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CHAPTER L
INVARIANTS.

1. Let %8, %, %; &, be homogeneous coordinates of the point
&% in the projective space of the three dimensions and suppose that a

surface is given by the equations
&= %i(u; 7/): (Z.=I) 2, 3. 4)

where % ,(#, v) are analytic functions of #, » in a domain A.
Consider the determinants of the matrix

% i& ()%1 ‘()2%1' ()2%1 ()2%1
v ' o dv o dudv ov*
‘ g, 9% 0%, 0%, 0%, 0%,
| : ou dv or® 010w 0v?
} e, 0% 0% PR, 0% 0%
s on dv o1t dudv 07*
% 0%, 0%, 0%, %, L
1 Ju dv o 010y 07t
and put
a = l % u % v % ww % uv 5 y
d=|%. % Zu %ul,
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where | 8, &, &.u %. | denote the determinants the % row of
0¥, 0%, 0%, ()2%{.
ou ' Odv’ 0’ 0
We shall call these determinants the fuudamental determinants of
the given surface. ‘
From (1) we have

which consists of

*g%:b—ZC"f",% %u %v %uuuy’
]

%=_5+1x Lo 8o Bu |
4
1"

%:—él'{'ﬁ”"}"% xu %v %1“-'”1'

Therefore,
o od’
oo o~
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M_ od” =2(6/—€” ( )
0y O )

Consider the determinant
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The determinent (3) vanishes identically.
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Expanding the last determinant by the method of Laplace we can

see that it vanishes identically.
While if we expand (3) by the method of Laplace it becomes

db" —2d'% +d"6.
Therefore
b — 2476+ d"b=o0.

Similarly, we have

..................... (4)
adc’ —2d'c +d"c=o0,
da' —2d'd +d"a=o0.
92, Consider the transformation
B=AF it (5)

and denote by &, &, etc. the determinants obtained by substituting &
instead of & in (1).
Then we have
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d =3d, d'=rd, dJd'=rd",
7 =l4[é+ ()l(;)g/ld_zdlogla,,J'

v

on
) oo
- ad J

173

Z"=l4l:5” 0 ]00' A d”]

¢ :l“_c -— dlogl d].
on

o =2 ¢ _Md],
L du

o =)4 0 logi A — 6 log 4 d/:I
A d'ZI ¥

-

. ()logl dlog4 } } ]
@ <o 420 208w (L))
Sy Ologl ()logl 7},_1(1
@ —A{al + On T o iy {uu & -2_\7”)}(1 ’

e 2= (1))

..(6)

where

{l }__ (Vlogl_(()logk)"
w ) Ot o )’
{Z}__dglogl_()logl 9 log 2
uv) " dudv 9 = ov

{Z} Jlog 4 (()logl)2
vy 077 dv '
Let us assume that the given surface is not developable and has

no porabolic point in the portion which correspond to the domain R
of u, v, i.e. d*—dd"=0 in the domain R,

Let 7(r >o0) and 6(0o=0 < 27) be the modules and the arguments
of the functions &”*—dd" respectively and put

73
A:V/7E 2 T (7)

Then, by the transformation (5) we have

a :EZ‘A], ................................. (8)
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where

e=1, or —1.

Let us call x4, a3, #;, 4, which are defined by the equations

& -_
xi:ﬁ’ (F=T1, 2, 3,4) eervereerennnnnns (9)

the normal coovdinates of the point on the given surface, and the
fundamental determinants formed with the normal cootdinates the

normal fundamental determinants, and denote them by A4, B,...... , etc.
Then
D =_‘Ai_, D’=%I, p//=%’i, )
oot tintpt ity
B;/__bz”_ % dlgg 4 D,
c ity

f(lO)

_a 1 odlog4 1 dlogd 1N (34 1y
A= 4 Ou B+Z p C+{uv}0 {uu}p’

_r 01°gAB’ri-LaIOgAC’+L{%A}D—L{%A}D”,
4 du 4 v 2 vy 2\ #u

pw_a' _ 1 dlogd 1 dlogd ., ;1—41} L (14)
A= 4 Z ou 5 +: d; 2 +{'Z/7) D {u'y}‘D :

We can easily see that the normal fundamental determinants
remain unchanged by the transformation of the form (5), or the pro-
jective transformation, except for a sign.
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Evidently, we have

oD oD
P T Gl \
DB"—2D'B'+ D"B=o,
b e (11)
DC"—2D'C'+D"C=o, .
DA"—2D'A+D"A=0
and, moreover, we have
DR DD —1. /

