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§ I. 

In a preceding paper1 we proved that if a congruence I' conjugate 
to a surface (S) is a W-congruence and the asymptotic lines of the 
focal surfaces of that congruence and the surface (S) correspond, the 
surface ( S) and the focal surfaces admit the projective deformation and, 
moreover, the conjugate net on (S) which corresponds to the developable 
surfaces of the congruence is that of projective deformation. 

In this paragraph, we shall prove the same for congruence I'' 
which is conjugate to a surface (5), that is, for a congruence which 
has the following relations with (SJ. 

1 ° The lines of the congruence are in a one to one corre­
spondence to the points of (S), accordingly to a surface of the 
congruence correspond a curve on (S). 

2° A line of the congruence passes through the corresponding 
point on ( S). 

3° To the developable surfaces of the congruence correspond a 
conjugate net on (S), in other words, the developable surfaces of the 
congruence cut ( S) in a conjugate net. 

Let us take as parameter curves the conjugate net which corre­
sponds to the developable surfaces of the congruence and suppose that 
(S) is given by a completely integrable system of partial differential 
equations 

1 J. Kanitani, Mem. Coll. Sci., Kyoto, 6, 129 (1922). 
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of which one of the conditions of complete integrability 1s 

Y-(b + 2e') = _!!_( 2ab' -c-a•). 
ov ou a 

Then the congruences whose developables cut (S) in the curves 
Cu (v-const.), C. (u-const.) are those which are formed by the lines which 
connect a point (x) and a point (z) such that1 

z = (} 0
2
X _ __!_(_!!!!_ + c'8) ox -( all + ab'-c-a•(}) OX 

ov2 a ou ou ov a ov ' 

where (} is any one of the solutions of the partial differential equation 

iJ20 __ (b' -!iv) oO _ e' iJ(} + (d' + iJb' _ iJc' _ iJb + c' j)a )o. 
iJuiJv a iJu iJv iJu iJv rJv a iJv 

.... ····· ... ······ ............ (2) 

Focal surfaces are those which are described by the points <tJ and 
JJ such that 

where 

<tJ =z- ~x, 
JJ= z-f'x. 

~ _ _ I 0
2
0 _ I (b + c' _ I iJa ) i)(} _ b' i)f} 

a iJu2 a a au iJu av 

+ [ i)b' - i) ( c' )-- I ( be' - b' C) + b' oa Jo 
iJv ou a a a iJv 

~' = _ rJ2
(} _ __{__ _!!!!_ _ ab' -c--a.' _!!!!_ 

ov2 a ou a iJv 

+ [ I de' - <Jb
1 

l (b I - b' ) - ca. + 0
2 

1 d]o -- --- e e - - oga- . 
a Ou rJv a a2 ov2 

From the above formulas we have 

1 J. Kanitani, Mem. Coll. Sci., 5, 329 (1922). 
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iJm - _,, iJ.x + b'" -- ',- ',%. 
iJv iJv 

} ·············"····•""" (3) 

~ =C iJx - c'(x, 
iJu iJu 

} ························ (4) 

~=-b'K-c,5-+(d'-b~-c:)c. ····················· (5) 
ouiJv iJv dv 

where 

From (4) we have 

d
2

J.1 =(b'+ Cv)~+[c'+ I <) (b'(+Cv)]~. 
iJuiJv ( iJu b' ( + (' v iJu iJv 

Substituting these values of Xuu• Xu, .x., :r in the equations 

J.I= 0 iJ
2

~ - _!___(.!!!!_ + c'0)' ax -[jj}_ + (b' - _!._ _ _!!,,__)0] a.x -- ex 
iJv2 a ()u au iJv a a dv 

