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This is the extension of the group-tlzeory of semi:convergent serz"es.1 

I consider in this paper the sequences of numbers. Rearrange the terms 
of a sequence. Then we shall obtain a substitution. If the series 
formed by the differences of corresponding terms of the sequence and 
the rearranged one be absolutely convergent, I say as in the previous 
paper that the given sequence admits the substitution. The totality of 
all such substitutions forms a group which I call the group of the 
sc>quence. The totality of all possible substitutions is called the symmetric 
group. Here the necessary and sufficient conditions that a sequence 
admits the symmetric group are given. From the hypothesis that a 
sequence admits the group of another sequence, I have obtained several 
propositions. These are nothing but the properties of a group and its 

divisors where the cardinal numbers of the derived sets of both sequences 
are concerned. 

The set of all the substitutions of the symmetric group which I call 
the set of the symmetric group may be ordered and its cardinal number 

is equal to that of the continuum and then I determine the cardinal 
numbers of the sets of all the groups of sequences of numbers. The 
set of the group of a sequence is either countable or has the cardinal 
number of the continuum. The condition to determine the alternate case 
is found. Next the sum of all the numbers of a sequence taken in order 
is called a series notwithstanding that it is convergent or divergent and 

r. These Memoirs, A, 10, 2rr (1927). 
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extending the idea of the equivalent series which I have given in the 
previous paper, I have divided all the series having the same terms into 
classes. This is nothing but the extension of the idea of the co-sets of 
finite groups. The set of these classes may be found to have the same 
cardinal number as the continuum provided that the given series be 
convergent or in some other cases. 

As applications of the group-theory, I consider the sequence of 
functions. Here I consider the cases that a sequence of holomorphic 
functions admits the symmetric group simply or uniformly in the domain. 
I explain briefly some relations with the normal family of functions, 
quasi-analytic functions and the analytic continuation, while many others 

are not touched. I expect further researches. 
I • Consider a sequence of numbers or a set of points 

21, Z2, ..•..•..• , Zv, .•.••••••• 

We denote it by { Zv}. Rearranging the terms of the sequence, we 
have another sequence 

This rearrangement defines a substz"tutz'on 

S == (I 2 ...... V ...... ) = (V) 
Si Sj ...... Sv .. .. .. - Sv ' 

We shall correspond in the following to any sequence { u.}, the series 

):u.-==ui +u2 + ...... +uv + ...... , 
where the notation does not concern the convergency of the series on 
the right-hand side. 

If the series I:(z.-zs) be absolutely convergent, we say that the 
V 

sequence {zv} admits the substitution S=(;.). The system of all pos

sible substitutions is the symmetric group 1 and the system of all 
substitutions admitted by a sequence forms a group of the sequence. It 
can easily be proved as in the previous paper.z 

2. The necessary and sufjiczent condz"t1'on that the sequence {zv} 
admz'ts the symmetric group is that we may Put .for any v 

z.=a.+c, 

where the series Lav is absolutely convergent and c i's a constant. 
This is the generalization of the like proposition with the convergent 

r, 2. Loe. c1l,, 220. 
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series, given in the previous paper. 
If the sequence { z,} admits the symmetric group, it is clear that { z,} 

must be a limited sequence. (When the absolute values of all the 
numbers of a sequence are limited as a whole, then we say the sequence 
is limited or else not l1'mz'fed. A limited sequence is nothing but a 
bounded set of points.) Moreover the derived set of the set of points 
{z,} cannot have more than one limiting point. For if otherwise, let 
a, fJ be two of them such that 

lim zv =a, 
n➔co n 

lim zp. =fJ 
71,--)>CO n, 

where the sequences {vn}, {µ,,,} are the partial sequences of {v}, then 
the series 

(zv -zv.)+(zl'- -zv)+ ...... +(zv -zp. )+ (zlL -z.,, )+ ...... 
1 1 1 1 11, n n. n 

cannot be absolutely convergent. Hence the substitution written by 
cycles 1 (v1 µ,1) ...... (vn µ,n) ... .•. , the remaining integers being unaffected, 
is not admitted by the sequence { Zv}. This is contradictory to the 
hypothesis. We denote by c the single limiting point of the set of points 

{ Zv} and write 

v=1,2, ...... 

Then lim av=o and the sequence {z.-c} or {a,} must admit the 

symmetric group and hence the series ,I:a, must be absolutely convergent. 
For if the series I:av is not absolutely convergent, its real or imai:,•i.nary 
part must not be absolutely convergent. Suppose the real part is not 
so. Let I:av be the real part. Then since 2.....av is not abs'.)lutely 
convergent, the sum of all the positive terms or that of all the negative 
terms of ,I:a, must be divergent. Now suppose the sum of all the 
positive terms of ,I:a, be divergent and denote it by I:bn. By the 
rearrangement of the terms of the sequence {a,}, we may .assume 

bl :::::,_ b2 :::::,_ .... • • :::::,. bn :::::,. .. • • • • :::::,_ O. 

Since av tends to zero, we have 

lim b»=o, 

and the sequence { b,.} must admit any substitution since it is a substitution 
of the symmetric group. Nmv we can find terms bn , bn , bn , ... such 

l 2 3 

1. Loe. cit., 213. 
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that 
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············' 
different from one another, where we do not write on the left-hand sides 
of these inequalities any term which once stood on the right-hand side 
of these inequalities. Since 

lbi-bn I+ lb2-bn I+ jb;i-bn I+ ...... 
I 2 3 

+ ......... 
>~+~+~ 

2 2 2 

bn 
+-i-+ ...... 

2 

+ ........ . 
= -1-(bi +b:i+ ...... +b,.+ ...... ) 

2 

and the substitution 

(
I 2 3 ...... 1t1 ...... 1/J ...... ll, ..... ·) 

Jl I 112 1l3 .. •. • • I . .. . . • 2 .. • • • • 3 • • .. • • 

must be admitted by the sequence {bn}, the left-hand side of the above 
inequality must be convergent. Therefore '2:,b,. must be convergent. 
This is contradictory to the assumption. Hence the series '2:,a, must 
be absolutely convergent. 
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Conversely if 

v==1,2, ........ . 

and I:a, be absolutely convergent, the sequence {a,} z: e., {z,-c} admits 
deary the symmetric group. Hence the sequence { z,} admits the 
symmetric group. 

