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Interpolation solves open questions in discrete integrable system

MERFEERREMER AHRE] (Kinji Kimura)
Graduate School of Science and Technology,
Kobe University

1 Introduction

SIEAEHEHOT 2 DO . SHENHHIC, (i) RREKFEM & (i) BREBERNS 5.
(i) BRBABAERAIE, Lagrange #f*° Newton i &\ 5 REMGARES SN TEH TRICBWT
BETHET LI, ES3ETHEV. —4A, (i) BEEHEBICHA T3 BB BV, HIKTH,
ZOHER Gauss DIEERICREBET 5HHEBOBERANSHEVRAINZ LIERWVES T
5.

LML, discrete integrable system Z{ L WS IBEM LR ELLDEELEETH O ESEIC
& o TR & L HKFONRTHS. _ :

HMEOBKT (i) BRI DOV T ORI, £DOHEIED discrete integrable system 2 %< 7z
WICEDESIFIFENZDOMEEBRT BT A EZS. £, COBEEDHR T DFEEICDONT
REGERVH- 2. ZTOERLE, Thh LN T ARECMET 2 RAZVMCTERT 20 LW
SUBHLEFNEDTHS. CT TR, HATRFEFTUREREEBN LRDEFEH Computer
Algebra-Design of Algorithms, Implementation and Applications] I\ T ZDEEEE RS 5
BEEHANTRC L LTS,

2 [RRAMMMICX > THE]

discrete integrable system {&, \IERFEEEHTVS. E0ABRIC L > THERERRT 25
AFFL 0D, BTERIC X > TEORZERTES L LARBUONKEEEZEDESFHAERX
ERRT B EERAERCBLAbNE LSk,

CTTTR, HHATATROREF L\ X % Lagrange D I DEENFEIRT 5 A A EA R
BHaH O > TS TLZEHS.

2.1 RERZEPMIZKDHD

n BEOEFABRRE, n RTEOROEHEEARL TWBLEXLS. ZNHEXDOENDLIZ LV
ST ik, ZOERABRANED L 5 fRZEMOLhDOEDOEREZIDE L TWAHEERTES L
WHITELEBRE. —ROEBDABEXOBEMZ, hF A 2ZNEHELSIE L S EFOHRETD
W3 T LIIEDTEH L. LA L, discrete integrable system iC1d F DSBS EERIC k> TH
BRICRRTEZLONEET 3. COREMOIR LI, THHESH & VS BT C BICR
FBOTZ L TH%. Lagrange DI DEBZIR T 32 ABNCBV TR, L LEDOREER
LLDZTENTENEBERICRERDZLHNTES. ThrEERNICBC RS EEEZHENM L
V. 8554, BESSHEMHEEEZEAVSDITHS.

—ROERFEREZRELTEHART I LETEINHLVWIREB TS BNTHERNTE
DREERBNTS. BRENRZELHMEBRKR TR Gauss DIHERBICREI NS DT DHERR
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BT BIKFRT AT« TIZZ L A CHE I T,

UA L, ZIEKD support ZRD BT b BEEL 0 ThVWIEEX REL 5 205 BT Gauss D
HEFEZBRS OTHNTHERNVEERELE F, KHE L EMcBVW i ERT BT L
BEWEFRTHS.

Fle LT, ROEFHBADREREL LD S,

auy, + 1

u = . 1
n+1 Untin_1 ( )

ROFFEICE > TRERZL LD S.
1. Fix, a prime number p and o, ug, 43 €Fp, where F,, is the finite prime field of order p.
2. Assume that an invariant curve is of the following form:

a0 (Un)? (Un+1)? + a1 (tn ) tnt1 + G2Un(Unt1)? + a3(un)? + ag(unst)?

