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CHAPTER I. 

INVARIANTS. 

1. Let X 1, X: 2, X:3, X 4 be homogeneous coordinates of the point 
X in the projective space of the three dimensions and suppose that a 
surface is given by the equations 

(i= 1 1 2, 3. 4) 

where X:ht, v) are analytic functions of u, v in a domain R. 
Consider the determinants of the matrix 

X:1 
iJX:1 r)X:1 i)2 X:1 iYX:1 iJ2X 1 

uu av -------;fu~. iJuiJv iJv2 

X2 dX:2 ax:2 i)2 X: 2 j)2 X:2 il2X:2 
~ iJv uttc ~av --7iv2 

x3 oXa ax3 02 Xa c)3X3 az £3 
du riv iJu-2 iJuiJv Ov2 

x4 v x4 v x4 i)2 x; 4 iJ2zt;4 iJ2X:4 
rJu Dv iJuz iJuiJv iJv" 

and put 

a= I Xu Xu Xuu Xuv \, 

l a'=~\Xu Xv x,.,, X,v I, 
2 
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a"= I~ £,,. Z,u Zvv I, 
b = I a; Jl:g. Zuu Zuv I, 

b' =__I__J a-g 
2 

Zv Z,m a;vv I, 

b" = I~ ~. £,,. £,,., I, 
......... (I) 

C - IX Zu £,,,. Xuv j' 
I 

x'ltlt ~ .. I, c'=-1£ Zu 
2 

c''= IX Xu X,,v x,,v I, 
d= IX Xu Xv a;uu I, 
d'= I a; ~" Zv Zuv I, 
d"= 1£ ~ .. x. x •• I, 

where I Xu Xv Xuu a;uv I denote the determinants the i th row of 

h. h . f iJX, iJ~ · 02 "'!.. iJ2Xi w 1c consists o --· --' __ G(.?_, --· 

du ' iJv ' du2 
' iJ,;2 

We shall call these determinants the fitudamental determinants of 

the given surface. 
From (1) we have 

iJd 
a,;;=b-2c' + j £ Zu Jl:g. Zuuv I, 

iJd' 
du = -b+ J Z Zu ~., ~miv [, 

iJd' - - " I (\I? (\I? a,, I 
~- C +~Xu ~v ~uvv 1 , 

iJd" b' " I a,, a,, I 7Ju'"= - +c + £ Zu ~v o.:>urv • 

Therefore, 

:~ ~~' =2(b-c'), } ........................ (z) 

ad' iJd" 
iJv -ciu'=z(b'-c"). 

Consider the determinant 
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.!ei 
a~T aX1 a2X1 a2X1 a2 .!e1 

0 0 7fu 7iv 7fu2~ iJuav ~ 

X2 
aX2 aX2 a2x2 a2~2 a2 .!l;2 

0 0 du rfu ~ duav av2 

,il;3 
ax3 a .!l;3 a .!l;3 a2 .!l;3 a2 ,X3 

0 0 rfu 7iv au2 iJuiJv ~ 

Je4 
a,il;4 ax4 a2X4 a2 .ll';4 cf .!l; 4 0 0 du '""av iJzt2 duav av2 

a2 .!I; i a2 .!I;! if.Xi a.!l;i 
... (3) 

0 0 0 au2~ auav i):," Xi '----Jv 

0 0 0 
a 2x2 rfX2 a 2x2 

.!e2 
aX2 

~ auav av·! a;-

0 0 0 
a2a;3 a2 .!l;3 a2 .!es 

Xs 
axs 

aiT iJuiJv iJv" '----Jv 

0 0 0 
02 x4 a3 ,il;4 a3 a;4 

Jl;4 
a.!l;1 

auz- aui)v av' '----Jv 

The determinent (3) vanishes identically. For (3) is equal to 

Xi 
a.!l;1 aX1 

0 0 0 -Xi a.xi 
du riv --;fv 

X2 
iJX2 a .!l;2 

0 0 0 -Je2 
iJX2 

au riv -a:v 

Jl;3 
a .!es iJ,!l;3 

0 0 0 -,X3 
a.!l;3 

~ '""av -a:v 

Jl;4 
d.!l;4 a,il;4 

0 0 0 -Jl;4 
ax4 

du riv -~ 

0 0 0 
02 Xi a2x1 iJ2~1 

.!l;i 
aa;1 

au2 iJuiJv -ave a:v 
0 0 0 

i)2 .!l;2 i)2 .!l;z iJ2~2 
.!e2 

iJX2 
air iJuiJv a;2~ a:v 

0 0 0 
i)2 .!I; 3 i)2 .il;3 a2 a;3 

~3 
ax3 

7iT iJuiJv av" a:v 
0 0 0 

i)2 a;4 i)2 ,X4 a2 Je4 
a;4 

ax4 
au2- au.av -7fi;2- a:v 
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- .%1 
c) XI c)fr,1 