We remark that any sequence of constant terms is a special case 
of the above sequence. 

3. By the proposition just proved we see that if the sequence { z,} 
be not lzmzted, it cannot admz't the symmetrzc group. Moreover some 
of' the unlt1ni"ted sequence cannot aimz"t any substitutz"on of the infinz"te 
degree. For example the sequence 

{v}=1, 2, ...... , v, ...... 

can neither admit the symmetric group nor any substitution of the infinite 
degree. 

On the other hand any lzmz'ted sequence {z,} must admt't some 
substz"tutzons of' the znfinzte degree. For let a be a point of the derived 
set of { z,}, then we can find its partial sequence { Zv } such that 

n 

Since a is finite, there is an infinite number of pairs of terms of {zv } 
n 

such that for any given positive number e ( < 1 ), 

Jzv -zv I <e, 
m n 

Therefore the sequence { z,} admits the substitution of the infinite degree 

(vni v,,,) (vv vq) ......... . 

We may suppose m<n<:P<q< ....... Let us write 

then we have 

and the sequence {z,} admits the substitution (µ,1 /J,2) (µ,3 µ,4)... of the 
infinite degree. Hence if the sequence {z,} be limited and a (finite) be 
one of the point of the derived set of { z,}, then we can find a substih1tion 
(vt v2) (v3 v4) ... admitted by {z,} and that lim zv =a. 

n➔o:i n 

Moreovet' if the derived set of any sequence {z,} contains at least 
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a point at finiteness, then we can also find a partial sequence of { Zv} 

whose terms tend to a. Hence we have in general the proposition : 
If the denved set of any sequence {zv} contazits at least a point 

a at finiteness, then we can find a substitution (vi v2)(v3 v4 ) ... admitted 
by { Zv} such that lim zv = a. 

n➔ oo n. 

This proposition is not true with some unlimited sequences. 

But if the derived set of { Zv} contains no point different from oo, 

then we must have lim Zv=OO, whatever the group admitted by the 

sequence {zv}, 
Conversely ij any sequence {zv} admits substz'tution of the form 

(vi v2)(v3 v4) ... , we may extract from the sequence {zv } a partial 
n 

sequence which have a determinate lt'mit. For if the derived set of 

points of { zv } has a point different from oo, then by the preceding ,. 
proposition, there is a partial sequence of { zv } which converges to a 

n 

finite determinate limit. If the derived set of {zv } has no point different ,. 
from oo, as we have remarked, the sequence { zv } must tend to oo. ,. 

4. Given two sequences {2v} and {Zv}, if the sequence {Zv} admits 
all the substitutions of the group of the sequence {zv}, we say that the 
sequence { Zv} admits the group of the sequence { zv}. In this case the 
group of the sequence { Zv} is a divisor of the group of the sequence 
{Zv}, 

If a sequence {Zv} admi'ts the group of a lzmi'ted sequence {zv}, 
we may correspond to any jJoznt a of the derived set of { zv} one and 
only one Poznt of the derived set o.f { Zv} and by this correspondence 
there remains no point zn the denved set of { Zv} which does not 
correspond to the j;oz1zts of the derzi,ed set of {zv}, 

For since a is finite, by a proposition of § 3, we can extract a 
partial sequence { zv } of { Zv} such that the sequence { Zv} admits the 

" substitution (vi v2)(v3 v4)... and that lim zv =a. By hypothesis the 
n-+co n 

sequence { Zv} admits the substitution (v1 v;1) (v3 v4)... • Hence by a 
proposition of § 3, from the sequence { v,.} we can extract a partial 
sequence {µ,,,.}, such that lim Zµ =A, where A is determinate. It 

ni...:,,co m. 

may be supposed that there would be another partial sequence {"X1} of 

the same sequence {v,,}, such that lim Z). =B, where Bis determinate 
l-+Ct':J l 

and different from A. We shall prove that under our hypothesis B is 
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necessarz"ly iaentz"cal to A. 
For if the sequence {µ,,,,} and {Ai} have an infinite number of 

common elements, then .clearly A=B. We assume that there are only 
a finite number of common elements, or omitting the 
we may assume that there are no common elements. 
suppose A=t=B. Then since 

lim ZtL =A, 
m-►-co m 

o being a positive number such as 

IA-Bl >o, 

we may find an integer E such that 

common elements, 
In such a case, 

I z(L -z).. I >o, for any µ,,,,, A1>E. 
m l 

On the other hand since {µ,m} and {Ai} are the partial sequences of 
{v,.}, we have 

lim ztL = lim Z). = a. 
m~CI.'.> m l-►,co l 

Therefore for any given positive number e ( < r ), we can find an integer 
G such that 

lzv- -z>. J <e, for any /J,m, A1>G. 
m l 

Hence there are pairs of integers (µ,,,,, Ai) which satisfy the simulteneous 
inequalities 

Jz,, -z>. I <e\ 
rm l 

:where k is a positive integer. We take successively such a pair of 
integers for which k= r, 2, •• • We· may assume, avoiding the complex 
notations, that for k = r, (µ, 1 , A1) is such a pair ; for k = 2, (µ,2 , '7\.2) ; ••• 

Then since the series >-: ( ztL - Z).. ) is absolutely convergent, the sequence 
k k 

{z>} admits the substitution (µ, 1 A1)(µ,2 '7\.2) ... (µ,k '7\.k) ... which by hypothesis 
must also be admitted by the sequence { Z,}. Accordingly the series 
I:( Z,, - Z>. ) must be absolutely convergent which is contrary . to the 

rk k 

inequality 

Therefore the assumption A=t=B is inadmissible, or we must have A=B. 
Thus it is proved that lim Zv =A. 

n-►-co n 
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We have arrived at the result that by aid of the substitution 
(v1 vJ (v3 v1)... admitted by the sequence {z,} such that lim zv =a, 

