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ABSTRACT.

Let » be a quadratic differential form such that all the curves upon a hypersurface
which satisfy p=0 are asymptotic, and g be a function of the referred curvilinear
coordinates upon the hypersurface which makes ¢p an invariant form. In this paper, I
investigate the geometrical meaning of the integral

|Ver

taken along a curve on the hypersurface and the property of the extremal curves of this
integral, and I prove that a necessary and sufficient condition that a hypersurface may
be represented upon a hypersurface of the second degree in such a manner that the
asymptotic curves are in correspondence is that » may be reduced to the form

pltyyeeensy ) {dui+ oo +dul ).

CHAPTER |
FUNDAMENTAL QUANTITIES,

1. Consider a regular hypersurface! (i.e. a hypersurface such that both of
the manifoldness of points on it and the hyperplanes tangent to it are »)
in the n+ 1 dimensional projective space defined by the equations

() xi=x(thy tpyernenr, 1),
(i=0, Y,ieeuen, 1),

where the functions #’s are analytic functions of #’s in a domain R.

1 J. Kanitani, These Memoires, 8, 1 (1925).
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Put
ox, ox, 0,
T Gun
(2) lzij-= ..............
Zpit %) e Oy Oty
Ou, ou, Ou;0u

(3) A=y
Hereafter, we shall denote the determinant as on the right side of
(2) by

- ox _ ox o
FPRRRUEIE vees _—au,, o,
Put
?

(4) @=21F, du du,

oy, 7=1

3 3 ) ox ox

wy=_23_ 93  adligh—|x vesennnes a3

) ¥ 2 dg 2(n+2) pris 7" O,

”
= K’d:p du, du_ du, (K,-j,:](,-,szj;,).
o, f=1
The curves which satisfy =0 are asymptotic curves and those which
satisfy @=0 are Darbou curves.!
Hereafter, we shall omit the symbol of the summation X and denote
the indices which shall be summed up from 1 to = by greek letters o,
B, v, & 1, v, 0, 7, p, ctc.
2. Consider the transformation of the curvilinear coordinates
w; =014 yeninney 1),
=1, 2,00y #),

B(uyy 1., , )

W= =+=0,
RTINS T |
By this transformation, we have
W p on_  0u,
Y= [U: __'."
4 o' o ;
[ 2
7 — ot /l’
K=K Ou, Ou._ 0n,
7 P Qu du! o,

J

1 J. Kanitani, Joc- czt.
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If /’be the cofactor of % ,in the determinant | %;, | divided by A

6) g W=y, (Es=1, € =0, if isk),

(7) /z/,-j=_1_/m% ﬂ

w Ou, Ou_ ’
Put )
E;i= K\ K i
Then
. O0u_ Ou
El.=E o 't
7 B! eu 7
Let p be any constant and put
I | Eutpln Egtply.e........ E, +ph,
‘ k ...........................
Enl+p}lnl E712+Flln2 """"" Em_‘_P/zmz
=L+ pE +pE,+ viiins +pE, -+ pt

Then we have

E=FE E/'=_1 L.

3. Next, consider the transformation

x/=Ax;

where 4 is an analytic function of #’s in the domain A.
By this transformation, we have

/l’z'j: }‘”Jr%z'j,
W=D ],

© K=k

ijl’
/‘lij:a/—(n+2)]4’ij
Ei,j: 'iz-j.

Therefore, the differential forms

1 1

(Ei) " P (Ez) " v, Ecr'r dutf du'r

remain unchanged by any projective transformation of the hypersurface
and by any transformation of the curvilinear coordinates and also by the

multiplication of the point coordinates by any common factor,
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CAHPTER I
PROJECTIVE LINE ELEMENTS.

4. Suppose that a congruence of (z—1)-flats (a system of co* (n—1)-
flats) is associated with the hypersurface in such a manncr that to any
point on the hypersurface corresponds one and only one (12— 1)-flat which

lies in the tangent hyperplane at this point.
The (2—1)-flat corresponding to thc point 5 (x) on the hypersurface

may be determined by the 7 points
]},-<ai(,t‘)+( Ox ) ) (=1, 2,...... , 7).
ou;
Let B, () be a point which satisfies
|B Bi......... B, B |=1
Then we have the equations of the form
dB=—-a_ a'ulr-l-duo, B,
(1) 3dB,=d6;,,B+d0,B+...... d0,,,. b,

=1, 2,...... , %)

where 0; - are Pfaffian expressions.!