0 0 0 0 0 ciit <iv 

fr,2 
c)Je2 c) fr, 2 

0 0 0 0 0 7Fu av 
x3 

c)Jl;3 ax3 
0 0 0 0 0 ciit <iv 

,%4 
ax4 ax4 

0 0 0 0 0 7iu <iv 

0 0 0 
c)\~1 c)2 fr, 1 az .% 1 

fr, 1 
c),%1 

c)zt2- i)uc)v- av2- av 
0 0 0 

c)2 Je2 iJ2X2 c)2 fr, 2 
fr, 2 

i) fr, 2 

iJit" iJztiJv dv2 av 
0 0 0 

c)2 fr,3 c)2 fr, 3 i)2 fr, 3 
fr,3 

ax3 
c)zt2 iJucJv avz- ~ 

0 0 0 
iFX4 cJ2 X 4 iJ3X4 

fr,4 
i) fr, 4 

iJu2 cJuiJv iJvz ~ 

Expanding the last determinant by the method of Laplace we can 
see that it vanishes identically. 

While if we expand (3) by the method of Laplace it becomes 

db" -2d1b1 +d"b. 

Therefore 

db" -2d'b' +d"b=o. 

Similarly, we have 

dc11-2d1c1 +d"c=o, 

da" -2d1 a'+ d" a =O. 

2. Consider the transformation 

..................... (4) 

Z =AJe .............................. (5) 

and denote by ii, b, etc. the determinants obtained by substituting a; 
instead of a; in ( 1 ). 

Then we have 
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b =A4[b+ d log A d-z d log). d'], 
dv du 

b' = ).4[b' _ d log). d"-], 
_ du _ 

b" = ).4[b" _ d log). d"], 
du 

c =A4[c -- d log). d], 
iJu 

ii = ;,4r d log). b _ d log A c + { A }d' -{ A }d] La + du dv uu uv , 

ii' =A4[a' + o log Ab' _ o log). c' +~{ ). }d"-~f ). }d], 
ou dv z uu z l vv 

a" =A4[a" + d log). b" - o log). c" + { ). }d" -{). }d']. 
du dv uv vv 

where 

{ ). }= iJ2 log). -( a log). )
2 

uu i)u" du ' 

{). }= a2 1ogA 
UV duav 

d log A 
du 

a log J. 
av ' 

... (6) 

Let us assume that the given surface is not developable and has 
no porabolic point in the portion which correspond to the domain R 
of u, v, i.e. d'2 -dd"=t,o in the domain R. 

Let r(r > o) and 8(0=-0 < 2;:) be the modules and the arguments 
of the functions d 12-dd11 respectively and put 

iJ 
_/- 2 Ll=v r e . . .......................... (7) 

Then, by the transformation (5) we have 

J =e.A.4.:1, ................................. (8) 
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where 

e= r, or - 1. 

Let us call Xi, x 2, x3, x4 which are defined by the equations 

.................. (9) 

the normal coordinates of the point on the given surface, and the 
fundamental determinants formed with the normal coordinates the 
normal fundamental determinants, and denote them by A, B, ...... , etc. 