Differentiating this equation by # and by #, we have

pOD" _ D,ap +D,,op

ou ’
......... (12)
oD’ oD | . D
D dv 2D ov +D -07—0
3. Next, let us consider the transformation
u=u(€, 7),
.................. (13)
v=2(§, ),
where
o(n, v)
W= 32 0.
oz, 1) +
Put
du du P P u _
DTt mT Fe T et
oy __ 07/ —, Ov _ v _ . v _
dg =p, — =4 ‘W-Vly W— Sty T)y_z—tl'
Then

or _ Ox
oF p dupl' ]
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Ox _ 0z, 0%
dy  Ou 77 gy 20
Fr _ Ox 0*x Px ., Ox  0x
07 Ozﬁﬁ +2 0;107/pp1+ 07)"1/)] + 0ur+ aw v r (14)
Fxr _ Ok ox ox
()567‘ ()uvp + 0”0,_ (ﬁ?l"‘ﬁﬂ)‘}’ 0v »PIQI‘*" +%‘51,
Px _ Px , 0% Px 0‘21: ox,, Ox,
oF 02T " Touow e 10T o 7 o’ T h

Denote by a, 4, etc. the fundamental determinants referred to the
parameters &, 3, i. e. the determinants obtained by substituting in (1)

dr Oxr &*x OJx Ox or Odxr dx dx O

TIETS Y AR T NAAL Y A2 tead of TN TSy AR A AT TS -
05 oy’ 052 ofdy’ of instead o ' ov’ 0 wdw’ ov -
spectively.

Then we have from (1) and (14)
d=W3pd, d'=W3pgd, d"=WI3d, ...... (13)
where
2pd=p'd+ 2ppd’ +pld",
Xpgd=pad+(pq+1:9)d' + 102",
2@ d=gd+2qq.d' + ¢’d".

From (15) we have

where e=+41, or —1.

Therefore we have

5—5-1,’71) D=eXtlp, D'=e3Tp. L (17)

Let T, T/, T” be three independent variables. Then we have

the following identities which are very useful in the subsequent cal-
culations.
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0 (e[| _l2 s )S'P b 7riyliq )
205( W>$_< 71 Gy P15 w? 2L I/V2
39 2‘)$= S|yl qy|t 7|52
s\ W ST ¢y “wr ﬁx " w:=’
09), \M <P-"_7’?>92@
205( o 51 7 Jia prsi| ¢ ZW“L’
ap‘l)c\,(sg ﬁl)ﬁz\' P s |y 29
37 = y
0'7<W * i y2N W +7f1 Sy Hﬂz
ﬁ,ﬂ_>»~ lVP~ ?s 7
207( w )T 4 7 + 21 5 _I/V_"?’ (18)
0 2 ¢
0 _9*) = ‘ 29 « (ﬁ s g )‘ 7 ¢
Oﬁ(W T=2 L 4 EWZ +‘ y2 4 s 91 Wz&’
where
3 g P o 2Pqr Pl
74 A A A
o (7 >~_ 0 (7 >,~ 0 ppl)\ (ﬁ) "
‘YTE(W*‘os(W*“as(W‘*o, R
etc.
From (1) and (14) we have
z=gW2pzc+glwzyﬂb+jg "\ Spod+ | ¢ [z;;w
1
Therefore, we have from (9) and (18)
B=d o3(2. ) ( 7 )
sg__;ﬁt)p }PSZPQ'J
+( St Gy y2uN D+ s we

:e[g(ZLL; ) + ql(ZLWB)+ 0()77 (pW)D]

Similarly we have

P eala)e L2 ()

dy
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Therefore, if we put

B —p 19D € =Cc —LI9D

2 dv’ 2 ou
4 /
o =B —L 05 , v=c-L "£ R (19)

we have

From (11) and (12) we have
DY’ —28'D + D'"B=o0,
D" —26' D'+ D"E=o.

Therefore we have
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, C B 2 ¢ ‘s;
LI % @Il S'E}l/ @Il %
2) = 7y = Yo =8 ECD|, ..(22)
where
|BED|=|B € D

%I Gl DI

%// 6// D//
for DP—DD'"=1.

We shall denote by § the last determinant.