=!__ iJ
2

~ _ _!__(iJ{} +(b+c')IJ] iJ.x +(b'-~)8] iJ:r -(~'+!!_):r. 
a iJu· a iJu iJu a iJv a 

we have the equations of the form 

<)
2
µ = A 

02
J.1 + B.J!_ + c!!!!_ --t- DJ.1 

iJu2 iJv2 iJu iJv ' 
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where 

Similarly, we have an equation of the form 

where 

If the congruence in question is a W-congruence and the 
asymptotic lines of the focal surfaces of that congruence and (S) corre­
spond, we must have 

a=A=A1, 

which is equivalent to 

or 

(u _ {ju ,-o· 

From (6) we have 

iY 
-.--log a= o, 
uu<Jv 

} ·········•······· ····•·•······•· (6) 

U(1t) 
a=--, ·········································· (7) V(v) 

where U(u) and V(v) are functions of u only and v only respectively. 
By the transformation 

u = J ,IV(u) du, 

v= J,1-V(v)dv, 

we can reduce a to - 1. 
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Let us suppo~e that we have performed the above transformation. 

Then we have 

(=kO (k: const.) 

e = - iJ
2

(} + c' !!!__ - (b' + c)!!!__ + [ be' - be' - (b' + c') + d]o 
iJv2 iJv av V U J 

and from (2) and (5) 

iJb iJb' 
-=2-............................................................. (8) 
iJv iJu 

Accordingly, (} must satisfy the system of the equations. 

This system is completely integrable in virtue of (7), (8) and the 
conditions of the complete integrability of (I). 

From (7) and (8) we know that the surface (S) admits the 

projective transformation and the curves Cu and C., form the conjugate 
net of the projective deformation. 

The focal surface which is described by JJ is given by the system 

~=(b'+ ~)~+[c'+ 1 
iJ (b'O+O)]~ 

iJuiJv (} du b'O + flv du V av ' 

where 

Therefore we know that this surface also admits the projective 
deformation. 

Similarly, we can see that the other focal surface also admits the 

projective deformation. 
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§ 2. 

We have, hitherto, supposed that a surface is given and considered 
congruence I' and T' conjugate to that surface. 

We shall, hereafter,, suppose that a congruence is given and 
consider surfaces which have the following relations with that congruence. 

1 ° There are one to one correspondences between the lines 
of given congruence and points on a surface ( S). 

2° A tangent plane at a point on (S) passes through the 
corresponding line of the congruence. 

3° To the developable surfaces of the congruence correspond 

a conjugate net on (S). 

(8) 

Wilcznski1 has showed that the general theory of the congruence 
may be based upon the theory of the following completely integrable 
system of the partial differential equations. 

ay 
-=mz, 
iJv 

oz -=ny. 
c)u 

oy ay oz --- = ay + bz + c- + d-au2 au av ' 

a. 2z - I + b' + c' ay + d' r)z ~--ay z - -. 
<Jv2 au dv 

.................. (9) 

The system (8) has precisely four pairs of linearly independent 
solutions (Yk• zk), (k= I, 2, 3, 4), such that the general solution will be 
of the form 

Let yi, .... .. , y 4 and Zi, .... .. , z4 be interpreted as the homogeneous 
coordinates of two points Py and P.. 

As u and v vary, these points will describle two surfaces Sy and 
Sa respectively, and the line PyP. will generate a congruence whose 
focal surfaces consist of the two surfaces .S~ and S •. 

Let us assume Sy and S. are not degenerate. 
By the transformations 

u = ¢(u), v = ¢,(v), 

1 Trans. Amer. Math. Soc., 16, 310--327 (1915). 
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which do not alter the congruence, system (9) is transformed into a 

system of the same form. Denoting its coefficients by m, n, a, etc., 
we have 

m 
1n=--

'Pv ' 

The condition of the complete integrability of the system (9) are 

c=fu, d' =f,,, 

112n - c' d =f.,v , 

m,,,,+dvv + df.v + d,.f,,-f,,m,,=ma+db', 

nvv +c',,,,+c'fuu+c' ufu- f,,nv = c'a+ nb', 

1nvn + 2mnv = b' u + f,,mn + be'. 