Then 

D'=_!!_!__ 
L1 ' 

d i/ 

D"=­
Ll ' 

B =~+___I___ a log .d D' _ ___I___ o log .d D 
L1 2 du 4 ov ' 

B' ·=_!!__+___I___ o log LID" 
LI 4 au ' 

B" =~+___I___ iJ log L1 D" 
LI 4 ov ' 

C =~+___I___ o log LID 
d 4 du ' 

C' =~+____I__ a log LID 
LI 4 iJv ' 

C"=~+____I__ ologLI D'-___I____ ologLI D" 
d 2 av 4 iJu ' 

A =~-___I___ iJlog LI B+___I___ olog LI c+{¼Ll}D-{¼Ll}D', 
LI 4 iJu 4 iJv uv uu 

A"=3!.:_ _ ___1___ dlogL1 B"+___I___ iiiogL1 C"+{¼Ll}D'-{1.d}D" . 
.d 4 iJu 4 iJv vv u v 

(10) 

We can easily see that the normal fundamental determinants 
remain unchanged by the transformation of the form (5), or the pro­
jective transformation, except for a sign. 
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Evidently, we have 

DB" - 2D' B' + D" B=o, 

DC" - 2D' C' + D" C =o, 

DA" -2D' A'+ D" A=o 

.••••• •••·•• ...... ( 11) 

and, moreover, we have 

Differentiating this equation by u and by v, we have 

D iJD" -2D' iJD' +D" aD =o 
iJu iJu du ' 

D iJD" -2D' iJD' + D" an =O 
iJv iJv iJv • 

} ·········<'z) 

3. Next, let us consider the transformation 

u=u(;, r;), 

v=v(;, r;), 
} .................. (13) 

where 

Put 

-au --p iJu o; ' or; =q, 
iJ2u 
01/ =t, 

Then 
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(14) 

Denote by a, b, etc. the fundamental determinants referred to the 

parameters ;, r;, i. e. the determinants obtained by substituting in ( 1) 

ox iJ.r: iJ2x iJ2x iJ2x . f iJx ox 02X 02x o2x 
i);-• or; ' d;2 , iJ;Ji;' 7ii/- 111stead O au ' <iv' -Ou2 I ouiJv ' iJv re-

spectively. 

Then we have from ( 1) and ( 1 4) 

where 

J:p2d=p2d+ 2pp1d' +p/d", 

J:pqd=pqd + (Pq1 + P1q)d' + P1q1d", 

From (15) we have 

Zi·=::T¥2
.d, ·••··•·••·••·•·••· ... · ••.••.••.••••. (16) 

where e=+ I, or -1. 

Therefore we have 

Let £', st', £'" be three independent variables. Then we have 

the following identities which are ve1y useful in the subsequent cal­

culations. 
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(18) 

where 

etc. 

From (r) and (14) we have 

b=qWl:p2c+qiWlp2b+jq r 11.'pqd+/s q /xp2d. qi Yi S1 q1 

Therefore, we have from (9) and (18) 

+(/s qi-Ip t/)1:Ln+jP s/1.·~n] 
S1 ql Pi t1 W 2 Pr S1 W 

={q( l: r;c)+q{ l:'B)+: l: 0: ( ')n J 
Similarly we have 
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Therefore, if we put 

CS = C _ __r__ iJD, 
2 au 

CS' - C' - I iJD' . - 2ait' ......... (19) 

fB"=B"-__r__ iJD" r£"=C"-__r__ iJD" 
2 av ' 2 au ' 

we have 

~ ={q(r~cs )+q{ 1· ''n)J. 

~' ={q( s£Jrr£ )+q{.rPr,ir ~ )], 

~ ={P( .r,cs)+P{ 1·f;~,)J. 

~' ={P( sPa,,<5:)+p1 ( 1·ta,fB )]. 

G'."={P( s r;,cs)+p{s-r;,fS )J 
From (11) and (12) we have 

Di!J" -2'1J'D' +D'''13=o, 

DrJ/'-2CS' D' +D"CS=o. 

Therefore we have 

, ............... (20) 

} ............... (21) 
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I(£ ~ I 
(£11 ~II 

-D' 

where 

,~C£D[= ~(£DI 
~' CS,' D' ' 
18" <£" D'' 

for 

We shall denote by O the last determinant. 
\Ve can see from ( I 7) and ( 20) that O is a relative invariant 

which satisfies the equation 

0=c:W8 . .............................. (23) 

We shall prove, afterwards, that 0 does not vanish identically for 
a curved surface. 

From (1 r) and (19) we have 

From these equations and (20) we know that 

is an invariant equation. We shall show, afterwards, that this is the 
equation of the Darboux's curves of quadric osculation. 