We can see from (17) and (20) that @ is a relative invariant
which satisfies the equation

0_=6W0. .............................. (23)

We shall prove, afterwards, that 6 does not vanish identically for
a curved surface.

From (11) and (19) we have
B=C', B'=C".
From these equations and (20) we know that
Cdii* + 3Bditdy + 38" dudv* + B dv =0

is an invariant equation. We shall show, afterwards, that this is the
equation of the Darboux’s curves of quadric osculation.
From (1) and (13) we have
a= W* 2p’a).

Therefore, we have from (11)

A= (o,
30, un(25,5) 2 (1)

- 4p0)

Similarly we have
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@ ={ 3p0a- LU 350 C) oS5 B) 4L 25 (40))
+1 Ll‘s*‘;—”’{f@%%c) #r(2558) e 25 (9)2)
—;—{ g {”V %]

FA a2 58)+ 125 ()P)
+1 ‘“%%(2—%%(2%3)+%27:%<—%;)D}

+{0>7}z];1qf1) llE:} **DJ

Therefore, if we put

7" —el:Z' 4 —

2 =a 4t ol p 1 ologh oy (304, (1005 ]
2 Ou 2 Ov uu uv
T 1 dlogf y_ 1 ’?10"'0 ’ { 0} " _{%0}
W =4 +7Tb > o ——= '+ o D Tlow D, \(24)

" 1 dlogf ,, 1 0log {%ﬁ} ,,_{1@01 ,
A=A B~ SBEC B D =2 D,

du 2 Jv >y

we have
A =e[ZpA],
=e[IpgU], [ ceereeneerereneneniiniin. (23)
AW =e[ Jg*A],
From (23) we know that 2" —A” is a relative invariant and

Ndoi* 4 2N dudy + N'dv*=o0,

is an invariant equation. Afterwards, we shall interpretate them
geometrically.
From (11) and (12) we have

DU —2D'W 4+ DA =0. vevivirricrienrnrnnanes (26)
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If the number e in the equation (16) is equal to —1, then let us
carry out the transformation

_.

B =c4 &.
again. By this transformation 4 remains unchanged by its definition,
but the signs of D, D, D"; 8,8, 8"; €, &, & ; A W, W are
changed.

Therefore, we may suppose the number ¢ in the equations (17),
(20), (23) and (25) to be equal to +1.
4, From (20) we have

BB (el a )

A ()2 ()

08 0B
2 = =
+ ﬁ(()u ov )’

And from the relation
B=6, B'=6",

we have
()l ) e (2353)
9(2%@)4-91(2%‘3):?(2%@) + pl(z_?_;_%).
In virtue of the last two equations and (19), we have
Al P A2 G50

9 _lggg__W {9(2%@ + gl(z_f;ﬁzs)} |

dlog W
07

+ {o(2256) + 2 24,9) ~2p6(©)2.9(®),

where
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_P; s s v 29 i |” i
eIt N A A B A RS A 2

7

S1 91 7’1 7

Therefore, we have

S (o )37, 9)
7 ) (21 )

. Pt
~2p0(6) 25,9 (B) + zp-(g%* __0%)

Similarly, we have

o)y
L0 13% 2108 W (529 6) 1 4 5283}

o, (08 _ o€
—g9(€) — 719(B) —2¢ (€) ~ £1(B) + 3?9( oun oo )

08" 08" __ dlog W { ( od ) (2 e )}
R R wC) T =Y
0 log W g° ) <\ g’ )}
P {ﬁ (2 ) e\ =

N
—2¢{C)—2q:¢(¥) + I¢ (di ) Y,

(27)

—

where

2

A e A A A A
From (12) and (20) we have
- by
Dg ¢ _ D,,}’),(S” - Db/,’, O =6 DMD],]
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D, 8 21 D, ¥
D, B D, w D', B
D = D = Vi :‘ B8D,D I ’
(28)
2| D, G D, ¢ 2| D) ¢
D’v G, D”v Q‘;II Dv” (gll
= Va4 = D7 = l ¢D, D ] )
2| D, B D, 8 2| D) ¥
_D/‘” %I D”I/ %/’ -Dzv/, %//
D =~ - pr =800

CD.D =s 32 39 (7 v
€ D, D =p| T45,€ 05<‘W>D iad
v/ ¢ yO0 (7 v
Tl 24y ¢ as(W)D “w?
+pt) 3 Vf’ st zﬁ D, 2L.D|
p 7 A N

2 ;ﬁiq Ap: S‘A?i
+ 2, WJZWD”' Dj.

w

But in virtue of (19) and the equation

(z.g;p)(zfg; e) - 2(2*’%]))(2%6) + ( %D)(Z‘ i;

which follows from the equation

(55):0,

DE—2D¢ + D€ =0,

we have

)D) (22 D)y(),

=2(322.D)o(s),
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D)~ (2L 63 L £8)D)= (24, Dy (©)

206

29 ¢ 0
O (4

The last three equations also hold if we substitute B for €.