(ro) 

By the relation 3° of (8), the curves Cu (v const.) C,, (u-const.) on 
(S) form a conjugate net and the given congruence is a congruence I' 
of (S) with respect to that conjugate net. Therefore, to the line which 
passes through points (y) and (z), corresponds a point (x) on (S), and 

tangents at (x) to the curves Cu and C. which meet at (x), pass 

through the focal points of this line, i.e., the points (y) and (z) 
respectively.1 

Hence (x) is determined by the equations 

ax , --=ll1X+/J,1Z. 
iJv 

Differentiating ( r I) by v and ( I 2) by u, we have 

iJ ( iJx) (, iJJ )- ( dp - - = 11J.1+ - x+ J.p.1+ 11m)z + -y, 
dv au dv dv 

1 J. Kanitani, Mem. Coll. Sci., 5, 329 (1922). 

( I I) 
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d2x 
Equating these two values of--, we have 

dudv 

dA dAt -=--, 
()v du 

iJp = ..ltp + Pin, 
dv 

dpt =Apt+ 11.m. 
dn 

From these equations, we see that there is a function (} such that 

{) d Pt d8 -+A-=fJpm. 
du dv 

Substituting the above values A, At in (11) and (12), we know that 
x is given by the equations 

{) dx dfJ --+-x-=8py, au au 

{} dx ao -- + -X' = 8µ1z. 
av iJv 

Put 
P=pfJ, 

Then we know that x- is given by the equations 

dx 
a,;=PY, 

ax - -=qz. 
iJ.v 

l-··································· (13) 

where the functions p, q are a pair of solutions of the system of the 
partial differential equations 

a,p -=nq, 
<Jv 

jg__=mp. 
dn 

l-··································· (14) 
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As by assumption, both Sy and Sz are not degenerate, the four 

points (y), ( z), ( t). ( :: ) are not coplanar. 

Therefore, z may be expressed in the form 

By (9) and ( r 3) the above functions w 11 w 2, w3, w 4 must satisfy 
the system of the equations 

OW1 + -- + nw2 + aw3 n.,w4 = P, 
iJu 

OW2 bw + --+ a mnw4 =o, 
ou 

OW3 -- + cwa+ w1 = o, 
OU 

ow4 + dw3 = o, 
OU 

• • ••••••••••••••• • ( I 5) 

=O, 

=O. 

And z must satisfy the system of the equations 

W3 0
2
% + W4 0

2
% + ( W1 _ Weflu) 0% + ( W2 _ !½flu) 0% _ % 

p ou2 q av2 p p2 au q q2 iJv ' 

o2z _ p., i)z + qu 0% 
iJuiJv -pau q<¼ 0 

The asymptotic lines S 11 , Sz and S are given by the equations 

_!_du2+ dv2= o, 
m 

I 
du2 + _c_dv2= o, 

n 
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pw4 d1t2-dv2= o. 
qw3 

If the given congruence is a W-congruence and the asymptotic 
lines of the focal surfaces and S-correspond, we must have 

or 

d n 
-=--= 
m c' 

dw3._ = _ mp 
W4 q 

These are equivalent to 

Integrating, we have 

w,;= p U(u), 

W 4= q U(v). 

, .......................... . 

where U(u) and V(v) are certain functions of u and v only respectively. 
Substituting the above values of w3, w4 in ( r6) we have 

Therefore by the transformation 

_ f dv v-
- 1/ V(v) . 
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we can reduce c, d, m and n so as to the satisfy the relations 

d=-m, 
c'=-n. 