From (1) we have

(2) d0;,.=|DB B,...... B, dB; |
=|x 0x ... Ox u’(ax>|
o, ou, On;
=h;, du_,
o0=(5, 4) B

=(—3(0£a dzrd)-i-d(ao, 32/‘7)-9-(1:/0, 590,0—87/‘736170”)5+

where terms not written are linearly dependent on

By By, » B,41, and accordingly
00, 83, oo, oo,
(3) e =
u, Cu; Ou; Ou

If the point B moves along a curve on the hypersurface, the
corresponding (z— 1)~-flat generates a hypersurface which we shall call a
hypersurface of the congruence.

1 In this and the subsequent chapters I will use the absolute differential calculus due to
M. René Lagrange. (Ann. Toulouse, ser. 3, vol. 14, (1922) pp. ¥-~69) and denote
Pfafian expressions by <w, 40, &), etc. instead of w, 0, 0, etc.
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_ Through the (7—r1)-flat B, B,...... B, passoo” hypersurfaces of the
congruence. Any one of these surfaces which has the property that the
tangent hyperplanes to it at all the points on 5, B,...... B, are the same,
may be called the developable hypersurfaces of the congruence.

Any point on the (nz—1)-flat 5, 5,...... B, may be put in the form
P=puB+.c....... +u, B,
and from (1) we have
dP=p_df B+........... + g, A B
where terms not written are linearly dependent on B, B,,...... , B

The tangent hyperplane at 7 to a hypersurface of the congruence is
determined by the 7 + 1 points
BU """ ) ]))m /lo_ deovob)'l—:ua- d@o, ntl Bn+1-

Therefore, the curves corresponding to the developable hypersurfaces
are determined by the equations

6 a8
(49 = =__" =—p,
del 1+l dgna 2+l
From (4) we have
( 99, _ plz“)a’zx1 ...... ( %, —phy, \du,=0,
()nl 0u,
(5) ¢
( 96, pkM)d (7 S + ( 9, _ p/z,,,,)a’ #,=0
0, ou,

— Pl lo.—ply, | =0
O, ou,
() I I
00 a9
el LR/ SO % — ok,
Ou, P Ou, P
A system of the equations of the form
du, _ du, _du,
S =0 == —
.pl Pz pn

where p's are amalytic functions of #'s in the domain considered,
defines a system of oo*™! curves such that through any point on the
hypersurface passes a curve which belongs to it. We shall call such
system the family of curves.

Since (6) is an equation of the degree 7 with respect to p, therc are
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7 families of the curves which correspond to the developable hypersur-
faces of the congruence.
Let p, p, be any two roots of (6) and

duy s Aty ieeiiiiniiiiinnnnn, s du,,
R ) U : O,

be the two directions corresponding to these roots.
Then we have,
d0;,=p, d;y.1y
88;, =ps 80:,11,
du, 89 _,—8u, A0 _,=(p.—p,) 7, duv, du.
Therefore, if

(7) = 0%
Ou 62/
any two curves of the said families issuing from a point on the given
hypersurface are conjugate to each other.

If a congruence of (72— 1)-flats associated with the hypersurface in
the said manner satisfies condition (7), we shall say this congruence is
conjugate to the hypersurface,

5. Assume that condition (7) is satisfied and e to be a function which

satisfies

L (4, J=1, 2,...... , 72),

dlogo=c_du,
Then the coordinates of the point 73; are of the form
0log o ( )+( O ) (=1, 2,..... , 7).
Ou; On;

If we make the transformation

oy
11' —le-,
we have

W (5= (5 )+ (50)

I3

and if we make the transformation
[ .
ul=u (u, 1y...... ) U,)

=1, 2,...... ) )y
we have

K /oa o ) I R ( ox )
= o] x +
G )+( ou; ou; { one’ ) ous' /|

Accordingly, the (72— 1)-flat of the congruence corresponding to the
point 5(x) may be determined by the » points
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1)’,( 0 log @ (x)—;—( o ) (f=1, 2,...... , 72).

ou; ou;’

Therefore, if a congruence of (r—1)-flats conjugate to the hypersurface
is given, we can determine a function o which becomes /4, if we
multiply the point coordinates of the points on the hypersurfaces by a
common factor A, and which remain unaltered by any transformation of
the curvilinear coordinates.