Therefore, we have
|€ D, D| =—2p9(C)—229(B)+2*|€ D, D |
+264|€ D, D|+|8D,D|} 4228 D,D|.
Similarly, we have

3{C D, D| +/3 I, p|)
= —pH(C) ~ 219(B)— g9(C) — :¢(B)

+pg1@p,,p[+£@gﬂ<|@am+[%ﬂum}

+20 (8D, DI,

D| =—2¢§(6)—2¢: (V) +¢*| € D, D|
+99.{|€ D, D|+|8 D, D|}+¢*| 8D, D].

|8 D,

Therefore, if we put

du . ov ’
P A S
“on v 7{!6DVD}+{QSDuDl} ' (29)
n_ 08" 0¢”
L= o ov — 138D, DY,
e =L +.(?_19g_0§5__'“0g0@
ou oy ’
r 71 4 9logt g, dlogﬁ o
S ¢, (30)
Q’/=LII d log 0 23/, 0 100' ) C”
on ov

we have
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¢ =3I, ]
,\:i:’ :S])g@, .............................. (31)
>§”=2q28. J

From (28) we have

D' (ED DJ:Z(@”M—-@’ oD ):2(%'01), _Q;GDII)
) ou O 0 ou )’

D'{|6D,D|+|8D,D|}

// ()D’ 174 ()D d-D”
=3 Ou ou +0050 v —C5 oy '

D|BD,D| :2(23'0—0—23"”) (6:” 9D G,ap)
. 0y o0v o0v 0y

Hence, we have

DL —2D L'+ D'L

=2 (DY —2D% + DY)

~ (D& —2D¢ + D'6)=o,

DY+ 2D+ D8

=DI[M"—2D'L'+D"'L

0 100‘ 0 (DB” ZD,%"}‘.D”%)
—-0—1—095)2(06”—2[7'@' +D"@)=O.
Therefore, we have
2/ € £ \ ¢ & ¢ ¢ )
s @ oy G !
L= =2 g e o
(32
2|9 8 U ¥ ¢ (52
B B BroQr
_D i ‘\)_D' = DII —_—|82}D].)
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From (17), (20) and (31) we have

[ € D|=pWV|CCD|+pW|LB D], ] (
L D 33)
(8 8 D|=gW|LCD|+¢lV|BD]|. J

5. From (24) we have

o oW 0 ;. .0
T =Y T (U= 9
Ok =3 ()5 (P
oA 62[’) (()91’ _ 031”)
+ﬁpV( 0v. om A ov on )’
on oA

Jd d
(S NP Vi H—23L (V)
oy o >3 & (2 A— 2oL

; N U M
+gW(az[ o )+91W(021 o )

dv  ou ov o

And in virtue of (18), we have

L0,
3 ()= E S (p) = ()

3PN (A=)
But we have as in n°4,
| W D, D|=—2We(N)+pW|(UD,D|+pW\UD,D|,
|% D, D|=—2WHA)+qW|A D, D|+gW|UAD,D|.

Therefore, we have

A oW I o0 & 5
on o | 1
oW ow” 1
+.751W{“(—377 —()-5—+—2«JJID,,DI}, ( )
......... 34
05{’ 0%" I i E 5
oy 0F +\2_} w Dl



Projective Differential Geometry of Nondevelopable Surfaces. I. 209
N’
W{ﬂ—&+i1mz)ﬂp[}
07 03 2
N’ "
gllV{ o+ Ljun. |}