Let us suppose that we have performed this transformation, 
Then we have 

pW4 = I , 
qwa 

from which we can easily see that 

kwa=P, 

kw4= q, 
} .............................. (17) 

where k is a constant. 
From these relations and ( I 5) we have 

kw1=-(p,.+cp), 

kw2= -(q.+d'q). 
} •••••••••••••••••••••••• ( I 8) 

By (14), (15), (17) and (18), p and q must satisfy the syetem of 
equations 

When 

op =nq 
ov ' 

iJq =m"' 
OU 'F• 

~ ~ 0 -~ =(m,.-mc)p+ (b'-d',.-k)q-m--d'_.!l_. ov- OU av 

d=-m, 

The conditions ( 1 o) become 

c'=-n. 

c: a function of u only, 

d: a function of v only, 

a'=n,.+nc, 

2-i!_-(mn) = .!!!!__, 
iJu iJv 

o ab' 2-(11zn)=-ov an 

(ro') 
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We can easily see that the system ( I 9) ts completely integrable 
by ( r o'). Therefore, we have four linearly independent pairs of 

solutions for ( 19). 
The surface (S) which is in the relation above described with the 

given congruence, is given by the system 

} (20) 

Therefore, we know that if a su,face (S) has W-congruence (D) as 
its congruence I', and the asymptotic lines ef ( S) correspond to those ef 
the focal su,faces ef (D), the su,face (S) and the focal su,far;es admit 
the prqj'eceive deformation and tlze edges ef regression of the developables 
ef (D) form the conjugate net ef projective deformation on the focal 
su,face on which they lie with their conjugate lines. 

Reciprocally, if W-congruence (D) is such that the focal surfaces 
of it admit projective deformation and edges of regression of the 
developables of it are the lines of the conjugate net of projective 
deformation of the focal surface on which they lie, there are surfaces 
which have the congruence (D) as a congruence I' of- them and of 
which the asymptotic lines correspond to those of the focal surfaces of 
(D). 

We have elsewhere1 proved that if there is an isothermal conjugate 

net· on a surface ( S) such that the asymptotic lines of ( S) and its 
minus-first or first Laplace-Dardoux transform correspond, (S) admits 

the projective deformation and the conjugate net is that of projective 
deformation, 

Therefore, we may say as follows:-

.[/ the edges ef regression of the developables of a W-congruence form 
an isothermal conyitgate net with their confugate lines on the focal su,face 
on which they lie, there are su,faces which have that congruence as a 
congruence I' of them and of which the asymptotic lines correspond to 
those of the focal su,faces of that congruence. 

Consider a congruence D). which is given by the system 

1 J. Kanitani, Mem. Coll. Sci., 6, 29-43 (1922). 
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dJ! = mz 
iJv ' 

iJj, iJy dz - = (a+ .l}y+bz+ c~ - m-, 
iJu2 au iJv 

i)211 i)11 i)z _.,, =ay+(b'+.l)z-n'_.,,_ +d'-, 
i)-zj au av 

(.l.: const.) 

which is completely integrable by ( ro'). 

(21) 

Denote by D 0 the congruence given by the system which is obtained 
by putting A = o in ( 21) and by Sy)., Sz), the focal surfaces which are 
described by the points (y), (z) respectively, which are defined by (21). 

Evidentiy Sy)., and Sz). are projectively deformable to Sy and Sz 
respectivly. 

The surface 5). which is given by 

~ = Pv iJx + .!b:_ Ox . 
iJuiJv p du q iJv 

where p, q are the same function as those which appear in (20), i.e., 
a pair of solutions of (19), has the same relation with D). as those 
which S has with D0 and is projectively deformable to S. 

Therefore we have the following theorem. 
Let D be a congruence which is formed by tangent lines of a 

family of curves of a conjugate net of projective deformation of a 
surface S of the first kind which affords only 001 surfaces which are 
projectively deformable to it, and 2 be a surface which has D as its 
congruence I' and of which the asymptotic lines correspond to those 
of the focal surfaces of D, that is, those of S. 

If a suiface 5). be projectively deformable to S, there are suifaces 
prqjectively deformable to l' among those which have the same relations 
with S-A as 2 has with S. 

§ 3. 

In this paragraph we shall consider a surface (S) which are in the 
following relation with the congruence which is given by system (9). 
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I O There is a one to one correspondence between the points on 
(S) and the lines of !he given congruence. 