Reciprocally, if a function & which has such a property is given, we
can determine a congruence of (7 —1) flats conjugate to the hypersurface,
by making correspond the (72z—1) flat determined by the # points

,{ 0log o ox .
bz‘( E)f () + ( o )) (=1, 2,0..... , 72)

to the point 5(x) on the hypersurface.
If we put
GZ
A
V
then g is an invariant form,
Reciprocally, if 8 is a function which makes fp an invariant form,
we can determine by the function § such that
ﬂ:2;71+2)V7[ V“@‘
a congruence of (72— 1)-flats conjugate to the hypersurface by the way
above mentioned.
We shall call the quantity &s defined by the equation
ds’=0¢p
a projective line element and the congruence of (72— 1)-flats determined
by the function g the congruence subjected to this projective line element.
6. The quadratic differential form g may be reduced to thg sum of
the squares of the 7 independent Pfaffian expressions,
Let
(7) dw;,=a;, du,
be these Pfaffian expressions.. Then we have

ghi=ag: a,;

|a1.j.|:1/gn/l
Let o7 be the cofactor of a,; in the determinant | a;; | divided by the

value of this determinant. Then we have
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Jo of __
QG @ " =a e = 6,-j,
du;=a" dw_,

a i =& (lf’r /zwj’
g ‘lif: 2y /ldj)
1= a0
Put
/;’:f? =& ](mrg a"u' ajT ”)zp
"sz qu- a"o’ [ZJ'T
Then we have
sy=F~ > dw _ diw n’wp,
I du, du = e, dw, dw,

€ j='{,"cr‘r A’jo"r'

7. We shall call any system of # Pfaffian expressions 752, 4%, ...... ,
82, which satisfy

gp=dii+...... +d82
fundamental,

The necessary and sufficient condition that a system of 2 Pfaffian
expressions
®) dw/=¢’ dw, (i=1, 2,...... , 72),
¢%; being analytic function of #’s in the domain R, be fundamental is that
T g0 =¢C..
) 97 ¢9=¢,;;.
From (9) we have

| g7 I*=1.
Assume that the functions g7 arc so chosen that
Iy I=1.

Then we have from (8)

dw,;=q7 dw,.

8 Let f(u,......, ) be any function of #’s,
Then
df:-?f_dﬂ =£L i a’w'r.
ou, 7 Ou,
Denote by the symbol Y the sum

o1,
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a —Lf .
ou

Then we have

df=

o dw
ow o

o
Any Pfaffian expressions &£ may be put in the form
dd=b_ dw,

We shall also denote &, by —QQ_ so that we have
fw,
d0=22 gy
dw 7

From the equation

8/ —‘:[lio- 3]
oz, O,
we have
o,
011, 7 B
9. Dut
8a’  Ba™ N
i0 G p=a —
(10) * “( dw; Ow )’

(11) =30 + 0w~ i )
Then we have

(12) o4+ 0,u=0,

(13) Tt 3,100,

(1) = 7 k=05

(15) @, &) wy=0,,; dw, dw,,

(16) (2 o) =oin oL

dw,” ow ; Ow,
0b, 0o u
(17) (8’ d) Q= (aw - %A—_i_ by 0‘)\'“)&"&'7\ 8w,u.'
u

If by a transformation of the fundamental system to which we refer,
a m-uple system of the quantities X py (Fryenen. , Pp=1, 2. , 1)
defined by a sequence of operations is transformed to the system



366 Joys Kanitani,

7 - . . R ..
X ooy (Pyeenvesy 7=1, 2,..c..; m) which is connected to the original
system by the equations

- 2
X =97 g g X e
[ PTIIIN S qa’[ qo’z * .qd,,, €102 Ty’

we shall call this system to be covariant,

If X, .., beanelement of a sm-uple system, we shall call the
quantity defined by the equation
X X
18 Plesescs Fon Plessees i _ g X
( ) awh awh cAh .. To_y Ny P

the absolute partial derivative of X,
the equation

CORNTE SN2 S SV SO PSR X

......

the absolute differential of X,
By the transformation of the fundamental system, we have
.<6qi oq., )