1t-+CO n 

there corresponds to a one and only one point A = Iim Zv 
n-►oo 1i 

But to prove completely our proposition, we must show that for 
any two substitutions (v1 v2)(v3 VJ)... and (µ,1 µ,2)(µ,3 µ,J), .. admitted by 
the sequence { z,} such that 

lim zv = lim z!J- =a, 
n,+oo n n-;>,co n 

we have the equality 

lim Zv = lim Z(J, =A. 
n➔eo 11 •➔co n 

This may be proved by a similar consideration. If the sequence { v,.} 
and { µ,,,} have an infinite number of common elements, then the above 
equalities are deary true. If otherwise, since 

lim zv = lim z =a, 
n➔oo n n+co l'-H 

for any given positive number e( < r), we can find for each k= r, 2, .•. , 

a pair of integers (v,., µ,n) such that 

lzv -z!J- I <l, 
n n 

where v,. and µ,,. are different from each other. Avoiding the complex 
notations, we may write 

lzv -zµ I <e, 
I I 

lzv -z,. I <i, 
2 r2 

Therefore the series >= ( zv - z!J- ) is absolutely convergent. Accordingly 
k k 

the sequence {z,} admits the substitution (v1 µ, 1) (v2 f";J... which by 
hypothesis must be admitted by the sequence {Z,}. Hence as we have 
already proved, the sequence Zv , Z!J- , Zv , Z!J- , . . . . . . tends to a 

I I 2 2 

determinate limit. So we have 

lim Zv = lim Z(J, =A. 
n-:>co n n-)>co n 

To finish our proof we must prove that there is no point of the 
derived set of { Z,} which does not correspond to a point of the derived 
set of { z,}. For let A be any point of the derived set of { Z,}, then 
there is a partial sequence {~ } of {Z,} such that lim Zv = A. 

n n-:>co n 
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Consider the derived set of the partial sequence { zv } of { Sv}. Since 
n 

the sequence {zv} is limited, the derived set of {zv } must have at least a 
n 

point a at finiteness. Therefore A is already corresponded to a. 

Thus to any point of the derived set of the bounded set { Zv}, we 
may correspond one and only one point of the derived set of {Zv} and 
there remains no point in the derived set of { Z,} out of the correspondence. 
We remark that in general the above established correspondence is not 
reversible. Hence the c~rdznal number o./ the set o.f the bounded set 
{ Zv} is not /es s than that o.f the derived set o./ { Zv} where the sequence 
{Z,} is conditioned to admit the group o./ the lzinz'ted sequence {zv}, 

For example consider any limited sequence { Zv} and a sequence { Zv} 
which admits the symmetric group. The sequence {Zv} admits the group 
of the sequence {zv} and whatever be the cardinal number of the derived 
set of {zv}, that of the derived set of {Zv} is unity. 

5. I.I the sequence {Zv} admz'ts the group of the lzinited sequence 
{ Zv}, the sequence { Zv} must z'tself be ltinz'ted. 

For if the sequence {Zv} is not limited, we may extract a partial 
sequence {Zv} of {Zv} such that lim Zv =OO. Here we may assume 

n n~w n 

that the absolute values of the numbers of { Zv } are increasing with n. 
" 

Consider the partial set { zv } of { z,}. Since the set of points { z,} 1s 
n 

bounded, the derived set of the partial set { zv } must have a point a at 
" 

finiteness and we may extract a new partial sequence { zfL } of { zv } 
m n 

such that 

Next we want to extract a partial sequence {z).} of {zµ }, hence of 
l m 

{zv } such that the series I: (z). -Z). ) shall be absolutely convergent. 
n l l+I 

This is always possible. To prove it, put 

m=r, 2, ...... 

and consider the set fs'm}, The limiting point of the set is the origin 
of s-plane. Since the set {sm} contains an infinite number of points 
tending to the origin, there must be at least in one of the four quadrants, 
an infinite number of points tending to the origin. Let it be for simplicity 
the first quadrant. Let e be a positive number and consider the square 
in the first quadrant, the length of its sides being equal to e and the 
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sides being the axes of f;-plane and their parallels. In this square there 

is a point of the set <tm}, Let it be 

then we have 

Again consider the square in the quadrant, the length of its sides 

being equal to _e_ and the sides being the axes and their parallels. 
2 

In this square 
preceding point 

then ,ve have 

there is a point of the set {sm}, different from the 

Let it be 

(It would be unnecessary to notice m1 < m2 and the like in the follow

ing.) Again consider the square in the quadrant, the length of its sides 

being equal to ~ and the sides being the axes and their parallels. 
2 

There is a point in this square different from the preceding points. Let 

it be 

then we have 

We continue these processes indefinitely. Now we have 

!
Sm -f;m /=j (~m -~m )

2+ ('l'Jm -1'/m ) 2 

I 2V I 2 I 2 

also 
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Ism -tm I <2(-€ +~) 
2 3 2 2 , 

Hence 

=6€, 

The sequence {sm} is a partial sequence of {sm} t. e., of {zµ -a}. 
l m 

A voiding the complex notations, we write 

l=1, 2, ·•···•·· •••••• 

where {X1} is a partial sequence of {µ,m}. Then the series 

is absolutely convergent and the sequence {z,_} is a partial sequence of 
l 

{zµ }, hence of {zv }. 
m " 

Since {z>.} is a partial sequence of {zv } which corresponds to the 
l n 

sequence { Zv } , the sequence { Z>. } is a partial sequence of { Zv } . 
n l 1t 

Moreover since the absolute values of the numbers of the sequence { Z., } 
" 

are assumed increasing with n and Jim Zv = oo, the absolute values of 
n➔oo 11, 

the numbers of { Z,_} must be also increasing and lim Z,_ = oo. On the 
l ~m l 

other hand as we have proved, the series I: (z>. - 2\ ) is absolutely 
I l+l 

convergent. Therefore the substitutions (X1 x'3 ) (X3 AJ) ···•• .... and (X2 A3) 
x (Xi X5 ) .... ,. ·· are admitted by the sequence {z,}. Hence by hypothesis 

these substitutions must be also admitted by the sequence { Z,} 1·. e., 
the series 

and (Z" -z>.) + (Z,_ -Z,_) +····· .... 
2 3 4 5 

are absolutely convergent. Therefore the series 
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is also convergent. Since 

l=r, 2,·················, 
comparing with the above series, the series 

must be convergent, which is nothing but 

Jim I Z). I = Jz"ni'te and determinate. 
l➔V-J l 

This is contradictory to Jim z). =oo. Thus the sequence {Z,} must be 
l➔ <XJ l 

limited. 
In the above proof we have assumed that in the first quadrant 

there is an infinite number of different points of the set {sm}. But the 
proof is also valid when the first quadrant contains only an infinite 
number of coincident points of the set. 

