0+w 6u+ c,_ﬂu
9
-G rdes (e ),
Oy _v)__5(5+_%)
+ 8 07/( 3 w /)

_ w,— [ + % 1 ,
(Da{ (c -, _)J 0 (6,_%)_6(54_%)}0, cevenr (16)

+ T / 0u -(5—21‘
c —
0
Substituting
dp 0
it x ¥+
- ov g 0
i) 0
o Ju oy T
T Ty

in (17), we have an equation of the form (14), and

) w)
P )
”(+o

Al = w e eseeescccossrasscerervan (I7)
A
0
Similarly we can prove for ¢ and we have
a(b’ — —01)
A= N e, (17')
Y —

w
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Asymptotic lines of (S) and the surfaces which are described by
p and ¢ are given by
a du’ + dv’ = o,
A di + dv*=o0,
Asdi? ) dvt=o. respectively.

If those asymptotic lines correspond, we must have

a=A =4,
or
a(c’ + G LU;M_) v b
a w/ 0
a = 0 e T (I 8)
o — Y b — W
0 w

from which follow

w=f(u)f,
a=LU) s
oL (19)

where f(u) and g(v) are functions of # only and v only respectively.
Substituting the above values of w in the equation (1I), we have

0% o0 00
=8+ + (28, — b, +d"V0 =o0.
0udv on ¢ ov ( )

From this equation and (10) we have
0(28, — &,) = o.
If § = o, the points (p) and (o) coincide with ().

Hence we must have

J .
298 9O e (20)
ou dv

The conditions (19) and (20) may be expressed in terms of invariants

as following.
?loga _

0udv

/ !
023 I o€ -

ou dv

b

0.

Reciprocally, if

i),
£@)
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and
a6 06 _
ou 0v

2

’

the system of equations

2 2
0 a0 1590 _"’i+{d_f(u)}0

O 07” O (22)
0 _ 400 00
owoo 08

is completely integrable by (4).
Therefore, if we take a particular solution of the system (22) and

consider two points

ox of
=0— — ——X,

ou on
_gdx _ 00

ov ou

then the congruence formed by the lines o6 satisfies our conditions.

§ 3.
By the transformation
z?:f/f@du, Z'=z7f1/g(v)d7/,

(21) become

a= —1,

0%3’ o’ =0
o 07

Let us suppose that we have performed the above transformation.
Then from (18) we have
w= A0,
where £ is a constant.
Next, reduce the thus transformed system into its canonical form
and denote by A4, B, etc., the coefﬁments of that canonical form, then
we have
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A= —1, ]
B+2(0"=o0,
2B + C=0, | eeeeerrerecreeniiienin, (23)
0B ol
=o.
Ou * ov J

Asymptotic lines of (S) are given by
dut — dv* = o.

Hence, if we carry out the transformation
E=u—u, p=1u-+v,

the new parameter curves are asymptotic lines and the system (2) is
transformed into

0*x ox
—@—ﬂaﬁ-)’ s
x ox
= _._+ 4 y
. out g T TF
where
a=(B - ("), B=—(B'+ ",
T=D+ZD,, 7,,:D—zD’.
4 4

Moreover, we have

= + ,
Ou ¢ op
oc _ _aC n o’
dv o5 op’

from which follows

o ( , I)‘ a ( , ,)
B —-C —\ B+ "),
3 * o +

which is equivalent to
e _ 08
06 oy
Therefore we know that (S) admits the projective deformation and
"is of the first kind, and the curves #=const. and v=const. form the

conjugate net of the projective deformation.
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From (13) and (17), we know that when (S) is given by the said
canonical form the surface which is described by (p) is given by the
system

P 0% (0,, ,‘) op ( 4, | t, ) dp
=2l =2-(C')XE 42 =24+ B )= ,
O + 0* /] ou 2 ] T ov + (ke
0 ) T 0
re gy e n)
dudv ( + t 6 + r J ov (23)
+[K—(C'+ﬁ+ T")(B’+ b
0 T
where
k=BC +p-%,
o
r:C’—ﬁl.
[}

Similary we know that the surface which is described by & is
given by the system

o’c d*c ( 0. T , ( g, ) )
= - — By
07” * 0v? ? 4 o —-¢ ()u i d + (K)o,
o 17} og d.\ oo
—(p+ 0 ) (0 + 0u) 02
0udy ( [ Ou 0/ ov (24)
Ha-(ze g ) e+ )b
0 T' 0 J
where
H=BC +D -8
on’
T= B’ —_— i
0

From (24) and (25) we can easily see that the focal surfaces also
admit the projective deformation.