+a5Untn1 + Gsln + Q71 +ag = 0. (2)

If the mapping has time-reversibility (invariance of equatinos by the transformation n+1 —
T — 1), a; = dg, Q3 = Uy and Qg = ar

3. Calculate ug,us, us,us,us in F, by using the eq. (1).
If some wu; is equal to 0 in Fy, exchange p and go back to 1.

4. Solve the following simultaneous linear eqations for ao, a1, as, as,ae,as in Fy,

apudu? + ajuouy (uo + u1) + as(ud + u?) + asuou; + as(uo +u1) +ag =0,

aouul + ajuiua(uy + uz) + az(u? + u?) + asuiug + ag(ur + uz) +ag =0,

agulud + ajusug(us + ug) + az(u? + u2) + asusug + ag(us + ug) +ag = 0.

If the rank is equal to the number of simultaneous linear equations, increase the degree of
the invariant cureve and go back to 2. ‘

If (p, v, u0,u1) = (31991,7,2,5) in the case of eq.(1), the solutien of the egs. (3)-(3) is
(ao,a1,as,as,a6,a8) = (0,1,0,—12,7,1) under scaling. If (p, o, ug,u;) = (32003,7,2,5),
the solution of the eqs. (3)-(3) is (ao, a1, as,as, as,ag) = (0,1,0,—12,7,1) under scaling.

5. By the Chinese remainder theorem, we guess that ap = a3 = 0 and a; = ag = 1 in the
solution over Q. Furthermore, we guess that as and ag only depend on the parameter o
and initial conditions. Therefore, as and ag are.conserved quantities in Q,

UnUn41(Un + Unt1) + Hitnlnyr + Hp(tn +Unp1) +1 = 0, (3)

where H;, H; will be conserved quantities.

Ifn-on-1,

Up1Un (Un—1 + Un) + Hittp_ 1ty + Ho(tp_1 +un)+1 = 0.
(4)
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6. Solve the egs. (3) and (4) for Hi, Ha in Q,

2
—ud —wlun 1 — vlupi1 - Un_1Unlngr + 1
2
un

H = ’ (5)

H, = 'U'n—lunun+1—1. (6)
Un

7. Using the eq.(1), we eliminate u,—; in egs. (5)-(6) over Q,

H = _ Un—1Un(Un-1 + Zn) ;I-uj(un_l + un) + 1, )
n—

H, = a (8)

8. Using the eq.(1), we can check H; is the conserved quantity in Q.

T TTH, Support kD3 HNT F, L BV eAHERKEEIC S > T Q LOEDHEZRD
BTLETES. HLLR, 4 ZBEI N, BREBHMODDITH D Rank A2 A EE B
BE, BRORBHERZBONS. LBEAANKBEREDEZFATVS. TOLE, RINDERTTE D
BT LIIRESA2ORBEMETH 3. BEODNDIAIKTEST LR, JLTTEERZS
BNTTCLTLEFORBEREDERDRL T L THB. ENARKNETRORE, Bi%D check
RIFEREENFRARDT VT FERECE>TERBHLZEDON 0 L3 T L2ENDBT L
iCBE®DS.

2.2 Lagrange D YDESE
2.2.1 TRFLATORSFER

L % = (I — I3)waws + 20%2 — Yo¥3s
Iz% = (I3 = Iy)wswi + Toys — 201,
Is%g = (I = L)wiwz + Yo — ToVz,

_dc’iy_; = w2 — w273,

% = w173 — W3,

%Zti = WeY — w72

ARG & 75 Bt 75k, (Euler D‘iﬁ‘g‘)wo = yo = 20 = 0 (Lagrange D&)A = B,ao = yo =0
(Kovalevskaya DIFE)A = B = 2C, 2o = 0. LUF, Lagrange DIBEEDHHDOH S .

2.2.2 Lagrange DAY ORER
1. 2LXVF—H, = %(Awf + Aw% + ng) + 20773

2. ﬁgibﬁ Hy = Awl'n + Awg')/g + ng’)’g



m

3. HAINRY bV Hy =72 + 42 + 42
4. 4%50)%§}H4 =C(JJ3

Lagrange DI DABRIE RN 0 L5 BT MUERED B DT M=1 % Jacobi DEKER L
LTED. o TA DO DEEDNRZRETEEICT 3.