! =t gl ok PR ) e
(20) o'y, I 9% T» Orup T 9N Tn Py b, ’
A

8gf\
ow
I

(21)  viu=g} 7L 9% Tapt 9l 9k

In virtue of (21), we know that the assemblage of all the partial
derivatives of all the elements of a covariant system forms also a

covariant system.
The absolute differentiation obeys the following laws,

(22) A(X, LAY )=dX, LAY,
(23) X, Ve

=Y T N @y
ORISR AR

=Yty ot @Koy o1y

S PR SO

10. From (15) and (16) we have
(25) ?([[ﬂ'{) _7 (aﬂ)i) =0,
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e (2, 2)mo
Ow, 0w,
Put
ot; ; at,
(27)  wm= @:Jk ~% wJZ T T T Tspe Toe T Tigp O
&y
Then we have
(28) (8’ d) )(rl ...... 7‘,,,=(87 d) X ...... L
vrcpA,u Plecssas [ 1p7'0._“ ...... 7 dw}\. &ZU 3
(20) (0K r )_ 8 (O Xgs ,,7,4)
0w, ow; dw; \ Ow
S, d)y X
( 7 ) PhooreosPom Tropis X, ,
a,wi 820/- o Flovesss 7’0__1 P rl’—(—] ...... ey
(30) T+ Tuu=0,
(31)  Tiwm+Tu=0,
(32) tijAl + ‘vz'klj_{" tz']f’c =0,
(33)  Viiu=d4 9% 9% 9% Trpn.-
CHAPTER il

FUNDAMENTAIL EQUATIONS.

11. Let us denote by A not only a point on the hypersurface but its

coordinates multiplied by ¢.
the congruence subjected to the projective
by the 7 points

Then the (1 —1)-flat corresponding to A of

line element g, is determined

24
A= P (=1, 2,.... y 7)
Consider the point
74
(I) An+1=“l— c
7 dw_
Then
A Aeid, 4., | =1 424, . 24 o4
7 0w, ow, 0w
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_aha™ | 04 94 04
ure o, T ou, O\ O,

I
=— /ZA’u /17\,;:1.
7

Hence, any point A in the space may be expressed in the form

M=2, A+24, A +..cccene. +A,0 A0
Suppose that the points 44, & A4;, (i=1, 2,...... , 1), dA,, are
expressed in the form
dA=dw, A+dw,; A+......... +dw,, A,
) dA=dw, A+dw, A+ ......... +dw, A,
dA, =dw, A+ ......... +dW, 10, i1 Aprrs

where dzw,; arc Pfaffian expressions,
We shall call the equations (2) the fundamental equations.

Lvidently,
(3) dw,=dw,,=o0,
(4) dw,=dw. (@F=1, 2,..... , 7).
IFFrom (2) we have
(3) dw,,=|AA.....A, dA;]|
|y e ey
Vig 0, ou, on,

=ga” ka;, diu,=dw;
12. The system of the equations (2) is equivalent to system
dA=dw, 4,,
(2") dA;=dw, 4+ (dw;, + Tinp a’wp) Ay +dw; Ay,
dA,.=dw,, A+dw, , 4, +dw,., .. A
The necessary and sufficient condition that the system of the total

differential equations (2") and accordingly (2) may be completelyi ntegrable,
is that the equations

6) (8, @) A=o,
(7) (4 d) A;=0, (i=1, 2,...... 5 1),
(8) (8 d) d,u=o0

follow as the consequence of (2).
The equation (6) is equivalent to
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(9) dw, &w —bw, dw ,=o.
IFrom (9) we have

(10) Ow;, _ bwy, (Z,]:I, - U , n)
¢w, dw; £=0, I,0uie.. , 7

From (2) and (5) we have

(11) 04, _ 0w, A+ e, +ﬂin__4n+5ij A,
awj. 6{@;]. a,wf
From (10) we have
0w,
=o0. (k=0, 1,......, 2)
ow,

From (4), (5) and (11) we have

__ZL( 0 A; ):,,_,,_,,_J,(L"ﬁ.;.aij M)Am“
Ow; \ 0w, tw Ow;

where terms not written are linearly dependent on A, 4,,...... , 4
But

(12)

Therefore, we have

nAA, = veiani. +(@w AW, 11 i) Auri
and accordingly

n

9 (84 ) 9 (04;

- =—1, ;4
ow; \ Bw, 0w, \ dw; ) IATETTA

(n—1)dw,y=dw, +dw,, , .
On the other hand, we have

:dwda+dwn+] nils
Hence, we have
AW, 11 411=0.
13. In virtue of (28) in article | 0, the system of the equations (7) is
cquivalent to

o o nt1
(13) o (dw,)— d(Cw,)+ 2 (dw;, &w_,—ow,, dw_)=0,

c=1

. 7241
(19) 8 (dw;)— d({w; )+ 2 (dw;, &w_,—8w,; dw, )
. o=1

o/

+ 5, 4w, Sw, =0,

(15) duw; &w, -~ oéw; dw, =o.
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From (15) we have