6. 1/ two ltmt"ted sequences {z,} and {Z,} have the same group, 
the cardinal numbers o.f the derived sets of {z,} and { Z,} must be 
equal. 

As we have said in course of the proof of the proposition of § 4, 
since the sequence { Z,} admits the group of the sequence { z,}, to any 
point a of the derived set of { z,} there is a substitution ( v1 vz) (v3 v~) · • • 

admitted by the sequences { z,} and { Z,} such that 

lim zv =a, 
n~co n 

where the point A is one and only one point corresponding to the point 
a. In the present case, since the sequence {z,} admits the group of the 
sequence { Z,}, to a point A of the derived set of { Z,}, there corres
ponds one and only one point of the derived set of {z,} while the point 
a corresponds to the point A. Therefore the correspondence of a and 
A is one to one reversible. Moreover a is any point of the derived set 
of { z,} and there are no points of the derived set of { Z,} which remain 



Group-Theory o.f Sequences o./ Numbers. 23 

out of the present correspondence. Thus we have established one to 
one correspondence between the elements of the derived sets of { Zv} and 

{ Zv}. Therefore the derived sets of { Zv} and { Zv} are equivalent to 
each other, or their cardinal numbers are equal. 

\Ve remark that the equality of the cardinal numbers of the derived 

sets of { Zv} and { Zv} is not the sufficient condition of the coincidence 
of their group. For let 

{ z,} = { ( - I) >-l-;-}, { Z,} = { :2 } . 
Their derived sets are the same point o. But the series I:Z, being 
semi-convergent, the set {z,} can not admit the symmetric group. On 
the other hand the series I:Z, being· absolutely convergent, the sequence 
{ Z,} admits the symmetric group ( § 2). Thus they have different 
groups. 

7. Consider a holomorphic function Z= .f (z) in a domain and 
{ z,} be a set of points within the domain such that all the points of 

the derived set shall be also within the domain. Suppose that the 

sequence {z,} admits the substitution S-(;J Putting 

Z,=.f (z,), v===1, 2,-···········, 
we have 

where the curve (C) in the domain is so drawn that it contains all the 

points of the derived set of { z,}. By the choice of the path of integra
tion, there is a finite number ro such that 

v-==1, 2,··············. 
Therefore the second factor on the right of the above equality is 

limited for all v. Since the series I: (z, -z
5 

) is by hypothesis absolutely 
> 

convergent, the series 'T,. ( Z, -- Z
5 

) is so also and the sequence { Z,} 
> . 

admits the substitution S. Therefore the sequence { Z,} admits the group 
of the sequence { z,}. 

For example consider a linear function 

z- az+/3 
,yz+o 
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and a limited sequence { z,}. If the point 0 z= -- is not contained 
'Y 

in the set { z,} or in its derived set, the sequence 

{Z,}={ az,+f3 } 
ryz,+o 

admits the group of the sequence {z,}. Consider the inverse function 

r-- oZ-/3 
,.- -ryZ+a 

Since {z,} is a limited sequence, the point Z=__!!,_ is contained neither 
'Y 

in the sequence { Z,} nor in its derived set ( § 5). Therefore the se-
quence {z,} admits the group of the sequence {Z,} z: e., they have the 
same group. Therefore the cardinal numbers of the derived sets of {z,} 
and {Z,} are equal to each other. Thus the group o.f a sequence does 
not change by a lz"near transfermafzon o.f the numbers o.f the sequence 
Provided that the pole o./ the trans/ormatron is not contained 11z the 
sequence or zn its derzved set. 

vVe remark that even when a sequence {Z,} admits the group of 
a sequence { z,}, Z cannot necessarily be expressed by a holornorphic 
function of z provided that all the points of the set { z,} and those of 
its derived set be required to lie within the domain of the holomorphic 
function. 

For let the group of the sequence { Z,} be symmetric and the derived 
set of {z,} contain an infinite number of points. a bt'ing any point of 

the derived set of {z,}, there is a substitution (11iv.J (113 111)··············· 

admitted by the sequences { z,} and { Z,} such that 

limzv =a, lim Zv =A, 
n+co n u~w n 

where A is the unique limit of the sequence { Z,}. Let Z = ./ (z) be the 
required functional relation, then since it is supposed to be holomorphic, 
we have 

./(a)=A. 

But by assumption there is an infinite number of such point a within 
the domain of existence. Therefore f(z) must be the constant A. 

8. We consider in the following the set of all the substitutions of 



Group-Theory of Sequences of 1\Tumbers. 

a group. Omitting the phraseology "of all the substitutions" we say 
the above set, the set of the group. For example the set of the sym
metric group is the set of all substitutions of the symmetric group. 

The set of the symmetric {[roup may be ordered (geordnet). 
For consider any two substitutions written in the normal form (z: e., 

the integers in the upper line of the substitutions are in the natural 
order) : 

2 ......... V ......... ) 

S1, ••·••• ••• S'ol·••••·••• , 

The equality of the two substitutions is by definition that for any given 
positive integer N however great, we have the relations 

v=1, 2, ......... , N. 

If the conJitio:1 be not fulfillecl, we say they are different. If the two 
substitutions are different, there is a p::isitive integer µ, such that 

SI-' =\cfµ, 

Anyhow two substdutz'ons are et'ther equal or different. Of-course 
the set of a group does not contain equal substitutions as the group 
itself does not so. 