2.2.3 BHEEERIZLDESE

Wy = g?l-,wz = 972,“13 = '9731'71 = gfif)’z = *gfé,’)fs = gfg
EREBRT B L
LDy - f = (I~ I3)9293 + 2095, 9)
LiDge - f = (I3—I)gagy — z094f, (10)
IsDiygs-f = 0, (11)
Diugs-f = g3g5 — 9295, (12)
Digs-f = 9196 — gaga, (13)
Dige - f = 9294 — 9195 (14)

CTCT, D LEHSEREFTH S
Dig-f=g:f —9fz-
SRCEBEOEENS h B EEERE LT

9i — h(t)gi, f — h(t)f

DEBDE & T (9)-(14) BFETH 5.
BRRE AR (9)-(14) ZEMET B, fiHl = ft+6) LT,

(gt f - gt f*1)/6 = (I —Is)(gt* gk + ghgttt) /2 + 20(glt £t + F1+1gt)/2,
N(gs ' ff - gaf™)/6 = (Ia—N)(g5T g% + gbat™)/2 — 2o(gbt £t + f1+1g8) /2,
Igst' ft - gi /s = o,

(@31 —ghf) /6 = (o5%1gk + ghal™h)/2 - (gf gk + ghatth) /2,

(9571 f* —gh )8 = (git'gh + glatth)/2 - (g5l + ghatth)/2,

(967 f* ~ g6 1)/6 = (a5™gh+ dhakt')/2 — (g1 gk + glgtt!)/2

£ hid, & - 0 THIHBROIRBH X2 HITT 3.
THIC, Bt ZERBEKELT

gi — hig, f* — Rift

DEHBDE L THEK (15)-(15) BRETH 3.
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RBEBER,

t
(‘4)1=-g-l

o

!12

ft’ w3 =

fta'yl

ic& D, Lagrange DI 2R T 3 2 HHER

h(wi™ - wi)/s
Li(wst' —wh)/8
Is(Wtt — wt)/6
n g -")/é
(7 s —)/é
(+ =%)/6

185,
wt — gu.:
1 5 ]
ickb,
7 -t
Wit
,Y +1 _ ,Yt
vt -
Y — ok
TR X 3 &R,
1 —-a 0
1 z
0 A 1
- 0 ¢
\ 7% - —w}

[ 1 a ©

—a 1 -z
0 -4 1
% 0 -c

i t 4
Y3 N W3

t
19

(I — I)(witwh + whwit) /2 4+ 20(vF +48)/2, ,
(Is — I)(wht il + wiwith)/2 -

0

(Wi + whvsth) /2 -

(wt+1 t +wl7t+1)/2
(wt+1 t+w2,),1+1)/2

ft »72

95 gtts
ft ’ 73 ft

20l +11)/2,

(witis +whrst)/2,
(wt+1,),1 + w37t+1)/2,
(Wit +wingth)/2

c-—w* a= C(I] --Is) 2062
i J T A
= a(wit +wh) + 2(% + 1),
= __a(w + w1+1) ( t+1 + ,71),
= (v + ) — (Wit + Wiy,
= (Wi +win™) - et + 1T,
= (wt+1 i +w ,Yt+1) (w2+1 t +w1,yt+1)
-z 0 wit? \ ( Wi+ awh + 274
0 0 wit? —awt + 94 — 2t
-c  wh wt ] = 7+ erd
1o—wf || w7 —orh +%
1
w1 )\ 7
z 0 \ (wi“l \ Wl — aw} — zv%
0 0 wi! awt + 4k + 2yt
c - ([ m | = " - e
1 o} % ot +%
~of 1\ %) \ %

2.3 Lagrange DaXNEHNFRXORER
c=uwi ELIEDT3DORERERDB T ENTENIHEZEFEERICL ZRBBMFEICK->TR

HBELEHTES.