From (r) and (13) we have 

Therefore, we have from (II) 

Similarly _we have 
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+ __!_ o log w{i(1: p_q~ c) + P ( Y' pq_ B) + _r_ ...,__i) -( Pq )n} 
2 or; w 1 

- w 2 - of w 

Therefore, if we put 

l.!t =A +_f_ ologO B-__!_ <)logO c+{½O}D'-{½O}D 
2 ou 2 iJv uu uv ' 

m' =A' + __!_ iJ log {J B' _ __r__ ii log {J C' +__I__{½O }D" _ __r__{½O}D, (24) 
2 iJu 2 ov 2 uu 2 vv 

m"=A"+__r__ iJ!ogO B"-__!_ iJlogO C"+{½O}D"-{½O)D', 
2 du 2 iJv uv vv f 

we have 

~( =c[ 1:p22L], 

~, =c[ l:pq2!], 

ill°"= c[l'q22l], 

} ...................... ....... (25) 

From (25) we know that 2rnl"-m12 is a relative invariant and 

is an invariant equation. Afterwards, we shall interpretate them 
geometrically. 

From (11) and (12) we have 

D'Jl"-2D'm1 +D"'Ii=o . ........................ (26) 
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If the number e in the equation ( 16) is equal to - 1, then let us 
carry out the transformation 

again. By this transformation J remains unchanged by its definition, 

but the signs of 15, D, D"; ~. )8, ~"; il, [', 'cI,"; fil, ~l', m'' are 
changed. 

Therefore, we may suppose the number e in the equations (17), 
(20), (23) and (25) to be equal to +1. 

4. From (20) we have 

And from the relation 

we have 

q( l't~)+ q{r~~ }=P(2Pt~)+P{ I{!,~), 

q( 2{1,cs; )+q{l'Pa,, i))=P(l' tcs: )+P{ l' j~ ~). 

In virtue of the last two equations and ( 19), we have 

= _ a I~~ W { q( l' '~) + q{ l' :~ ~)} 

+ 01
~; W{p(.r,cs;)+p{2,~)-2.PS?(~)-2P1S?(~), 

where 
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Therefore, we have 

+ _i_!og__! v {P( ,~L ~) + 1\(s J/ - 'iJ)} 01) - W W 

-2py,(<S)-2Ji9(~) + lp2
( !~ -~!). 

Similarly, we have 

~- aa~ =- a1~i w{q(rt~)+q{1't~)} 

+ a 1~; w{p(s*<S) +q{rPJr~ )} (27) 

where 

From ( 12) and (20) we have 
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ID ~ I ID Q3 I 2 I D'. ~' I l 2 D': )S' D:'u ~II II <;n/1 

D - D' Di/, ~) = J ~ Du D[, 
(28) 

21 D cs I ID (S I ?ID' CS' I 
D': CS' D~'v CS" - D:,, <£" 

[ fS Dv Dj, D D' D" 

21 Dv ~ I I Dv ~ \ 21 D' ~' I 
D',, ~' D,/' ~II D> ~II =l~D,,D[. --D-- D' D'' 

From (17) and (20) we have 

+PP1{ i 1.'Lcs s_p}__D s P
2 

D/+/s_p~ ~ s_p'!_ __ D 1:P
2 

DI} 
_W W"W W WuW 

+p1
212.~f

1 

'B 2Y
2 

D :£ __ l. __ D/ w w V w • 

But in virtue of (19) and the equation 

which follows from the equation 

Df.E" - 2DrJ,' + D''CS = o, 

we have 

(S {cs)(l'; ( pi )D)-(21ics)(J: :; ( ')D)=(2{D)cp(<£), 

(2 P
2 

CS (J:_j_(L)n)-(2-q2__<£)(2_i__ P
2 

D)=2(J:pq D)m(<£) w , i); w W O; W W T 1 
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The last three equations also hold if we substitute Q3 for ($. 

Therefore, we have 

IC& 15~ DI= -2psc(G:)-2Jw(lfj)+ P2 I 0: Du DI 

+PP1{ f CS:DvD\+\ ~\ DuDf} +p/ \ ){3DvD \. 

Similarly, we have 

½{~ 15.~ D I + I ~ D~ D I } 

= -p<f(CS,)-Pi¢(1fj)-q<f(CS:)-q1<p(1l1) 

+Pql cr D,,Df + Ni+Piq { I G:D,.DI +Im D .. DI} 
2 

+ P1q1 I lfj Dv DI , 

j ~ J\ DI= -2q<jJ(C£)-zq1¢(i,)+l j G: Dw D \ 

+qq1{I (£DVD l+Jm D,. DI} +q/ I ){3Dv D j. 