(16) Qw,; _ 0w,

ow, ow

From (10) and (16) we have

.. (/l= I, 2,...... ; 71)
(17) L% 0%
ow, ow,

From (2) we have

(18)  dA=dw,dw, A+ {dw,dw,,+ d (dw,) }AT +dw, dw_ A,
(19) d*A=....ccccunnnen + {dw(, dw_dw_ +3d(dw, a’wa)} A,

where terms not written are linearly dependent on A4, A,...... , A,
From (19) we have
—dw_ dw, dwcrr:g-tp:kc,rp dw, dw, dwp

and accordingly,
(20)
w,

From (12) and (20) wc have
(21) 4, ;=o0.
14. Trom (14) we have

Ow, ;

= —kijl-

?kifl _ pg‘kij/z

TS SO S
" [ ‘ol Tost
ow, ow,

(22)

dw; d1v; oW, ; 0w, ,
+5ﬂaw” — & @u;n +€&y a:u“/ —&y 6';/ L. 47, ,,=0.
4 4 [ i
From (22) we have

(23) =2 ki g 9 Fi +5.7'z( 0w;, __ 0%Wyps )

cw, ow, ow, ow,
c ( 0w, _ 0w,.; )_ c ow;, _ 0w, , )
—Sn ih
ow, Ow, 0w, ow,

+51‘[( awjo _ awn+1_1' ):O,
0w, ow,

(24)  2kuy ku—2ky, ki 427,

Ow; 0w, 11 7 0w, 0w, 1 ;
6 .r( 7o + ndly )__ 6 " ( 7o + nil 7 )
o dw, ow, 7 ow, 0w,

ow, 0w, 1, ; ow ow,
(B s ) (0 P )
0w, ow, "\ 0w, Ow,
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From (21) and (23) we have

25 ”( dw,, _ w,u, ):2 Ohort _ g OWury

ow, ow, ow_ 7 Oow,

From (21) and (24) we have

ow ,, 0w, ., ; ow,,
(26) (n—2) ( aﬂ;'h__i- 67,;1] )=26’/,,-+2 T, o—Cgn — — 1w
% T
From (26) we have
awn-H
(27) Tw'f‘=ew+ ToAho.
4

From (13) we have

b [ bw, ENa ow,, dw_,
(28) ( Wy )_ ( w;, )“/31'/,, _ 4 +A’i10' o

ow, \ ow, ow, \ Ow, 0w, ow,
g,, LWt _ € Wy, g
Ow, 0w,

I'rom (28) we have
B[ ow_, ow _,
(@9) (u—r) Do O (Dl )y

dw, Ow \ ow,

CHAPTER IV
PROJECTIVE NORMALS GEODESIC CURVES.

15. Any point M on the hypersurface in the vicinity of A is given by
the equation

M=A+dA+3d*A+3d3 A+ ......

=Al1+3dw, dw_,+......
+ A [dw, +}{dw, dw ,+ d(dw)}+...... 1
+ A, ul3dw, dw +3{dw, dw, dw_ +3d(dw, dw)}+...... ]
Let (2, 230eene. , %,) be nonsymmetrical coordinates referred to the
system [A; A,...... , A1)t Then
z=dw;+}{dw_ dw_;+ d(dw;)}+......
(1) (=1, 2,..... ) 7)
8 =%dw_ dw_+}{dw dw_ dw +3d(dw_dw)}+......

1 Jayd Kanitani, Joc. cit.
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The cquations (1) give for the development in the power serics of
Flyeeenen , %, to the third degree,

Zoa=3(s2+...... —[—.z,‘f)+§,k(r,rpz(r Zp Byt
Let (£, &,...... , &,+1) be projective coordinates referred to the
coordinate frame of reference whose vertices and unit point are respectively
A, A,...... s Ay, A+A 4 ...l +A, .
Then the osculating quadric at 4 is
£a 5/1‘!-12%(512_*_ """ +§i+a£u2+1)-
Therefore, the line A4,,, is reciprocal to the (52— 1)-flat A4, 4,...... A,

We shall call this line the projective normal subjected to the projective
line clement given by the equation

