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1.. Consider a sequence of 11111n‘be1's 1y Eoyeerves Bsrrens .and a sequ-
CIICE s, Zsapreernny S8y pveneernns whose terms are the same as those of the
former but in a different order. Iere we obtain an abstract idea of
the substitution V

I consider such a substitution as the series

(Zi___ﬁsl)‘*_ (32_..232) LR = (Zy “ZSV') Feedea

is absolutely convergent.  The totality of such substitutions forms the
group of the sequence. This group has been studied by the author
in two papers! The present paper is a continuation of them with
respect to the limited sequence and it deals with the inner structure
of the substitutions of the group of sequence. The derived set (nucleus)
of the set of points affected by a substitution and the order of the
substitutions are defined. An infinite product of substitutions is not
necessarily a substitution even in the abstract sense. A rigorous
condition (or definition) is nccessary. The author gives the condition
and has decomposed cycles and substitutions into an infinite product
of cycles. Among the cycles of the infinite degree, there is a special
kind of cycles, called simple cycles, which play a special role. If the

1. These Memoirs, A, 10, 211 (1927); 11, 11 (1928).
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cycle (oo a @ b el ), the letters denoting some integers of the
SCUUENCE T, Zyeeeeee; Yyeraoss , be simple, it has the properties that in the
limit, 2., 25 Zeree-o-—>2’ and zq, S, —z where o/, /' are two numbers

and the series (z,—2)+ (o —2 )+ (z—2) + - and (za—2") + (5 —2") + -+
arc absolutely convergent. Any substitution of order at most a is
decomposed into a product of simple cycles.  Iinally, if two sequences
have the same group, they must admit all the same simple cycles.
Though this is not a sufficient condition, yet it is closer than the
condition given in a previous paper.

2. Let 21, Zayn.n.. v Syyeee... be a sequence of numbers which we
denote by {zv}.‘ In this paper we consider the Zwuited sequence, i. e.,
the sequence of which all the numbers are in absolute value less than
a certain positive number. Often we consider the sequence {z,} as a
set of points. Then the set is bounded. We denote the series
P b ST +5,F - by 27z, without regard to its convergency.

. e ~ (v
Consider a substitution S= 5 ) We define a sequence &, €,...,
v

£ yeennes such that
& =1, if v=s
and e, =o, if v=us,

where s is marked to make clear that these numbers cor;‘ospond to
the substitution 5. Next we consider the set of all points 5, for
which ¢ =1. We denote the set by {e sz} and suppose that the
set does not contain the point & z,{=0) where & =o. This sct is equal
to the set {e}zs, }, for the numbers =y, which we substitute are the
same in the totality as thosc numbers g, for which they are substituted.
The derived set of the set {elz,} is called in this paper, the nwclus
of the substitution S and it is denoted by Ny If Ny has no clement,
then the substitution is called of order zero. Such a case occurs only
when the substitution is of the finite degree, provided that the sequence
is made of all different numbers. If Ny has sz points, then the subs-
titution is of order m. In the same way if Ng has a countably infinite
number of points, then S is of order a.  Such a substitution is one
of the substitutions of the infinite order.

3. The product of two substiulions of order i aind k respoctively
iy substitution of order at anost ft+%. For let the two substitutions
be

SE(V) of order 74,

Sy
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’J‘a(?) of order £

P

and put ST = <u )(/1 )—:—(V, )
WA Xy,

Now suppose s,=g, then we have £, =x,. To determine &, we have
four cases to consider.

(1) If & =o, e,=o0, then y=s,=p=/,=x,.
Therefore g =o.

(2) If g =0, éh=1, then v=s,=p=f, - x,.
Therefore & =1.

(3) If & =1, ei=0, then vs,=p=/,=2x,.
Therefore el =1.

(4) If §=1, =1, then vEes,=p, pi=nx,.
Therefore el=1 or o,
according as v is different from or equal to 4,.
Hence we know that any element of the set {efzv, } is an clement
of the set {ehzsy} (cases (2), (4)) or an clement of the set {&zs, }
(case (3)). In case (4), we consider, as has been defined, only the
clements sy, where € =1. In this case zx, is an clement of the set
{ehsenps Therefore the sct {efz,} is contained in the set {ez,}+
{eizu}+  Tlence the nucleus Ngp is a subset of Ng4 Nyg+ This shows
that the order of the product ST is at most 72+ /4.