§ 4.

Let (y) be the point on the minus-first Laplace-Darboux transform
(S_1) of (S) corresponding to (x).
Then we have from (2)



On the Projective Deformation of Curved Surfaces. I1.

41
y= _(.)1 —cx
ou ’
oy *x ( ) ox
- = b—c ) —+c—= d— u) ¥y
PP g Ty T@—x
Y _ 5% + (@ — )z,
oy O
%y ( ® , Ozx) ( 0 )ax ( W )0x
=l\a — —bd — 26, )=+
ou’ i 07° +{# ou “ v
+ (6m —c'd — c,’m)x,
> (26)

(b" 4 b,,)— + (b’c’ +d— > ((;x (d' + 8d — c,,,,)

from which follows

P 4% (5. ) o
u? 07* on

= [ﬂ‘”— be' — A(b”+ b’) (& - c) id

ou

N [60)— dd—d, — A(d,’, + ¥ — C:w)(d — c;)(é + ﬂ)]x,
a

o 2 ()% 4]
4= _\O0ula v f .
K

where

Eliminating =z, from the first, the third and last equations, we
2

have the equation of the form

% o’y oy 03/
i A B2 +c Y + Dy,
o g TP “
where
l
o)+ 25+ &)
A= id )

And from the equations
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T _ 0% 0 9% | g1y
dudv oy oy

we have
0%y dy ( Ku) dy [ , ,< li’,t)]
L =+ ) b+ K0+ )y e (2
oo ou " T K )ow + ) e (27)

When the asymptotic lines of (S) and (S,) correspond, we must
have

a=A,
i,(i) _9 o,
ou\a ov
which is equivalent to

2 gi’ _ 06 0
du dv duov

or

loga=0. ciiiviriiinininnns (28)

If the curves C, and (, form an isothermal conjugate net, we must

have'
2

i loga=o0. ...... et erierereaereeararaanas (29)

Therefore, from (28) and (29) we know that & zkere is an
isothermal conjugate net on a surface (S) such that, the asymptotic lines
of (S) and the minus-first Laplace-Darboicx transform of it with vespect
to that comjugate net corvespond, (S) adwits the projective deformation
and the comjugate wnet is that of projective deformation.

This theorem also hold, if we take the first instead of the minus-
first Laplace-Darboux transform of ().

When (S) admits the projective deformation and given by the
system which is its canonical form explained in § 3, from (8), (23) and
(26) we can see that the minus-first Laplace-Darboux transform of (.S)
is given by the system

+ 2(!(” — B’)’dl + (k)7

out  dv* O K ov
pe 5 2N 0 X 30)
Y Y (0 AN [5' A B,(C, *)]
Oudv ()u+ * K dv+ wt + Ve ¥

Similarly we can see that the first transform is given by the system

1 Wilcynski, Amer. J. Math., 42, 211, (1920).
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oz 0%z (H ) 0z 0z
=2 2 . (! 2L 2B * &
0 + dt H on du + (k) (30)
31

0%z ( H)dz 0z [ , ( H)]
=B+ 2=+ O+ |G+ H-C B+ =2 e
oudv H/ ov + ov + t H #

From (30) and (31) we know that the minus-first and the first
Laplace-Darboux transforms with respect to the conjugate net of the
projective deformation admit the projective deformation and, moreover,
the conjugate net of the projective deformation is transformed into the
conjugate net of the projective deformation, accordingly the same is
true for all the Laplace-Darboux transforms with respect to the conju-
gate net of the projectivc deformation.