2° A point on (S) lies on the corresponding line of the congruence. 
3° Developables of the congruence cut (S) in a conjugate net. 

Coordinates (x) of such surface are given by1 

where p is a ~olution of the equation 

iJ2-1> m _r_ = -'-' p + nmp, 
iJuiJv m 

which is satisfied by the coordinates (y) of a point on the focal 
surface Sy. 

If we put 

we have 

I iJp 
q=--, 

m iJv 

x=pz-qy, 

ap -=mq, 
iJv 

j_tl_=np. 
iJu 

.................................... (22) 

} ··················"················ (23) 

From (22) and (23) we have 

iJx ap iJy -=-z-q-, att iJzt iJu 

iJx = pi!!_ - iJq y, 
iJv iJv iJu 

from which follows 

iJ2x = 3__3}__ iJx + jy,_ iJx + (mn -- Puqv )x. 
iJuiJv q du p <)v pq 

If we put 
ilp iJq <)3/J w = ap + bq + c- + d- - - --
iJu <Jv iJu2 

' 

1 Darlioux, I I., chap. X. 
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iJ,p i) i)2 r = a'P + b' q + c'- + d1 _g_ - __3___ 
iJu iJv div ' 

we have from (10), (22) and (23). 

iJ
3

: = ( np + c) a.x _ dq ax +(a+ dqv _ npu )x-wz, 
du· q au p av p q 

a2~ =- c'P iJ.x +(d'+ mq) a.x +(b'+ c'p.,, - mq,,)x+ry. 
av2 q r)u p av q p 

from which we know that .x satisfies the equation of the form 

where 

If the asymptotic lines of (S) and the focal surfaces Sy, S~ corre­
spond, we must have 

d n 
-=-= 
m c' 

-wq 
rp ························"··••o,••········ (24) 

But we know from (IO) that w and r satisfy the equation 

aw --=-dr 
av ' 

aw --=-c'w. 
du 

}············································· (25) 

From (24) and (25) we can see, as in the preceding paragraph, 
that by the transformation of the form 

u = U(u), v= V(v), 

m, n, c, c may be reduced so as to satisfy the equation 

d=-1n, 
c'=-n. 

Let us suppose that we have performed the above transformation. 
Then we have 

w=kp, 
r=kq, 

where k is a constant, and p and q satisfy the system of the equations 



op =mq, 
iJv 
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..!!_g_ = nn iJu r, 

02{_ = (a-b)p+bq+c ap + d..!!.i_, 
ou· iJu iJv 

J_~~- = a'p + (b' - k)p + c' ap + d'j!g_, 
av· OU iJv 

which is completely integrable by ( 101
). 

The surface (S) which satisfies our conditions is given by the 
system 

a
2

x + iJ
2
x = (c + 2qn) ax + (d' + 2pv) ai. 

au2 ov2 q au P av 

a2x _ q,. ax + p" ax + ( p"q,, ) ----- -- mn--- x. 
iJuiJv q OU p av pq 

Therefore we know that the theorems in § 2 also hold, if we 
substitute congruence I' for the congruence J'. 

§ 4. 

Consider two surfaces S., and Sx which are 111 the relations 
explained in § 3 with the given congruence given by the system. 

oy =mz 
av ' 

oz 
-;;;,;=ny, 

iJ2x r)y oz -- = ay + bz + c- - m-
du2 du du' 

iJ2x - I + b' N ay + d' r)z ---ay ,,-ll- -, 
ov2 OU av 

of which the conditions of compietely integrability are ( 1 o'). 
Suppose S,, and S, are described by the points (:r) and (X) 

respectively such that. 
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x=pz-qy, 