Now we prove the above proposition. Let S and T be any two 
clements of the set of the symmetric group, then since these substitutions 
are different, there is an integer µ, such that 

Sµ "¥ fµ, 

Comparing all the two integers standing in the same vertical line of the 
fini'.e sequences : 

If there be a pair of integers (sJ-, tJ-) such that s,. =\ct,., we may write 
µ, instead of "X, so that we may assume 

If sµ<tl-', we order S before T, i: e., S<T. If sl-'>tµ, we order T 
before S, z: e.. T <(S. Thus the set of the symmetric group is ordered. 
'\Ve notice that the set has the first element, namely 
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For consider any clement of the set 

Since s1 is a positive integer, it is not less than unity. If s1 > 1, we 
have E<S, or else let s, be the first integer different from µ,. 
Then since 

we must have sl'- > µ,. Therefore again E<S. 
9. The cardinal numcer o./ the sd o./ the sym11te!rtc group -is 

equal to c, wl1ere the german letter c signifies the cardiual number of 
the conti'nuum. 

For consider a substitution of the group. It is nothing but a 
pemmtation of a countably infinite number of elements i:e., a distribution 
(Belegung) of a countably infinite number of elements. Therefore the 
set of the symmetric group is equivalent to a proper subset of the distribu
tion-set (Belegungsmenge) of countably infinite number of elements on 
a countably infinite number of elements which is equivalent to the 
continuum. The subset is proper, since for the substitution, the dis
tributed elements must be different from one another. vVe shall prove 
in the following that the continuum is equivalent to a proper subset of 
the set of the symmetric group. 

Consider the continuum formed by all the points of a square drawn 
in z-plane. We can denote all the rational points of the continuum by 
Zi, Z2, .. ·······, :::,, ..... , ... which form a limited sequence {s,}. The derived 
set of {z,} is nothing but the continuum. Now consider any point of 
the continuum. As we have proved (§ 3), there is a substitution (v1 v,i) 

x (v3 vi) ......... admitted by the sequence {:::,} such that 

lim zv =a. 
71--)'-CO 11, 

vVe correspond the point a to the substituti0n (v1 vt,) (v" v4 ) .......... Let 

(3 be another point different from the point a of the continuum. In the 
same way we may correspond the point fJ to a substitution, say (µ, 1 µ,2) (µ,3 

µ,4) ······admitted by the sequence { z,}. It is clear that these two substi
tutions are different, or else since 

Jim zv =a, 
n-J-co n 
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a and fJ must be equal. Thus we may correspond any point of the 
continuum to a substitution of the group of the sequence { z.}. 

Since the derived set of {z.} contains more than one point, the 

group of the sequence { z.} cannot be the symmetric group ( 5 2). It is 
a divisor of the latter. Hence the continuum is equivalent to the proper 

subset of the set of the symmetric group. This shows the equality of 
the cardinal numbers of the continuum and of the set of the symmetric 

group. 
1 o. I have defined in the previous paper1 the equivalency of two con

vergent series of real numbers. In the following we shall extend this idea. 
Let I::uv, I::vv be two series of complex numbers (convergent or 

divergent). If the series I: (u.-v.) are absolutely convergent, we say 

that the two series are equivalent and by symbol we write I:u.~ I:v •. 
Two series whzch are equivalent to a series are equivalent to each 

other. The proof is the same with the convergent series. 

Let S=(;J be a substitution admitted by a sequence {z.}, then by 

definition I:z.~ I:zs . We write for simplicity 
• 

If I::z. be convergent, it has the same sum with I::z.S. But in the 
g·eneral case, we cannot say ab,mt their convergency, though we can 

prove that 

quite in the same way as in the previous paper.2 

Now we can extend the idea of the class of the convergent series. 
Let I:z. be any series (convergent or divergent) with a group r, then 

the series transformed of I::z. by any substitutions form a class i: e,, 
the class in which is contained the series I:z., is the totality of all the 

transformed series of I:z. which are equivalent to I::z.. Let P=(;J be 

any substitution not contained in the group r. The series I::z. and 
I::z.P are not of-course equivalent. But we have 

I::z.P~ I:z.PS, 

z: e., the group of the series ::~).P is also r 3. Now denoting the 
symmetric group by ::'.L, we may divide its elements into classes by the 

r. Loe. cit., 236. 2. Loe. cit., 215. 3. Ibid., 235. 
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idea of the co-sets. Since P is not contained in r, all the products of 
P with all the elements of r ( we denote them by PI'), are quite diffe
rent from the elements of r. Let Q be another substitution contained 
neither in r nor in Pr, then all the substitutions of QI' are quite 
different from those of r and PI'. \Ve continue this process and obtain 
the sets PI', Qr, Therefore we may write 

::S= r+ Pr-t Qr+ .................. . 

Let the class of the series ::8z, be denoted by CE, that of >-_.Z,P by 

CP, that of :;8z,Q by CQ, •· ·· · · · · · · ·, then all the series 7c•hiclt have tlte 
same ter7lls as those o.f tlze series ::8z. (but d-zjfere11/ by l!te order) can 

be dz"vt"ded 111/0 classf!S CE, CP, Ci····"············. 
This is an extension of the proposition given in the previous paper.1 

11. Let the series :;8x. of real numbers be semi-convergent, then 
we ca!1 determine the set of the classes. 

Since by hypothesis the series L>• is semi-convergent, we may 
rearrange its terms so that the sum of the new series becomes any 

number. The rearrangement is nothing but a substitution, say S= (;J . 
Therefore the sum of the series :;8x,S is a /unctioll of the substitution 
S. \Ve write it as follows: 

then by the property of the group r, we have 

_:sx.S= :;8x.Sr = <I>(Sl'). 