(2) dsi=dw’+........ A dwd.
16. The tangent hyperplane to a developable hypersurface of the con-
gruence subjected to the projective line element given by (2) which passes
through 4, A4,...... A, is determined by the points

A“ AZ) ...... 3 An, PiA+A"+17

where p; is a root of the equation

cw,, ow,, Cw,, -0

o, R R i, =

0w, cw,,

G, o, ~p

Since
. ow_, Y
Fo dw,

the point A, is the harmonic conjugate of .4 with respect to the
points at which the = tangent hyperplanes at any point on A4, 4,...... A,
to the # developable hypersurfaces passing through A4, 4,...... A,

17 The assemblage of the projective normals at all the points on the
hypersurface forms a congruence. When the point moves on a curve on
the hypersurface, the projective normal at A generates a surface which
we shall call a surface of the congruence. Through AA4,., pass co*
surfaces of the congruence. Any one of them such that the tangent
planes to it at all the points on Ad4,,, are the same may be called the
developable surface of the congruence,

The curves corresponding to the developable surfaces are defined by

the equations
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d‘zunﬂ, 1 — — dwnﬂ, 7

dw, dw

By the same method as in article 4, we can prove thal through

AA, ., pass n developable surfaces of the congruence and that two curves
corresponding to any two of them are conjugate to each other,

18 The equation of a quadric of the #—1 dimensions on the tangent

hyperplane at 4 which touches the cone of the asymptotic tangents at A

over the variety at which it intersects with A4, 4,......4, is of the form

PELEL ...+ =0

If this quadric is regarded as the absolute, the distance @ between
A and a point on the tangent hyperplane at A in the vicinity of A, is

d E+iVait...... + 32
d=—"log ——
2 E—iVa+ ... + 22
=V it Bt erreennnns
where z,...... » 4, are the nonsymmetrical coordinates of the point referred
to the system [4; A4,...... , A,

Now, let P be a point on the hypersurface in the vicinity of 4, and
Q@ be the projection of P from a point on AA,,, upon the tangent
hyperplane at A4, then we have

Vot ..... 2= Vdwir .. t dwi +.e.nn
Therefore, we have the following theorem,
Let
m=F1(8), ennees cerrreen s My =1(0),
be the equations of a curve on the hypersurface and P, Py,...... , P, be
the points on this curve whick correspond to the values t,, t,......, 2,

of t such that

LCH< i, <t ,

Let Q; (1=<i==n) be the projection of P, fiom a point on the
projective novinal at P;_, subjected to the projective line element given
by (2) upon the tangent hyperplane at P; |, and d; be the distance
between P; | and Q; in the case where a gquadric of the n—1
dimensions on the tangent hyperplane at P; , whick touches the cone
of the asymptolic taugemls at P, , over the waviely af which it
tntersects with the (n—1)—flat corresponding to P;_, of the congruence

subjected to the projective line element given by (2) is the absolute.
Then
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z
s=§ V@t 5 A0 =l (dye et )

f,-——tl-_l—>0

19. Let us call the extremal curves of the integral

s= dew%+ ...... +dw?

the geodesic curves,
The equations of the geodesic curves are

Yy, n {a}} du, du, =0,

st 2 ds ds
(=1, 2,..... s 72),

where {% } are Cristoffel symbols formed with respect to gg.
In virtue of (10) in article 9, we have

(3)

. O0a_,
(4) [lg]:am‘ s Uuk Tz T a:: ’
% . Oa_g
. & ck
G) {¥t=aya,a v,,+a —-55’—-

From (3) and (5) we have
(6) d(dw)=dw, dwﬂ Tinue
In virtue of (6), we have

A (dw;)=d(dw;)— LI

Therefore, the equations of the geodesic curves may be written

dw, a’w#: o.

() d(dw)=o. (i=1, 2,...... , 7).

20. Consider a family of curves defined by the equations
du, _ du, _ __du,
7—7 .............. 7.

which arc not asymptotic, Iet C be a curve of this family which passes

through A.
Choose the fundamental system to which we refer so that the

equation of the above family of the curves becomes!
dw,=dw,=......dw,=o0.
The osculating plane of the curve C at A is determined by the

points

1 Jdy3 Kanitani, Joc, cit.



On the Projective Line Element upon a Hypersurface, 375

A: Al: X (_kuo-'i' TIU-I)A¢+A¢:+I'
og=2

The (r—2)-flat reciprocal to this osculating plane is determined by
the 2 —1 points
(ke + ) A+ Ay y Rt T)Ad+ 4,
The characteristic of the curve C at A4 is the intersection of the
three hyperplanes