Similarly, we have

08 o

Qo
+p1W{%”7 "f_ + L ygpm}

_ e S (33)
o o’ I - — —
oy o T 1¥ Dy D]
{22 Lo p )
gW{o,}, 0— —z—l“'DuDI

68, 6811 1

From (17) and (18) we have

0D _ oD | ologl 5 dlogh s
oy 0z 07 0’"
B 0D _ oD dlogl ,, dlogl
=¢(0) +P{ ov du. 5 ou D}
oD oD | 0log 0 _ologf ,,
+Z){ ov on + ov oun D }‘
oD oD" dlogl = dlogl 7
077 05 ()/' 0:
0D oD | dlogl 0l 0
=D+ = T+ e D= T D)
oD _ o, dlogh , dlogh .,
+91{ ov ou + oy ou D }
While we have as in n°4
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,99(D) _ OsJ(D)

|D, D, Di= 37 +W|D,D,D].
Therefore, if we put
2 27y 2 7y’
g—1[ 0D 0*D ;D" —ID D,D|

T 2] 0t —20u07/ + 0*

0 (ologh , dlogl ) 0 (dlogh , dlogh ")]
—07)( v D Ou D On( ov Ou D))

we have
O=W0. cevrrrrreeeireerrirriiaananns (36)

Accordingly, 6 is a relative invariant and L is an absolute in-

[

variant.
From (33), (34), (35) and (36) we know that if we put

0 0
Q) — —Qy_ ' qf
F=— (2q—9) W(zﬁ[ )

I J /6

%(2)=_aa;(2%/__2r)_oi”(zmu_gu)

RS —Q —[Q9 i(_(?_)
+2]22[ LD, D] [~JD[+Hav 7 )

we have
FO=pW D +pWF, }
5(2) =g I/V‘E(l) +q Wg(z)

and we can easily see that

od 04 0*C o*c’ | 0'C”
@ — —
j (dv ou ) 07° 2 ondy + 0’

9 9 :
+=-|CDD| = |B=D,CD|

+|AD,D|~[LCD|,
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oM o) o8 om0
dv du 07* ondy 0w .

0 0

+|AD,D|~|LBD).

From (20), (25), (3i) and (34) we know that if we put

§o=02 0{%—%—+—1%D p|-juc |}

d oA’ o’ -
—0 ou %{ ov°  ou +%{QID'UD1_‘%%D[}J
~|guD|,

3 _.l/l)'lx 35
g( D) 8( %

and we can easily see that

oo PA _

*A

0F

onov

oA 0 3
oF " og A C—Du D]

+-2 |4B~D,D|—|LAD]
On

.+(39)

_ 1 dlogﬁ (8(1)"‘ I Ologﬂg(z)'

2 ov 2 O 7

We shall show, in the subsequent chapter, that §®, §® and F®
vanish identically.

CHAPTER 1L

FUNDAMENTAL EQUATIONS OF THE PROJECTIVE
DIFFERENTIAL GEOMETRY OF NONDEVE-
LOPABLE SURFACES.

1. Put

_n0r o, 0x
=D, =50 ]
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— l()x //’)17
# =D =D O’ l ......... (1)

we1 (()] 0z )
0y ou

Then we have
|2y zw|=(DD'—D"*P=1

Therefore, the four points x, 7, z, w are not coplanar.
From (1) we have

O e — Dy Dy,
.................. (2)
ox 7 ’
S = — D'y 4- D'z
)

From the definition of the fundamental determinants we have

ox ox , O2x ir )
Ax BO - C ov ~ DS 0 ounoy =%
2A x— 2B’(Lﬂ'+2C 0z D”a’t +D o, L., (3)
ov oz
dx ox *x 0*x
1 e 311 OX n 0¥ _ r O X _
Aa= B+ O ™ i TP 5=

From (1), (2) and (3) we have

fgl)]

0 0D
=P B— G )= D(C =

ou
—[D’(C— Dy p(p—~ 2D )— 4,

()DH
0z

=w+[0(5-20)— D=2y

~ (B2~ p(cr - 22 Yo,

ee(22)

03__, 7 _ﬂ)__ ' /r_()D”
0n w+ [0 dv) D du %
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/!
~[(B=22yp(cr~ 22y a,

ﬁ_ A 0D’ /A oD ,

i 9D\ D" T
(DB W) D(C 5 Y]g—A"x. )

From (2;) by writing

we have

0 [N A= L)~ DA~ L)+ D' (0= 6,))

—[D(A—L)—D(A — 1)+ D(0—6,,)]z

04 oA

[~ - 14 C-D,D|]x

....... (2)
——32” =[D"(4' = L)~ D'(A"— L")+ D"(0—6,)]y
~[D(A'—L))—D(A"— L")+ D6~ 6,,))=
04 94"

Lo o T 4B DD

where

1 0°D _0’D | 1 9*D"

I
*T 2 00 ouwov | 2z 0n —Z\D“D"Dl'

The equations (2,) (2,) and (2;) form a system of simultaneous
linear partial differential equations.