Therefore, if we put 

L = aITT - a(£ - I rr D D I 
iJu iJv ""' " ' 

L" = a~" - acr" - j lfj D D I 
iJzt iJv v ' 

£ =L + iJ log O ~ _ n log O G:, 
iJu iJv 

E' = L' + iJ log O lfj' iJ log O G:' 
iJu iJv ' 

£" = L" + iJ log (} m" iJ log (} <S ,, 
iJu av 

we have 
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l J ······························C3 1
) 

£i'=l:q2B. 

From (28) we have 

D" [ <r D,. D I = 2(/J;" iJD' - CS:' iJD" ) = 2(~' iJD' - ~ iJD" ), au au iJu iJu 

D' { J (J; Dv D J + [ ~ Du DJ } 

D / ~ Dv D [ -2(~' iJD -~jW' )-2((5;" iJD -(5;1 iJD' )· 
. iJv av iJv iJv 

Hence, we have 

DL'' - 2D' L' + D'' L 

DE"+ 2D''i.Y + D"B 

=DL'' - 2D1 L' + D" L 

+ iJ log(} (D:S" -2D1
~' +D"~) 

iJu 

- iJ ~; (} (DCY," - 2D'(£' + D"CS:) =O. 

Therefore, we have 

2

1(5; 
2 

I _I ~,, :,, I 2 \ (5,' f' I 
<£' £' (5," £" 

I 2 CS: DI, D D' D" 

21 ~ Q \ 
~ £ 2 I Q3' £' I ~' ;, Q3" 'i.:," Q3" £" [£ ~ Dj. 

D D' D" 

..• (32) 
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From (17), (20) and (31) we have 

133 ~ DI =pWI ~ G:DI +pJV/ ii ~DI, 

I~ iE Dl=qWI B~D/+qJV/.8~D/. 

5. From (24) we have 

And in virtue of (18), we have 

l.' ~ (p2)2l-l.' :; (pq)&= Ws-o(&), 

l.' o~ (pq)&-1.': (q2)2r= Wsf,(2!). 

But we have as in n°4, 

1 j ......... (33) 

/2! De Dl=-2Ws-o(21)+pWl2rD,.Dl+PiWl2rDvDI, 

)~ DYi D) =-2Wsf,(&)+qW/2! Du DI +q1Wl2.CDvDI · 

Therefore, we have 

ai - a~' +__!_Ii l5 DI 
a7l a:: 2 ~ 

=PW{olf -~+___!__)2{ D DI} a-7 a:: 2 u 

......... (34) 
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J 
Similarly, we have 

......... (35) 

From (r7) and (18) we have 

iJD _ iJD' + iJ log (J 15 _ iJ log (J D' 
iJ"I) iJ; iJ"I) iJf 

= (D) + P{ iJD _ iJD' + iJ log (JD- iJ log (JD'} 
'? av iJu au au 

+ Pi{ iJD' _ iJD" + iJ log (J D' _ iJ log (J D"}, 
iJv au iJv iJu 

iJD' - iJD" + i) log (J D' - a log__!}_JY, 
OY) d; iJI) iJ; 

= '{D)+ { iJ.D _ iJD' + iJ log OD- iJ log (JD'} 
't q dv iJu iJv iJu 

+ qi{ iJD' _ iJD" + iJ log (J D' _ iJ log (J D"}· 
av i} 1t av iJu 

While we have as in n°4, 
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Therefore, if we put 

I [ o2D iJ2D' iJ2D" I 0=- ~-2-iJ,:, +~--[DuD.D[ 
2 uV UuV uU 2 

~( iJ log OD- iJ log O D')-_l_( iJ log OD'- iJ log OD")] 
iJi, iJv iJu ou ov ou ' 

we have 

ff= we . .............................. (36) 

Accordingly, 0 is a relative invariant and {- is an absolute in­

variant. 
From (33), (34), (35) and (36) we know that if we put 

+ ; I 2m-.2 D., D I - I .2 G: D ) + o 0! ( : ), 
~c2) =_j__( 2W -.2') _ _j__( 22!" -B") 

ov du 

we have 

'[Cl)= _p WijCl) + _Ii W~C2\ 

'[(2) = q WJCl) + q Wif2) 

and we can easily see that 

J ............ (37) 