| M A Ao A, | =o,
A| M A Ay............ A, | =o,
AY| M A A 4, | =o,

where M is a current point in the space and & denotes the differentiation
along the curve C.
This intersection may be determined by the three hyperplanes

| M A Ao 4, =0,
| M A Ay Ay o, 4,|=o,
| M A Ay Ay e A, |
+ 3 (—kugHrg) | MAAy Ayt A AA ... 4,] =0
o=2

and, accordingly, by the n#—1 points
(kll;‘.+t121)A+Az7 """ ) (klln+tlnl)A JrAn
A line 1 which passes through 4 and through the point

7
2 u, A

=2

(.4

intersects the characteristic and the reciprocal of the osculating plane at
the points

2 ‘ub' {AD‘ + (1"11-; + rIZL)A}
=2
and
2 py {4+ (—knt 1) A}
ag=2

respectively,
The harmonic conjugate of 4 with respect to these two points is

72
% oy, (A +1,4)
=2
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If the line 1 moves about A in the (72— 1)-flat conjugate to C at A,
this point generates a (72— 2)-flat which is determined by the »—1 points

Tin A+ Ay y Tt A,
and which we shall call harmonic (z—1)-flat of C at /.
If C is a geodesic curve, we have
Tar = T3 = eenees =T,y =0,

Therefore, we know that the harmonic (n—2)-flat of a geodesic
enrve at any point A on it lies in the (n—I)=flat corresponding to A
of the congruence subjccted to the veferved projective line element. The
relation dual to it is also true: the plane reciprocal to the harinonic
(n—2)-flat of a geodesic curve at any point A on it passes through
the projective normal at A.

21. Suppose that all the (z—1)-flats of the congruence subjected to the
projective line element (2) are upon a hyperplanc, In this casc, the 2z

points A,...... , A, dA4,...... , 44, must be on a hyperplane whatever
the values of dw,...... , dw, may be,
Suppose that this hyperplane is determined by the points
A, Ay, , Ay AA+uA, L.

Then we have

ow,,

i — A
=
(8) .
[ L =O, if Z:#:]
ow,

From (8) we have

Z:———‘u' aw'ﬂ =0
7 ow,
and, accordingly,
0w, .
o =0, (i=1, 2.0 ) 72)
Ow;

Therefore, in virtue of (29) in the article 13, we have

(9) dw,=o. (k=1, 2,...... , 72+ 1).

Reciprocally, if the condition (9) is satisfied, the points A, A,,...... R
41,41 lie always upon a fixed hyperplane.

In fact, if this condition is satisfied, we have the following completely
integrable system of the total differential equations.
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dA; =AWy + 15, dw )4, +dw; 4,1, (=1, 2,...... 72),
(10) { d A, p=dw,, A,
Let
P, ¥2,en. , D) (=1, 2,..... , 1)
be 72+ 1 independent system of the solutions of (10). ‘Then any system
of the solutions of (10) (Y, ...... Y @1D) may be put in the form
71
Yéo=22 C_y»
o=1
Now, if the coordinates of the points A, 4,...... s Ay are
(2, tyern-n s Lai),
(GIAR AL , 1), (=1, 2, y 7+ 1)
then
(P, 19, , 12D (=0, 1, 2,...... , 2+ 1)

are (724 2) systems of the solutions of (10).
Accordingly, we have

@D (. &
t.;' “(/Jo'—)lof .

Therefore, the points A,...... , A, are on the hyperplane
z, Cheene.. Cyum =0
z Cieenens Cipn
'Tn+l Cl L2 AR AR C;z—H, 1 24l
22. If
dw,,=o, (k=1, 2,...... , 1)
then
(1, 0, 0jeeunsy 0)
is a system of the solutious of (10).
But
CFR AN y 27D (J=o0, 1, 2,....0. , 74 1)

are 72+ 2 independent systems of the solutions.
Hence we have
1=C,¢,+C, t,+...... 4 Co1 1)
=a(C,2,+C, x F...... +C, %00
Therefore, we know that the congruence of the (z—r1)-flat conjugate to

the hypersurface such that all the (z—1)-flats of it arc upon a fixed
hyperplane, is determined by the function
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where the C’s are constants.

CHAPTER V

IIYPERSURFACES WHICH CAN BE REPRESENTED UPON A HYPERSURFACE
OF THE SECOND DEGREE SO THAT THE ASYMPOTIC
CURVES ARE IN CORRESPONDENCE.