The conditions of the complete integrability of this system which

is obtained by writing
9 i"ﬁ)~i ﬁv;)
ov ( ou ) ou ( ov
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(()Al 014/) 0°C 2C' o \
2 —2

v ou 0 010y 0ut

.0 d

+|4D,D|~|LCD|=o,

7( oA 0A”) 0’8 _, B o*B"
“\ v o 0v* 0udy Ot

9

+07/

9
|C=D,BD|~——|BD,D)

+14D,D|~|L CD|=o,
PA__PA | FA 9

0t dudv 0 v | 4C=Du D)
0 _
+ | 4B~D,D|~|L4D|=o. )

/

From (38), (39) (Chap. I) and (4) we know that , F® and F®
vanish identically.

Let (X, ¥, Z, W) a pair of the solutions of the system formed
by the equations (2), (2,), (2;) and consider the system formed by the
first equation of (2;), the first and the third of (2,), and the first of (2s).
If we regard » as a parameter, the latter system is that of the normal
linear ordinary differential equations of which the normal coordinates
2 and 35, &, w; (=1, 2, 3, 4) defined by the equation (1) are a
fundamental system of the solutions.!

Therefore, we have

X= 42 Clo)x,

t=1

V= 2 Gi(v) 34,

=1

Z = Ce)e,
i=1

1 Poussin, Cours d’Analyse Infinitesimal, Vol. II. p. 256.
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4
W=2C¢(v)wi
=1
where Ci(v) (¢=1, 2, 3, 4) are functions of v only.
" Substituting these values of X, ¥, Z, ¥ in the seconde quations of
(21) the second and the fourth of (2,), and the second of (2;), we have

i=1 i=1

Therefore Cy(i=1, 2, 3, 4) are constants.
Therefore, we know that if X;, Vi, Z, W, (/=1, 2, 3, 4) be four
systems of the solutions which satisfy the relations

| X Y ZW|=o,

The surface described by th® point X is a projective transform of
the given surface, in another words, auy surface of which the normal
Jundamental determinants ave equal to those of the surface S is a pro-
Jective transform of S.

But by the transformation

24
X =€ 4 %,
the signs of all the normal fundamental determinants are changed.
Therefore, we know that any surface of which the normal fundamental
determinants are equal, except for a sign, to those of the surface S is a
projective transform of S. '

2, Next, let us suppose that we are given twelve function D,
D, D", B, B, B"; C (', C"; A, A, A" which are holomorph in
the domain R and satisfy the equations

DP—DD' =1,
DB"—2D'B'+ DB" =o,
DC"—2D'C"+ DC"=o,
DA — 2D A'+ DA =o,



Jéyo Kanitanz.

oD oD ,
S o = AE-C
oD oD

oL 0L gt
ov o 2l ¢’

04 dA’) rC _ nC et
2(_07 0v* 0107 0w’

+_|cpu1)|—_*cz; D, D

+14D,D|~|LCD|=o,

(aA' 0A”) #B __#B | FB

v ou o0v* 201407/ 0

0 | C— ]),LBD]———IBD D]
+]|4D,D|—|LCD|=o,

0*A4 orA4’ a*A4" 0
— ~9 rtqc—
07* 2 0udv + 01’ o0v |4 ¢~D, D]

+9 \4B—D,D|—|LAD|=o0.
ou

Then the system of the total differential equations

dx=—(D'y—Dz)du—(D'"y—D'z)dv,

dy=[(D B2~ p(c"— 22"

—{D’(C— (B————)}z A'x) du
+[w +{D"(B— ) D(C—- )}J/
— (DB~ %)4)(0/— %%)}z-A’x]dw,

— I 7 __‘)i_ Y ,,__0D"
de=[—w+ {D'(B dv) D T)J)}y

......
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’
_(D'(B—%%(—D( C”‘%%“) Ya—d'x]du

F D=2~ (5 -2
5...(6)

74
—0(B=12y (e o

dw=[{D"(A~L)~ D4~ L)+ D\0—6,)} y
—{D(A—L)~D(A' — L)+ Dl — 6,))2

04 A

_<W_%.”__y A C—D,D|)x)du

+U{ DA = L) =D(A" = L")+ D"(0—0,)} y
—{ DA —L)—D(A"— L")+ D0~ 6,,))z

_ { 04" 04"
dv O

—|AB—-D,D|}x]dv )

are completely integrable.