~(1)=2 ---- +---2--+--( aA oA') a2c a2c1 02c" 
iJv iJu ov2 ouov ou2 

+~I CD DJ-_Q_IB-D CDI 
dv " iJu • 

+ I A D., D I .:_ IL CD I , 
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a a 
av I C-DuB DI - au I B DvDI 

+ I A Dv D 1-- J LB D j • 

From (20), (25), (31) and (34) we know that if we put 

'if3l=O_i!___[_!_{ ail! - ail!' +_!._ 12£ Du D \-1 ~{(£ D \ }] 
i)v {j av au 2 

-jBfilD!, 

we have 

and we can easily see that 

+ tu IAB-DvD)-ILADI ... (39) 

We shall show, in the subsequent chapter, that i(l), IT;C2l and ~C3l 

vanish identically. 

CHAPTER II. 

FUNDAMENTAL EQUATIONS OF THE PROJECTIVE 

DIFFERENTIAL GEOMETRY OF NONDEVE­

LOPABLE SURFACES. 

1. Put 

=Dax - D' !!..!_ 
y dv au' ) 
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W=_!___( i)y - i)z ). 
2 i)v i)u 

l j ······ .. ··········C•l 

Then we have 

j xy zw I =(DD"-D'")2= 1. 

Therefore, the four points x, y, z, w are not coplanar. 
From (1) we have 

ox ~= -D''_y+D'z. 
av 

} .................. (2) 

From the definition of the fundamental determinants we have 

Ax-B a:c + Cox -D' 02:c +D 02.x =o 
au av au2 iJzu)v ' 

2A'x-2B' dx +zC'iJ:c -D"iJ
2

~ +n°
2

-:° =O, 
dtt av 01r av· 

......... (3) 

From (r), (2) and (3) we have 

iJy =[D'(B- aD )-D(C"- iJD" )] 
iJu iJv du y 

iJD iJD' -[ D'( C--)-D(B- ~,:,~)]z-Ax, 
dzt Ult 

ily =w+[D"(B- iJD)-D'(C"- iJD")]y 
iJv iJv iJzt 

-[D'(B- iJD )-D(C" - iJD'' )]z-A'x, 
iJv iJu 

.'!.!_= - w + [D"(B- iJD )-D'( C"- DD" )]y 
iJu av du 
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-[D'(B- iJD )-D(C"- iJD" )]z-A'x, 
av au 

oz =[D"(C"- aD' )-D'(E"- iJD" )]y 
av av av 

-[D"(B- aD )-D'(C" - aD'' )]z-A"x. av ou 

From (22) by writing 

we have 

a ( ay )- a ( ay ) 
?iii Tv -r5v riu' 

a ( az ) a ( az ) 
?iii dv =av rfu ' 

aw =[D"(A- L)-D'(A' -L')+D'({}- eoo)]y au 
-[D'(A-L)-D(A'-L') +D(8-0oo)]z 

iJA iJA' -[ av -au- jA C-DuD\]x, 

~: =[D"(A' -L')-D'(A"-L") +D"(8- 80u)Jy 

-[D'(A' -L')-D(A"-L") +D'(8- 800 )].c-

iJA' iJA'' -[-----\AB-D D\x av OU V • 

where 

The equations (21) (22) and (23) form a system of simultaneous 
linear partial differential equations. 

The conditions of the complete integrability of this system which 
is obtained by writing 

a(aw) a(aw) 
dv Tu =71u Tv 
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a.re 

+~\ CD,,D\-~\ CB-DvD\ 
OV OIi 

+ ]AD"D\-\L CD\=o, 

....... (4) 

+-
0
° \C-D,.BD\--

0
i) ]BDvD\ 

V ZV 

+ \ADvD\-]L CD]=o, 

02 A 02 A' iJ2 A" o --2--+----\A C-D,.D\ 
ov2 iJuiJv iJu2 iJ v 

+-f--J AB-DvD [-[LAD\ =o. 
vzt 

From (38), (39) (Chap. I) and (4) we know that icl), 3'C2
) and ica) 

vanish identically. 
Let (X, Y, Z, W) a pair of the solutions of the system formed 

by the equations (21), (22), (23) and consider the system formed by the 
first equation of (21), the first and the third of (22), and the first of (23). 