K (8) KM T BB,

(15)
(16)
(17)
(18)
(19)

(20)

(21)



L 2T 3)F—

H = (W) +(w3)® - Hivh - HI (%) (22)
2. AEHE

H = (Wi +win) — Hivs — H3(+3) (23)
3. Bu~s b

H3 = () +(m)? - Hivs — Hi(%) (24)

&%,
H,H{,H},H},H}, H}, HY, H}, H} T RTHMFER L33 DIFIED, (B TH b R BT
ZEDIE3IDTHB.
HY,H{,H} HY, H}, HZ HS, H}, Hi DRGREZBBICIUTOFEEL 3.
A (24) &b,

HY = (74 (50 = Higt - BREH), (
H} = (%P +()?- H3vs — H3 ()%, (26)
HY = (474 (07 - Bt~ — B3O, (27)

% (25)-(27) & HY, H}, HZ 10DV THEL,
H = (3" =) ()2 + (7)) ~ (87 = %)y ‘“) +(5D) +
(5 = ENOD? + PN/ = A8 =) = ). (28)
i:t( 0)(21) ZEH BT (28) M5 At i+t A5t 4171 4h-1 Al BIEET B,
HE = hi(w1,w§, 71,75, 7%, 0, ¢, 2). (29)

X (29) MREBTH AT LRAHHT BiciE, R (15)-(19) DY LT FEEAHELFNICE > TR
(29) DRI LI=L DN 0 LB T L EEMDNIE L.

FEOIHZZEDIZ3DTH YRV RBTH 5T 13, BARMICEBEEZEEZHETZC LT
Hhs.

2z(1 + ac)
1 __ 2
Hi = =7 (30)
H = 2 g 31)
LT 14428 (
2 T4z ...
H} = — H? (32)
H = 2(a®c? — 1)HZ 4 2(1 — c;i)zHg —2a%H? — 2(1 + a?) (33)
H = 2(1+ac— a? — ca®)H3 — z(1 + a®)H} +2(1 + a?) (34)
2a(q + a?)
H] = (-4(1+a®)(ac+1)(ac— 1)(H3)? + 4a*(1 + a®)HOH2 — 42(1 + o®)H] H2

—4(a%c® — a® - 2)(1 + a®)HZ + 4a®(1 + a®)HY + 22(1 + o?)(H})?
—42(1 + a®)H} + 4(1 + a*)?)/(4a%2* H?) (35)

173
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H2, HY, H) BN T % T £1&, Jacobi 175110 rank 25 C L THM® 5N B,
 DRERE BN TRETE 3bITHEH, BLE (1] #BEEALL.

3 [BBA%MAIC & o TS

discrete integrable system DRFZEICHVT, LI LIETHREHE LW EWS BRBBI 2.

LA L, ZOFTHIROEFKIL discrete integrable system ORFCBOTIREIIVBETELEE
HEEXAL USEXTHS. SEHTERAV LREEXRER LT 37FIROHER, 14X
ANEVBRICBOTE ZORNIBDTHLL.

C o TR, FOFFIRE F, O Lagrange MIC &> TEHET 2 BEZEAT 3.

3.1 AEXAEBEETHTNXSSBSHEAAERRETHTHAA

(f-1 fh
.5 a(b=1) a(c+d

_ | (g+f-4)(g+] g+l 21
A= gtf c)(g+2 (z*tL )9 e
c b atbth
g f-b =2

FRTOFTHTTged, HBTlem BE>TEFRT 5.

(b—1)}c—=5) (c+B)}(f—-1) (b—1)h
ac(g+f—-4) c’g a(g - 1)
e(f-b)c—2) gb*(c-2) g(f-b)a+b+h)
Lem. 2T bR THS.

god ZMIEHOETIHICENT 3.