23. The equation referred to the nonsymmetrical coordinates of an
osculating quadric at the point A4 is of the form

gu=3(E+...... +eita ) te,a(nz+.ta,s,)
which gives for the development of z,,, in the power series of zy,......, 2,
to the third order

Zan=3(=+ ... +&)+3(E ) (@ s et 8,)

If the given hypersurface is a quadric, there must be a quadric
which has the contact of the third order with the given hypersurface,
and accordingly we have

(I) a;= kllz':k;"lz' """ :knm’,

kig=0. (i=£7=£k).

Irom (1) we have

Therefore, we know that if the given hypersurface is a quadric, we
must have

(2) kig=o0. (4,7, k=1, 2,...... , 7).

Next, suppose that the condition (2) are satisfied.

Denote by a the hyperplane tangent to the given hypersurface at A
as well as its hyperplane coordinates multiplied by a common factor
properly chosen and put

oa
i:aw,(—,z, ...... , ),
;
da
a
1=
W,
Then a, a,,...... , @, also satisfy the system of the fundamental

cquations (2) in article 11.! But

1 Joy& Kanitani, Joc. cit.
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(¢, 2,®...... y £,7%0) (=0, I,...... , #+1)
are 72+ 2 independent systems of the solutions of the system of fundamental
equations

Therefore, if
(T Teeverry Tons)
be the hyperplane coordinates of 2, we have
T,=Copt,+ Cotit ... +Conprtuny,
&) R ST ererernans
Ton= ntl, o 75 RITIITIY + Cn+l, oy
From (3) we have
741 7241
0= E tlf 7:7 = Z‘ CU’T ta' t‘T.
=0 oy T=0

Therefore, the given surface is a quadric.
24. On a hypersurface of the second degree, choose a projective line
element so that all the (#—1)-flats of the congruence subjected to it are
on a fixed hyperplane, Then we have

ow,
.___;_ﬂ_:o, /‘71’_}'1:0'
("u'{
(z’, Ty I=1, 2,000 , 7 )
=1, 2,c..... y B+ 1

From (23), (24) in article 13 and these equations we have
=0, (i) +k+1)
T4 =0, (l:‘:.]:#:k)

0w, ; .
Vigii=— __“_‘,: L, (i)
(3 7
w1 P, g
Ow; ” ow_

Therefore, the fundamental equations become
dA=dw, A,,
dA,-:t,-AP a"w‘D A +dw; A,.,, (=1, 2,..... y 72)
dA,,=0dA.

From the last equation we have

0 /6/1,,“)__ 0 (814,,“): 00 04 00 04
au; \ Ou;

n )
Cu; \ ou; ou; Ou; Ou; Ou,

and accordingly,
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00 .
——=o0. (=1, 2,-e..., )
ou;
Therefore, 8 is constant.

Put
6==F

Then, by the theorem of R. Lagrange,! we can choose the curvilinear
coordinates so that
Awi+ coivevinenn. +dwl
A4 oo+ dul
Wit euenn+ 2t — k&

=1
-2

25. Suppose that a hypersurface S is represented upon another hypersur-
face S;in such a manner that the asymptotic curves are in correspondence.
Choose the curvilinear coordinates in such a manner that the correspond-
ing points on S and S, correspond to the same values of them, Then
1y — ; p—
Wl D=l (4, J=1, 2,000 2),
where /7; 7 denotes the quantities on S,
If
2 __
ds’=gh _du, du,
is an invariant form,
2. (&)
dsi=pg k" du_du,
is also an invarfant form, and we have
dst=ds?,
Therefore, @ necessary and sufficient condition that a hypersurface
S may be vepresented to a hypersurface of the second degree in suck
a manner that the asympiotic curves are in correspondence is that the
Jorm @ may be reduced to lhe form
p(@ui+.oceennnin +dail)
where p is a function of u's.
This condition may be written as follows.?
T =0, (£ 5=73kk=+1)
1

1,.J?ZZE.7MAZ, (Z==7=1).

I I
(T T ) — Ty nw
—1 ( IATA ./7\.7)\) (71-‘1)(7l—2) ApAu

1 Loc. cit.
2 R. Tagrange, Joc. cir.
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I a

n—1 0w; gpu—1 0w, 2Mn—1)(n—2) 0w,

7}\1'7\]' I d Taing _
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