If we regard v as a parameter, the latter system is that of the normal 
linear ordinary differential equations of which the normal coordinates 
xi and Yi, zi, w, (i=r, 2, 3, 4) defined by the equation (r) are a 
fundamental system of the solutions.1 

Therefore, we have 

4 

X= ~C;(v)xi, 
i==l 

4 

Y= ~Clv)yi, 
i=l 

4 

Z = ~ C.(v)zi, 
i-1 

1 Po:issin, Cours d'Analyse Infinitesimal, Vol. II. p. 256. 
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4 

W= ~C(v)wi 
i-1 

where C,(v) (i= 1, 2, 3, 4) are functions of 7/ only. 
Substituting these values of X, Y, Z, W in the seconde quations of 

(21) the second and the fourth of (22), and the second of (23), we have 

Therefore Ch'= I, 2, 3, 4) are constants. 
Therefore, we know that if X,, ½, Z,, H7. (i= I, 2, 31 4) be four 

systems of the solutions which satisfy the relations 

[XY ZW[=t=o, 

The surface described by t~ point X is a projective transform of 
the given surface, in another words, auy suiface of whiclz the normal 
fundamental determinants are equal to those of the s111face S is a pro­

fective transform of S. 
But by the transformation 

the signs of all the normal fundamental determinants are changed. 
Therefore, we know that any surface of which the normal fundamental 
determinants are equal, except .for a sign, to those of the swface S is a 
projective trans.form o.f S. 

2, Next, let us suppose that we are given: twelve function D, 
D', D''; B, B', B"; C, C', C"; A, A', A" which are holomorph in 
the domain R and satisfy the equations 

DB'' - zD' B' + DB'' =O, 

DC" - 2D' C' + DC" =O, 

DA"-2D'A' +DA" =O, 
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an iJD' - (B-C'' --·---2 ) 
CV Ott 

2 ---- +---2--+--( 
iJA oA') D"C rPC' iJ2C" 
av au iJv2 auiJv iJu2 

+-ai) IC D"Dl--a
0 

IC B-DvD\ 
V lt 

+)AD,.Dj-\L CD\ =o, 

a a I I +-a \C-D"BDl--a BDvD 
V lt 

i) 
+-iJ \AB-DvD\-\LADj=o. 

tt 

Then the system of the total differential equations 

d:c= -(D'y-Dz)du-(D''y-D'z)dv, 

dy=[{D'(B- ~ )-D(C"- ai:' )}y 

r/D rlD' 
- {D'(C--.-)-D(B-~ )Jz-A'x] du 

du au 

- {D'(B- iJD )-D(C"-.E_D" )}z-A'.:c]dv, 
dv dw 

iJD iJD" dz= [ -w + { D"( B--)-D'( C" - --) } y av dw 

...... (5) 
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-{D'(B-j_D (-D(C" -.i.P~)}z-A'x]du 
iJv iJw 

+ [ {D''( C" - aD' )- D'(B" - j)_D"_)} 
iJv iJv .Y 

-{D"(B- rW )-D'( C" - iJD____'_'__)z-A"x]dv, 
dv aw 

dw=[ {D"(A-L)-D'(A' -L')+ D\ 8- 000)} y 

--{D'(A-L)-D(A' -L') + D(8- 800) }z 

-{ ~A - 0
::' -IA C-DuDI }x]dzt 

uv uu 

+[ {D"(A' -L')-D'(A" -L") +D"(O- 000) }y 

-{D'(A' -L')-D(A" -L")+D'(f}- 000)}z 

aA' iJA" -{~--- (AB-D DI }x]dv av Clw V 

are completely integrable. 

... (6) 

Therefore there are one and only one system of the functions x, 
y, z w which satisfy (6), and are holomorph in the vicinity of x0 , y 0 , 

z0 , Wo, and assume respectively the values x0 , y 0 , z0 , Wo for u=u0 , 

v=v0 , (zt0 , v0 ) being a point in the domain R.1 

Take constants (,!;, /1i, vi, ai) (i= I, 2, 3, 4) which satisfy 

/,lpva(=I. 