A=

_ flg+1) )
det(4) = Za D s U == i A)

HALIETIZ, det(A) ZEHET BT &1t det(4A) EFET B LB, Ko T, BHEAZE
L3 3TRROBEMNGEL TR,

3.2 EBREERLTHTIAOHNE
e LT, RLERDITHIRZFHET B,

A= 31
2 4
2DDF, KBVWTEHETS L,
A mod 3=1,
A mod 5=0.
RERKEHE L ERE

p-1p-1
Amodpe{z,z}
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IE» T,
A mod 15= -5,

EFEAPTNEELY A DETREWV.
ELWMEEE 2 7-iC, Hadamard DRREDHN 5.

u = (my1,m, ---,ml,n—x,m1,n)

Up = ('mn,hmn,Zy ---amn,n——l)mn,n)

v = (7n1,11m2,1v-"am‘n—-l,lam’n,l)

Un = (ml.m mM2,ny o Mn—1,n, mn,n),

%s
my,1 my,2 min-1 mi,n
ma,1 ma,2 m2n-1 m2,n
A’I = ’
Mp-11 Mp-1,2 - Mp-1n-1 Mn-in

Mn,1 Mn,2 Mp,n-1 Mnpn

& EHT B L, Hadamard DRKKD
abs(M) < min(jusl, fually - lun—1lly lunlly s loill; Ho2lly - llvn-1llz llvally) = H-
AZRFMETE 3. EHIC ACERT S L,
abs(M) =10 < min(v10v20,VI3V17) = 14.142...

kixs.
a®
) p—1p-1
(24 é[_ 2 ) 2 }>
L35k,
2
(-’L;—l) < ().
T55.
—%, p M
2 p—1\
H? < (——2 ) ,
Rt TiabIE
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MRILT .
Thkbb,

2 p—1 2
ws ()
3, HEERTEC L SENED Z TOETH ST LRRIET 5.
75X AT, p 15 THBHHH

2
200 = H? < (p—?—l) =49,

RIEE ulxe,
3DDF, KBVWTEHET S L,
A mod 3=1,
A mod 5=0,
A mod 7=3,

THH,pld 105 THZHH
. .
200 = H? < (p—;-l> = 2704
HEHREEDENEDETH BT L R2RIEL

A mod 105 =10,

A=10 VS 2B 3ROERES.

—BEELREETHED, SHODETE LVBEEROBNCHMET B8 (GNU gmp) iK&k>T
COEHBERLIIPBRELDTHS.

BEEBICE D 2 LOFFIROERER, fraction free Gaussian elimination Z2& 5103,

3.3 fraction free Gaussian elimination

Gauss DIYEREL, Z XEBR L TATAROHENRHT Q LOFRIC KB DEAZTV. TD
RESE A BRI 2 DAY fraction free Gaussian elimination T 3.

fraction free Gaussian elimination ¥ !%, Hirota bilinear form iC K % Gauss DIHEED LT
5.
N x N D75 A




KR LT, ROEDHBR

k ok _ .k qk
e+1 . %%k~ %K%,
b+l “wdkk kTR
42 ak—l
k—1,k—1

Fraction-free Gauss a (36)
ZH#AT . Ay y DMTAIREEZXS.
ﬁﬂh-nhﬁJuﬁfﬁjkdﬁﬁbmha.%@Emu;ﬁmmﬂﬁaéﬁmwgﬁfnﬁ
Hirota bilinear form(Jacobi DIEER) THELLTH 5.

C OB, BERIBBOTHIRCRL TEERBSERDBAIC LSS OBRLEY 7 rT
EBENHNTNS.

3.4 F, O Lagrange #f
Lagrange #fi% 7213 Vandermonde {75D# 11— XN,

1 s (80)? (so)N 1 (so)™ T \ bo
1 s (s1)? (s1)N-! (s))V z b
1 s (s2)? (s2)N ! (s2)N Za bz
| . (37)
1 sy—1 (sw-1)? . (sn—1)VT (sn—)N IN-1 bn-1
\1 sv  (sn) ¥ ()Y B, b/