Thus to a class Cs, there corresponds one and only one number ::8z,S. It 
may occur that two or more classes correspond to a number. But at least 

one class corresponds to one number. Now let Cs, Cr, · · · · be the classes, 
each corresponding to a point (number) of a segment of x-axis. Then 
the set of classes { Cs, C,, · .. · · ·} corresponding to different numbers of 
the segment is equivalent to the continuum, while the set of classes is 
clearly a subset of all the classes { CE, CP, CQ, · · · · · } . Therefore the 
cardinal number of the set of all the classes is not less than c. On the 
other hand the set {E, P, Q, · · · · · ·} is a subset of the set of th':! sym
metric group whose cardinal number is equal to c (5 g). Since the sets 

{E, P, Q, · · · · · •} and { CE, CP, C 1, · · · • · } are equivalent; the cardinal 
number of all the classes is not greater than that of the continuum. 
Therefore we have the proposition : 

If a series of rral numbers be co11'ilrrge1ll, thnz lite set o/ all lite 

I. Ibid., 237. 
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classes zizto whzch are dz'vz'ded the series trans.formed of the given series 
by all the substi'tutzims of the symmetric {froup lzas the cardinal 
number c. 

If the given series be absolutely convergent, the class is only one. 
If the given series be divergent and if one of the transformed series 

be convergent, the above proposition is also valid. 
If two series of complex numbers are equivalent, their real part 

must be also equivalent. But the converse is not generally true, since 
their imaginary parts may not be equivalent. Hence the number of 
different classes into which are divided the real part of the series ::Sz, 
and all the transformed series of the real part by the symmetric group is 
not greater than the number of classes into which are divided the series 
::Sz, and all its transformed ones. Hence by aid of the preceding pro
position, we have the proposition: [¥hen the real part of a series or one 
of z"ts trans.formed series o.f complex numbers zs conver!{ent, then the 
set o.f all the classes into which are dz'vz'ded the scnes transformed of 
the gtven series by all the subs!z'tuti"ons of the symmetric group, has the 
cardt'nal number c. 

It is clear that we may state the same proposition with respect to 
the imaginary part of the given series, since we have only to multiply 
all the terms of the series by the imaginary unit. 

1 2. if the derz'ved set 4 {z,} has a poz'nt a at ./t1tdeness, then 
the cardz'nal number of the set of the vouP o./ {z,} z"s equal to that o.f 
the continuum. 

For let {zv } be a partial sequence of {z,} tending to a, then we 
µ 

have 

lim(zv -a) =O. 
IL ➔°" µ 

Put for simplicity 

JJ.,=I, 2,•••••••• .. , 

such that 

From the sequence {sl'}, we may extract a partial sequence g·µ } such 
m 

that the series ::Ss µ,,, becomes absolutely convergent. Put again 

1n= 1, 2,•·······. 
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Then the sequence { Zm} admits the symmetric group, since the series 
2JZm is absolutely convergent. Therefore the set of the group of { Z,,.} 
has the cardinal number c ( § g). Let { Zm'} be the result of a substi
tution operated on {Zm} and denote the corresponding letters in the same 
way. Then the series zJ (Zm - Zm') is absolutely convergent a11d 

Zm-Zm'=t'(J. -t(.t 
m m 

=z/m)_z,~"'\ 1/t=I, 2,•••••·•·, 
µ µ 

where by we designate the right-hand side of the equality 

when the suffix of the left-hand side is µ,n, Therefore the series 

2J(z~m)_z'v <m)) is absolutely convergent. Thus to a substitution of the 
µ, µ, 

symmetric group, there corresponds a substitution of the group of { z,}. 
So that the set of the group of the sequence {z.} has the cardinal 
number c. 

As a special case the cardinal number o.f the set o.f the group of 
a semi-convergent series is equal to c, since its terms converge to zero. 
Moreover even when the given series is divergent, if there be a conver
gent series tronsformed of the given series by a substitution, as we 
have proved above, the group of the transformed series has the same 
cardinal number c. For as we have said, the group of the transformed 
series is identical with that of the given series (§ 10). Therefore zit 
such a case the set of the group of the g-zi1en series has also the cardtizal 
number c. 

Concluding these propositions, ij the set of the group of a se
quence lzas a cardinal number dijlercnt from c, then the derived set of 
the sequence must have only one point namely oo. 

I 3. For example consider a sequence {z.} whose numbers satisfy 
the conditions 

lz,+rl-!z,j>g>o, v=1, 2, .............. , 
where g is a positive number. The limit of the sequence is infinite. 
\Ve prove in the following that the set of·the group o.f this sequence zs 
countably z'.n./z1zzre. 

For let S = (;J be any substitution admitted by the sequence, 
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then the number of pairs of integers (v, s,) such that v-s,+.o, i. e., 
the degree of the substitution must be finite. If otherwise the series 

~ (z,-zs ) has an infinite number of elements (different from zero) 
V 

where by hypothe~is the series is absolutely convergent. Since 
lz,+11-lz,l>g, v=1, 2, ............... , 

a f orti'ori· I z, - zs I > g, 
> 

provided v+.s,. This proves the divergency of the series ::8 lz, -zs I. 
V 

Or the substitution must have a finite degree. The substitution of the 
least degree is the cycles of two elements (of the second degree). 
Any cycle of a finite number of elements is admitted by our sequence. 
The cycles of two elements are 

(1 2), (1 3), (1 4), ......... , 

(2 3), (2 4),········, 

(3 4), ......... , 

This set is a subset of the proJuct of two countable sets. Hence it is 
also countable. 

In general noticing that any substitution of 1n th degree may be 
expressed, according to the case, as either a cycle of 1n elements or as 
a product of some number of cycles (the elements of one cycle being 
different from those of any other), where the total number of the ele
ments is 1n ; the set of subst~tutions of 1n th degree is a subset of the 
product of 1n countable set. Therefore the set of all the substitutions of 
the finite degree is the sum of a countably infinite number of countable 

sets. Therefore it is also countable ; so that the group of our series is 
countable. 

\Ve remark that the conditions imposed upo:1 our example may be 
replaced by 

lz,1-lzµ,I >g>o, v+.µ,, v, µ,=1, 2, ........ . 

For it, rearrange the numbers of the sequence {z,}, so that the new 
sequence shall be monotone in absolute value. This is possible since we 
are assuming that the limit of the sequence {z,} is oo. The_ rearrange
ment is a substitution. n~noting the new sequence by {z'µ}, we have 
clearly 

µ,=I, 2, ...... ......... . 
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Therefore as we have proved, the set of the group of {z'µ} is countable. 
On the other hand we know that a sequence and its trarisforrned one 
have always the same group(§ ro). Hence zf a sequence {z.} sati"s.ftes 
the condi"tion 

lz~ 1-lz., I >g->o, v='t=µ,, v, µ,=1, 2,·········, 
tlten the set of z"ts g-roup zs countable. 