Therefore there are one and only one system of the functions x,
9, 5 w which satisfy (6), and are holomorph in the vicinity of x,, 7,
%, w, and assume respectively the values =, ¥, 2, w, for u=un,,
v=1v,, (#, v,) being a point in the domain R.!

Take constants (4, p, ¥, 6;) (i=1, 2, 3, 4) which satisfy

[Apve|=1.
Let (%, 75 20 wy) (=1, 2, 3, 4) be the integrals which assume

respectively the values (4, 1, vy o) for #=u, v=y,
From (6) we have

—()%]xyzw\ =0,

—i[xyzwj =o0.
ov

Therefore (xy zw| is a constant,

1 Grousat, Legons sur l'integration des équation aux dérivées partielles du premier
ordre, p. 73.
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But
|zyzw|=1

for #=u,, v=v, Accordingly this relation holds for all values of z, v.

From (6) we have

9% Dw—(20'—B)y+ Co+(AD ~ A D)r,

0

0y
dudvy

0v*

From (6) and (7) we have

= — Doy — C"J/+B.Z+%(AD”—A”D):{,

2
o*x =—D'"w—B"y+(2B8'— C")z +(A'D'"— A" D)x.

' xr x, XN Zuu I =D)
I ’
? I x JL’“ E xu'u l =D ’
|z % x 1z, |=D",
l X X Xy Fuww i = By
I, . ’
? [ X Xy Xy Hw l =B ’
] X Xy X Xow ‘ =B”,
I X Xy Xy e l = C)
%(x Xy oy Fw | =C7,
|2 2, X X |=C",
Ixu Xy Xuu Fus l =4,
%‘ ! Xu Xy Kuw Xow ] :A,J
lxu Xy Fuy P l =A".

Therefore we know that #f we are given twelve jfunction of u, v
D, D, D" B, B, B"; C, ', C"; A, A, A" whick satisfy the equa-

(7)
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tion (5), we have nuique surface whick has them as the normal funda-
mental determinants, except for a projective transformation.

3. Let S and S; be two nondevelopable surfaces which are pro-
jectively deformable to each other.

Let us suppose that they are defined by the equations
gi=x'i(”’ 71)) .
(i=1, 2, 3, 4)
;= %i(”’ 7}),

respectively and that parameters #, v are so chosen that the corre-
sponding points on S and S; correspond to the same values of #, 2.
Denote by «, 4, ...... ;@ by eeeee. the fundamental determinants of .S
and S, respectively. ,

Fubini' has proved that for S and S, to be projectively deform-
able to each other, it is necessary and sufficient that

d =id, d'=, d"=id, N
b =& —2pd/ +rd],
o =a[6/—pd/"],

&' =& —yd!"], ST (8)
¢ =e—pdy),

¢! =/ —ydy],

o =/ — 2rdy + Pd)" | )

where 4, 3, v are functions of #, v.
From (8) we have
Ad=¢ld, (e=-+1,0r —1D)....0. (9)

From (18) and the equations

dd _ od'
o ow 20—,
1"
0:;’ _ 0311‘ =2(8 —c"),

L Rendiconti del circolo mathematico di Palermo. 41, p. 135 (1916).
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od! _ od;

o ou = 2b—a),
4 1

we have

4 Ov
1 ()logl) " ( 1 0log2) .
( 4 ow @ 4 4 Ov =0

Therefore we have

dlogd _

B S5 =0.
............... (10)
_ 1 dlogi —o.

4 Ov

Let 4, B, ...... 3 Ay, By eeeees be the normal fundamental determi-

nants of S and S, respectively.
Then we have from (8), (9) and (10)

Dy=eD, D/=eD', D/'=eD",
B,=¢B, B/=cB, B/ =¢cB", ceeens(11T)
G=eC, G'=el, G'=eC".

where e=+1, or —1.

Therefore we know that for the two surfaces S and S, to be
projectively deformable to each other, it is necessary and sufficient
that we can choose the parameters #, v so that corresponding points
on S and S correspond to the same values of #, v and satisfy equa-
tion (11).

(70 be Continued.)