F, LIcBV T Non-sigular TH DA —5—n® THEZERHTLATES. B3, 3 2BREh
jeuy,
(3] DEHL floating AICEMN TV AY, BRE
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phi = Hj#k(mj - .’l:k) (38)
RF, LBV TE 0L BBTLRBDABVHTDEXHNSL ENTES.
3.5 HBEHOD Lagrange M
LT Lagrange M, BEROT— ) TERER > TVNEEHTSS.
QEBEER f(o,y) BHETEL2ESS.
| z=0 r=1 z=2
y=1{ f(0,1)=-2 f(1,1)=0 f(2,1)=4
y=2| £(0,2)=-2| f(1,2)=4 f(2,2) =14

y=0&8LTy%fix L, z KDV TDEM D Lagrange MMZHT X5,

|

|

y=0

z D 0 RD coef= —2

D 1RD coef=0

z D 2D coef=0

(40)
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ABOC R y=1Ly=2KOVTEHBTLE.

y=0 || z®0XRD coef= ~2 | z D1 KD coef=0 | z D 2RD coef=0 (41)
y=1 zD0RD coef= —2 | z D1 RD coef=1 | z D 2 RD coef= 1
y=2 | zD0RD coef= -2 | z D 1 KD coef= 4 z D 2 RD coef= 2
D0 RDFBUC DV TER y D Legrange HZ LI585,
L1 zDOR
y D 0 RD coef= -2 (42)
y D 1RD coef=0
y D 2 RD coef=0
FROCEZE z D 1RE 2RCDVTHBTEI.
[ TDOR [z D1IX |[zD2K
y D OR || coef=—2 | coef=0 | coef=0 (43)
yDIR Y coet=0 | coef=0 | coef=1 '
yD2RK || coef=0 | coef=1 | coef=0
hk, B0 MEBBOBAICETCLRERTHS.
1. sampling data T M RTORFITRTOEREEDHS. TOLEOKFZ W bl I
W[kg][kll...[kM..l] 0<k;<N; (¢=0,.., M — 1). (44)

2. Ky ooy kg BERTOARITINT, ko 1031 B Lagrange #ifli2 BT %25 . £ D Lagrange
B OERBONTREE Ky, ..., kar—1 ZikSHilzED W[j][kl]...[kM_l](O <1< No) =21
Jﬁ*gm?% g'*.gibi, (N0)2 X Nl--'NM—l-

3. B DB ky, ... ka1 KOV TERBROBREZSDART.

LLEOBERECES &, B WICRSERO Lagrange BEIOKRBABRMEN TS, F, LI
BOWTEE - FAKRTHS.
HERI,
(No)?Ny...Nag—1 + No(N1)2...Naz—1 + ... + NoNv...(Na—1)® =
NON1---NM—1(N0 4+ Ny + .o+ Naro1) (45)

TH%5.

3.6 FSEPEHEAEZBRLTHTIXONX

WED¥EE LD SEHEFEAREX L TATNROEEEZBATS.
By LT, BARROFFIREHET 3,

z+y 1
2 Ty

A=
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ﬁﬁﬂﬁbﬁﬁggﬁ®ﬁﬂﬁAEﬁH%%kﬁﬁ%ﬁ?%%.zhﬂw1®%kﬁﬁuﬁﬁﬁ
D142FF&b 1=2 £ 1F&D 1425& D 1=2 BLBL 2 TH5. y KOWTHEIRRIC 2 THS.

Wi, Lagrange fED 7z DEFZ DL %,
[— z=0 z=1 ‘ z=2 J
det= —2 | det= —2 | det= -2 . (46)

0
1§ det=~2| det=0 det= 4
2 || det=—2| det=4 det= 14

It

@ e |«
i

i

T O sampling data 2% I, FHREZHMICE>TH L$ S, sampling DEREIX, BETR
Hadamard DRI & 3 HERKEEIC X 5 HET demo 2T 5> oA E DBROBIFT fraction
free Gaussian elimination ENEL OPETHETH > D THREZL DBV S.