Let (.x-i, Yi, Zi, Wt) (i= r, 2, 3, 4) be the integrals which assume 
respectively the values (,li, A, Vt, a;) for u=u0 , v=v0 • 

From (6) we have 

i) 
~)xyzw\ =O, 
iJu 

iJ -\xyzw\ =O. ov 

Therefore I x y z w I is a constant, 

1 Grousat, Le9ons sur !'integration des equation aux derivees partieJ!es du premier 

ordre, p. 73. 
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But 

/xyzw/ =I 

for 1t=u0 , v=vv. Accordingly this relation holds for all values of it, v. 
From (6) we have 

i)2 :r: 
T<>=-Dw-(2c.,'-B);1 + Cz+(AD'-A'D).r, 
uu· 

iJ2x I ... (7) --= -D'w-C''y+Bz+-(AD"-A"D)x, 
duov 2 

~

2

-:, = -D"w-B''y+ (zB'- C")z+(A'D"-A"D')x. 
v· 

From (6) and (7) we have 

/x .:r:,. Xv .:r:uu l=D, 

_!__Ix 
2 

.:r:,. Xv Xuv I =D', 

Ix x., Xv Z.vv I =D", 

)x Xv .X-uu. Xuv I =B, 

_!___ I x 
2 

.:r:v Xuu .:r:vv I =B', 

[x Xv x,w Xvv I =B", 

jx x,, Xuu Xuv J=C, 

2-/x 
2 

Xu %ll'lt Xvv f =C', 

/x X u Xuv Xvv I =C", 

/x,. Xv X,uu Xuv \=A, 

__!__ I .:r 
2 u 

x., Zuu x,,., )=A', 

\x,. x. x..,. X vv I =A". 

Therefore we know that if we are given twelve function of u, v 
D, D', D"; B, B', B"; C, C', C"; A, A', A" which satisfy the equa-
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tion (5), we have nnique surface which has them as the normal funda­
mental determinants, e%cept for a prqfective transformation. 

3. Let S and S1 be two nondevelopable surfaces which are pro­
jectively deformable to each other. 

Let us suppose that they are defined by the equations 

ft=i,(u, v), 

Xt = X,(u, v), 
(£= I, 2, 3, 4) 

respectively and that parameters u, v are so chosen that the corre­
sponding points on S and S1 correspond to the same values of u, v. 
Denote by a, b, ...... ; a1, b1 • • •• • • the fundamental determinants of S 
and S1 respectively. 

Fubini1 has proved that for S and S1 to be projectively deform­
able to each other, it is necessary and sufficient that 

b =A[b1-21U/+rd1], 

b' = 2[b/ -Pd/'], 

c' =A[c/-rd1], 

c" =A[c/'-2rd/ + j9d/'J 

where A, (1, r are functions of u, v. 

From (8) we have 

Ll=e).L11 ( e = + I, or - 1) ...... (9) 

From (18) and the equations 

dd - iJd' =2(b-c') 
av OU ' 

............... (8) 

1 Rendiconti del circolo mathematico di Palermo. 41, p. 135 ( 1916). 
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od/ - od/' - (b I ") -- ----2 1-C1 , av OU 

we have 

(p-__!__ iJ log A )di'-(r-__!__ i!o_~)di=O, 
4 ou 4 ov 

(
r., I ologA)d"-(- I ologA)d'-t' - - ~,--c-- 1 r - ----c~- 1 - o. 

4 ow 4 ov 

Therefore we have 

[3- ologA 
OU 

o. 

I o log A 
r-4 dv o. 

} ••••••••••••• .. (IO) 

Let .A, B, ...... ; .Ai, Bi, . . . . .. be the normal fundamental determi-
nants of S and S1 respectively. 

Then we have from (8), (9) and (ro) 

D1=eD, D/=eD', Di"=eD", 

1 
B 1 =eB, B/=eB', B/'=eB", ...... (II) 

Ci=eC, C/=eC', Ci" =eC". 

where e=+I, or -1. 

Therefore we know that for the two surfaces S and S1 to be 
projectively deformable to each other, it is necessary and sufficient 
that we can choose the parameters u, v so that corresponding points 
on S and S1 correspond to the same values of u, v and satisfy equa­
tion (II). 

( To be Continued.) 