If there be no positive number g, the affair is quite different. By 
the same reasoning as above, we may always assume that the sequence 
{z,} is monotone in absolute value. Now we prove that 1/ the z"n.ferzor 
ltmt"t of iz,+il- lz.l z"s zero, the set o/ the g,-01,p o.f the sequence {z,} 
whose derived set Ms only a point oo has the cardinal number c. 

In this case the group of the sequence has substitutions of the infinite 

degree. But all the cycles admitted by the sequmce must be o.f degree 
finz''te. For suppose that the group has a cycle of the infinite degree 
such as 

(
······/3······a·•··•·a······b······) ( = ··"··(3aabc·········). ······a·•····a·•···· b, ..... c····'" 

Then the series 

(z,,-z,,) + (z,,-zc) + .............. . 
+ (Zc,-Za) + (z,,-z,.) +············••• 

is absolutely convergent, a fertiort' the series 

is absolutely convergent. Denoting the general term by (zk-zz), we 
must have 

lim{ (za-z,,) + (z,,-zc) + ······ + (zk-z1)} 
l➔cn 

= lim (z,. - z,) : finite and determz'.nate. 
l➔cn 

Therefore lim z1 : finz"te and detemuizate. 
l➔cn 

This is contrary to the hypothesis that the derived set of { z,} has only 
a point oo. 

Any substitution may be represented by a product of cycles, any 
one of which has all different elements from those of the other.1 In our 

· present case any substitution of the group is equal to a product of cycles of 

1. Loe. cit., 213. 
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degree finite. Though the substitutions of our group have a very 
simple form, yet the set of the group will be proved to have the 
cardinal number c. Since by hypothesis 

limjzH1\-\z,\ =o, 
•~"' 

for a given positive number E ( < 1 ) and a positive integer k, we may 
find an integer v such that 

lzHd- lz,l <€\ 
Avoiding the complex notations, without loss of generality we may 
assume 2v-1=k. Now changing k=1, 2,·········, we have 

lz.i] - Jz1\ <€, 
lzil- l2al <€2. 

Therefore the series ~ (z2k -z2k-1) is obsolutely co:1vergent, or the sequence 
{z,} admits a countably infinite number of the transpositions of quite 
different elements. Hence the group of sequence {z,} contains any 
number of those transpositions, while the set of the product of these 
tramspositions is equivalent to the set of all the subsets of a countably 
infinite number of elements. The cardinal number of such a set is c. 
Therefore the set of the group of {z,} has the cardinal number c. We may 
express this in general form as follows: ij the derived set of {z,} has only 
a poznt co and the iiz.ferzor lz'mt't of all the differences I z, 1-1 z,, I, 
(v+µ,) be zero, the set of the group of {z,} has the cardinal number c. 

An example .is given by the sequence {logv} where 

lim (log(v + 1) - logv) =o. 

Another example is given by {1, 1, 2, 2, .. ·n, n,··}wherc Z.i,-z2,_1=0. 

Concluding the results of this section, we have the proposition: 
The set of the group of any sequence of numbers {z,} whose dertved 

set has only a Potnt co i:r countable or o.f cardinal number c according 
as the z'nferi'or l11nz't o./ all the differences lz, \--\z..,_ I, (v+µ,) is dif
ferent .from or equal to zero. 

Concluding the result of these two sec(io:1s, we have the proposition: 
The set of the group of every sequence is countable or has the 

c.irdznal number c. The cardinal number o./ the set o./ the group o./ 
ez•ery semi:convcrgent series z:I' c. 

Thus when a subset of the set of the symmetric group coincides with 
a set of the group of a sequence, the subset is countable or of 
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cardinal number c. For the general case it is known difficult lo deter
mine it. 

As an application of the substitutions of the infinite degree we shall 
consider in the following the sequence of functions. 

1 4. Given a sequence of functions { fv ( z) } holomorphic in a 

domain and a substitution S=(s'J. we say the sequence of functions 

admits the substitution provided that the series 2J{/v(z) -fs (z)} be 
~ 

absolutely convergent for each point z of the domain. If the series be 
convergent absolutely and uniformly for all points z in the domain, we 
say the sequence of functions admz'ts the substitutions uniformly in the 

domain. 
If the sequence { .fv (z)} admits the symmetric group uniformly in 

the domain, then there exists a function ./(z) holomorphic in the domain 

such that the series 2J I .Iv (z) - ./(z) I converges in the domain. 
For consider the series 

./(z) =.fr(z) +{J2(z)-./i(z)} + ...... + {./2 (z) -fv-1 (z)} + ....... 
Since the sequence admits the symmetric group uniformly in the domain, 

it admits a Jortz'ort' the substitutions 

(1 2)(3 4) ............... , 

(2 3)(4 5) ............. .. 

uniformly. Or the series 

l.f2(z)-.f1(z) I+ I .ft(z) -./3(2) I+ ......... , 
l/3(z)-/2(z) I+ l/5(z) - ft(z) I+ ....... .. 

are uniformly convergent. Therefore the series / (z) is uniformly con
vergent. Hence .f(z) is holomorphic in the domain. Since the sequence 

{./2 (z)} admits the symmetric group uniformly and 

lim/v (z) =f (z), 

the series 2J I/, (z) - f (z) I converges ( S 2) in the domain. 
Conversely if there is a holomorphic function f (z) such that the 

series 2Jl./2(z)-/(z) I converges uniformly in the domain, for any sub-

stitution S=(;J, the series 2Jl/,(:)-./(z) I is also uniformly converg

ent. Therefore the series 2J I.ii, (z) -./ (z) I is also uniformly convergent. 
Therefore the series ::81.,t;,(z)-fs (z) I converges uniformly, or the se-

v 
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quence { .I, (z)} admits the symmetric group uniformly in the domain. 
From this it follows that./ (z) is the limiting function of the sequence. 