X=Pz-Qy, ' f ······································ .. ,· (26) 

where (p, q) and (P, Q) are pairs of the solutions of the system 

op =mq, 
av 

iJq = n-h 
au r• 

a2p op a ~ =(a-k)p+bq+c- - m_f!_, 
iJu2 au av 

i)2 iJ'jJ iJ 
___g_ = a'p + (b' -k)q- n- + d'_f!_, 
iJv2 au av 

and the system 

iJP 
--=mQ 
av ' 

iJQ =nP, 
au 

iJ2Q = a'P+ (b'-K)Q-n iJP + d' iJQ, 
iJv2 au av 

respectively. 
Then x satisfies the system of equations 

iJ2x =~ ax +A~+(mn- Puqv)x, 
iJuiJv q au .P av pq 

while X satisfies the system of the equations 

iJ
2

X + iJ
2

X = (c + 2q,,) aX + (d' + 2p11 ) iJX, 
iJu2 ov2 q au P av 

+ ( a+ b' - 2;q,, - 2nt -k1)X, 

iJ
2
X = ___!l,,_ iJX + .Pi::_ iJX + (mn- p,.qv )x. 

iJuiJv q i)u p av pq 

(28) 
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Put 
................................................ (29) 

Then we have from (27) and (28). 

oO op iJP 
Ti;= Ti; Q- qiiz-:' 

_.!!!!___ = op oQ - oP ..!!!l_ + mnO, 
iJuo1, ou iJv ou ov 

iJ
2

0 -(c + qu) i){f + p. oO + (a- mq,, _ np,")O 
iJu2 q ou p ov P q 

-kpQ +k1qP, 

ii20 _ qu oO + (d'+ Pv) oO + (b'- np,, _ mq" )o 
ov2 q ou p <iv q P 

-kJJQ +kqP, 
from which follow 

a
2
0 - + iJ20 - (c + 2q ") iJO + (d' + Pv ) <JO 

r)u2 ov2 q i)u f av 

+ {a+b'- z;q• -
211" -(k+k1)}8, 

_!!!!__=~}}!!_+A!!!_ + (mn- p"q. )o, 
auuv q au fJ a,, pq 

Similarly we have 

d
2

11 + r)
2
0 -(, + 2Q,,) iJO + (d' + P,,) iJO ' 

du2 a1} Q i)u P ov 

_!!}__ = Pv J}!!_ + Pu j!}_ + (Jim- P,/Jv){}. 
iJuiJv P iJu P ov PQ 

But from (26) and (29), we easily see that 
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Q(8 ax _ .!!!!_x) = q(8 ax _ __g!!_x), 
au au au au 

P(8 ax _ .!!!!_x) = P( ax _ .l!!!_x). 
av av av av 

Therefore we have the following theorem:-
Let D be a W-congruence such tlzat the edges ef regression ef its 

deve!opable swfaces from an isothermal conjugate net on the focal suiface 
on which they lie with their conJitgate lines, and S and T be two suifaces 
whiclt have D as their congruence I" and ef which the asymptotic lines 
correspond to those qf tlze focal surfaces ef D. Then the lines ef inter­
section ef the tangent planes ef S and T at the corresp°'nding points from 
a congriu:nce I' c01yitgate to S, as well as to T suclz that the asymptotic 
lines ef S, T and their focal suifaces correspond. 

Let (Pi, Q1), (A, Q2), (Ps, Q4) and (Pi, QQ) be four lieearly 
indedendent pairs of solution of the system (28). 

Then 811 82, 83 , 84 such that 

are also linearly independent. 
For if there be a relation such that 

we have by (27) and (28), 

Integrating, we have 

4 
~ciP,= U(u)p, 
i-=l 

4 
~ciQt= V(v)q. 
i=l 

Differentiating the former by v and comparing the result with the 
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latter, we have 
U(u)= V(v)=C, 

where C is a constant. 

If k1=t=k, we must have C=o. 
This contradicts our assumption. 
When k1=k, we may take 

Pi=P, 
and reduce to a similar contradiction. 

Therefore, we know that congruences I' conJiJgate to S such that the 
asymptotic lines of their focal suifaces correspond to those of S, are those 
which are formed by intersections of tangent planes at corresponding points 
of S and a suiface w!eich has the same relation as S with D. 