RICEF (46) % mod 3 THET 3,

] z=0|z=1]| z=2 J

y=0| det=1| det=1 | det=1 mod3. (47)
y=11| det=1| det=0 | det=1
y=2| det=1 | det=1 | det=2

EI51 (47) 12 Fy L0 Lagrange #7258 LITFIR A Z2EFITEHT 3,

[ ZDOR | zD1IR |z D 2R |
yDOXR I coef=1 | coef=0 | coef=0 mod3. (48)

yD 1R || coef=0 | coef=0 | coef=1
yD2R Y coef=0 | coef=1 | coef=0

KICELH (46) % mod 5 THE I B,

y=01| det=3 | det=3 | det=3 mod5. (49)
y=1| det=3 | det=10 | det=4
y=2 | det=3 | det=4 | det=14

BIF!| (49) IC Fy L0 Lagrange #if% @M LITHIX A ZEFITRERET 3,

[cD0R[cDIR[2D2XK |

yDOR || coef=3 | coef=0 | coef=0 mod5. (50)
yD1IR | coef=0 | coef=0 | coef=1
yD 2R || coef=0 | coef=1 | coef=0

A3 (48)(50) IKHEBIREHEZERTH &,
zDOX |zDI1R | 2D2RK

y DOR || coef= -2 | coef=0 | coef=0 (51)
yD IR || coef=0 | coef=0 | coef=1
yD2R || coef=0 | coef=1 | coef=0
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iz,
$habB, 75X A DEFIE

A=-2+2%y+zyt (52)
HERREEOFERIIEMTH 5. sample point
(z,) = (0,0),(1,0),(2,0),(0,1),(1,1),(2,1), (0,2),(1,2),(2,2) (53)

2K (52) ICRA LTk ¥, BF] (46) ZHETT BT L ERHERELETNERSAEV.
o, — RO M EBRDORRICHLET 3.

1. sampling data T M RTTORFTNTOEREZEDS. TDOL EDOEFIRU LT3,
Ulkollk1)-lbm—1] 0<ki<Ni (6=0,..,M—1). (54)
HERE, TN A ART LTS
NoNy..Npy T3 (55)
THB. —RICiZ,
T3> No+ N1+ ...+ Nya (56)
<& %h 5, sampling AHEDERMATHS.

9. BFIW OEE p1 D& 5% U, CHVT, Fp LOBEM Lagrange BHZBIL . TDOL
20 [FHIRORMORIE TV, £33, £, W1 =V, LT 3.

3. 5B p, BEVTRROBRERBCHoLBDEV, ELT, 5V & Vs ichEEIRE
BERERTS. ZOREEW, LT3, COLEW, =W, K5I stable ¥ LTRRTT 5.

4. [FREDERIER stable IR B X TRDIET.

Ei% 0 stable I 75 72 & DIC sampling point Z{LA LTEORTHEHLEHENDS.

3.7 Lagrange MIC & SHNOMER

z=0 T= T =
y=0 | det=—2 | det= -2 | det=—2 (57)
y=1|[ det=-2| det=0 det= 4
y=2 | det=—2 | det=4 | det=14
EOLBEWVWSCT LR A%
A = (a0 + a1y + agy?) + (a3 + agy + a53%)z + (ag + ary + asy”)7’ (58)

ERELTVABZ LICFLLY.
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UL, as DEZIRET 2HENH S 507

rz+y 1
2 Ty

A=

A O total degree % HHE 5. total degree iF, 11740 14+217&D 2=3 L 1 Fl&b 1+27&KD
=3 BHEL 3 TH3. Tixbb,as=0TH5.

UL, LA T ag ETREL TV B DIEBERD Lagrange HEOEERBECTR72HTHS.
HiE ag = 0 £ LTHBEED Lagrange HliZHB RS T L LTEBZNECETLEHILEEH
O Lagrange B LVERE LS.

CORERFERT 2HEEE, ROBER

[Computer Algebra-Design of Algorithms,Implementation and Applications] BNyTs.

3.8 Timing data
Timing data &, RHEEOEETHBHHATL BT LEELS.
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