By aid of the above considerations, it is clear that even when a 
sequence converges uniformly to a function holomorphic in the domain, 
it may not admit the symmetric group. For example consider the se
quence formed by 

in the domai~ !zl < 1. .f,(z) converges uniformly to z for v--HD. The 
sequence { ./, (z)} cannot admit the symmetric group, since the series 

2nz +-1--( (2n-1)z 
2n+z 2n 2n-1+z 

is not convergent. 
vVe remark that our sequence has the same group with the sequence 

{ (-v1)• }. For v, µ, being any two different positive integers, we have 

Hence we have 

= 

vµi' }· 
(v+z) (µ,+z) 

µ,-(-1)1'·-•v ) K(z) 
vµ 

V 

(-;)IL I K(z), 

where IK(z) I lies between two numbers not zero. Therefore the two 
sequences have the same group. 

1 5. U t/ze sequence { .I, (z)} admt"ts the symmetric [[roup .for any 
point z ziz the domai"n, then there exz"sts a .function /(z) limited i"n 
the domain such that the series ~l.f,(z) -.I (z) I conver{[es .for any 
jJoziit z o./ the domain, and conversely. _/(z) zs the lznzdzn{[ .function 
o.f the sequence. 

This propsition differs from that of the preceding section by the 
condition of the uniform convergency. In the present case, since the 
convergency is not uniform, the limiting function is not known to be 
holomorphic. 
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For example consider the real sequence { x'} in the interval o Lx L 1. 

This sequence does not converge uniformly in the interval though the 
limiting function is limited in it. This sequence admits clearly the 
symmetric group for any point of the interval since for any point of 
o Lx Lr, the series ~x• is absolutely convergent, while for x = r the 
sequence is formed by the same number unity. 

The above proposition does not contradicts to Stieltjes' theorem on 
the uniform convergency of a limited sequence of functions holomorphic 
only wz'thz'n the domain 1: e., excepting the points of the boundary of 
the domain. 

16. Many theorems are related with our group-theory. In con
cluding the present paper, I shall give briefly some relations other than 
those with which we have met already. 

Bezizg g/'ven a sequence ef functions {f,(z)} holomorphzc 111 a 
domain, the necr:ssary and sufficient condition that the sequence is a 
normal family zs that any partial sequence {f v (z)} extracted from ,. 

the given sequence admz'ts substz"tz'ons such as 

(J-1,1 J-1,2) (µ,3 µ,,) "" .. •" • "• .. , 

(µ,2 J-1,3) (µ,4 J-1,;) .... "• ...... " 

unt/ormlv zit the domain where the sequence { µm} z's a partial sequence 
of { v,,}. Eiere ffe except tlze case u1here the ltnn~zng Junction of any 
Partt"al sequence becomes oo. 

The sufficie:1t condition is easy to prove. To prove the necessary 
condition, suppose that { ./2 (z)} be a partial sequence of { J'.; (z)} such 

l n 

that 

lim/). (z) =f (z), 
l~oo l 

uniformly where the limiting function f(z) is holomorphic in the domain. 
Then we have 

f (z) = f). (z) + { ./2 (z) - ./2 (z)} + { /2 (z) -./2 ,z)} + .. · •·· 
l 2 l 3 ~ 

uniformly in the domain. As Mr. Borel remarked somewhere we may 
change the series by some suitable condensations of terms into an abso
lutely convergent series without affecting the other properties. By the 
condensations of terms, we shall obtain an absolutely convergent series 
such as 
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where { µ,n} is clearly a partial sequence of { :\.1}, hence of { Vn}. K ow 
the series 

and 

are convergent. That is there are two substitutions 

(µ1 µ2) (µJ µ,) ·············•· 

and (µ2 µ3) (µt µ5) .. ··•· ·• .. · · ... 

admitted by the sequence { fv (z)} uniformly in the domain. ,. 

Let {A,} be a sequence of positive numbers and C..t be a class of 
functions f(x) defined in an interval such that 

is less than a constant independent of v and x in the interval. After 
Mr. Denjoy each function of the class CA is determined uniquely by 
f (x) and all its derivatives at a point of the interval provided that the 

series I:V ~" is divergent. 

If it be so, consider a function of the class CA, then we have 

IJM(x) I <K'A, 

=(KV~~ )"A:, 
where I< is a constant independent of v and x and {A~} is the same 
sequence with {A,} but different by the order of its tem1s, 1: e., a 
sequence transformed of {A,} by a certain substitution, say S. Now 
suppose that the sequence {A,} admits the substitution S, then by 
definition, the series ~IA, - A~ J is convergent. Therefore I A, -A: I 
tends to zero for v-HX). On the other hand we have 
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Therefore assuming that all the numbers of the sermcncc {Av} are 
greater than a. positive number,· we have 

Hence there is a constant I<' such that for any v 

Therefore we have 

or 

where I<' is independent of v and x. Hence the function belongs also 
to the class CA, and conversely. Hence in our case the calsses CA and 
CA, are identical, or the class c_. of such fzmdt'ons is an znvarzant of 

the group of the sequence {Av}- It is clear that the series 21vI 
Av 

and \1V' 1 
, are divergent at the same time. LJ Av 

ff a sequence of numbers {v,.} admzts the xroup of the sequence 
of numbers { u,.} where the series :Su,. zs conv. rgent. then the radzi,s 
of convergence of the sert"es ~v,. z" zs not less titan wu"ty. 

For by §§ 4, 5 since the derived set of { u,.} has one point o, that 
of {·v11 } must also be unique and finite. Therefore we have 

lim V I v,. I L'.'.'. r. 
n➔oo 

This proves the propositon. 
For a power-series f ( z) , let 

_f(n)(o) _ /C")(zo) 
1t,i:------, Vn=--'----'---

n ! n ! 

where' ZiJ is a point in the circle of convergence of the series ~u,.z". 
\Vhen the conditions of the above propositon are satisfied and the radius 
of convergence of the series }:,u,. z" is unity, the series f (z) is continua
ble on the straight line joining the origin to the point Zo- • 