4. In this section we shall define the product of a countably
infinite number of substitutions. Tet the substitutions be

P} .
S(j)E(SJ->, T, 2eeiiiiny Tyennns
2V

and let

SO g(u)__.P(n)z(V >
S L SP=PP=( ",
where {2} is a sequence obtained from the sequence {v} by the
successive rearrangements duc to the substitutions S?, j=1, 2, ..., 72
(in this order). If jor any given dntcger v (however great), we can
Jind integers voand # such that for any tnfcger 1>, we lave py=pf,
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=1, 2,000, and the wmitegers 1, 2,...V arc a part of the integers py,
J=1, 2vee, ¥ (consequently v=>V'), we may consider Line SPS®.,....8,
This limit is a substitution, say PE(?)) For(%})) 1??11 general a sub-
stitution, if all integers p, standing unc‘ier y arovdotermined wniguely,
not repeatedly and without lack. In the present case, under our
condition stated above, for any integer ', we can find integers ¥, #

such that in the product P®
P=pT, J=1, 2,..., ¥, for any n > 7.

Therefore in any of the products P®, n>7, the integers standing
under 1, 2,..., v are always p}, j=1, 2,...0" respectively. Write for
simplicity

pi=pt J=1, 2,0, Y,

then in the limit Z7z P, the integers standing under 1, 2,..., V' are

Nn-»e3

uniquely determined. Since v’ is arbitrarily taken into consideration,
the sequence {#,} standing under {v} in the infinite product P is
uniquely determined. Moreover there is no repetition. TFor -suppose
$r=pu (A<p) in the sequence' {#,}, then, for v'=p we may find two
integers ¥, # such that

B

P=p7, /=1, 2,...,¥ for any n>#.

Therefore none of the substitutions S® (2 >#%) affects the first 4 integers
(#<7v) standing in the lower row of P™. Hence we have

). 1 L Y J
po=(ly S ),
where gy=p,.. But this is clearly impossible. Therefore in the infinite
product P, the sequence {p,} is not repeatedly determined. Moreover
{#,} is precisely the rearrangement of the sequence {v} without any
lack. For consider any integer x and again apply the condition stated
above for v'=x, then x should be found in the integers 7}, j=1, 2,...,
7, not affected by any of the substitution S®, »>7%. Q. E. D.
TFor example, consider the cycle

Then
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For v'=1, we cannot determine ¥, # such that the first ¥ clements in
the lower row of C™ shall be certain fixed integers for any 2>>#. Thus
L C* does not satisfy the condition.

=pcD

We remark that even though all substitutions S™ are admitted
by the sequence {z}, it is not known a priori whether the infinite
product P of the substitutions is admitted or not by {zy}. Hence in
the latter case the infinite product is only an abstract substitution but
not a substitution in our proper sense.

We are accustomed to write the upper row of any substitution
in the natural order of integers in the form

S______(U )E(I 23 u)
Sy S 83 85 veerenSyeinenn
But this is merely a convention and we may write the upper row of
the substitution in any manner. Therefore if an infinite product of
substitutions is proved to be equal to S when the upper rows of all
the substitutions are written in one and the same manner, the equality
is also valid when the upper rows are written in the natural order of
integoers.

5. Any substitution may be represented as a product of cyeles.

For let SE(?) be a substitution. Quite in the same way as in any
substitution o‘g the finite degree, we may decompose S into a product
of cycles C;, Cy-+o+-. The only difference is that the cycles may be
generalised cycles, i. c. consisting of an infinite number of elements,'
and the number of cycles may be infinite. We assume that C; is the
cycle containing the element I as the least element. It is the middle
clement if C, be of the infinite degree.  C, is the cycles containing
as the middle element the least integer in the sequence {v} but diff-
erent from any element of C,.  The other cycles are defined in the
same manner. We notice that if the degree of a cycle be finite, we
do not use the term ‘ middle element.”

Suppose there is an infinite number of cycles.  Since the cycles
Cy, Conenenen have no common elements, it is easy to verify that the
product CCo....ennt. satisfies the condition of $4. Tor consider an

1. These Memoirs, A, 10, 213,
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integer v'. Then 1, 2,..., v are contained (only once) in some of Cy,
Cs..., G/, since the least element of C;is at least ;7 (=1, 2,...,0"). Let
# be the greatest element among the elements anteceding 1, 2,..., V/
in the cycles which contain them, then 72>y, Put

T 2 eeereip) nensreFTaviens
Clcz"'CnETE<f1 fy wervecdyneifpeenes >;

then among #, ..., I the elements 1, 2,..., ¥ are contained. Since
C;, Cs,... have no common clements, C;.1, Chrer +.... do not affect the
clements 74y, fy,...,0;. Therefore taking v=7#, for any 72 >#, the first ¥
clements in the lower row of the substitution CCyvrere-e- C, remain
constant and among them 1, 2,..., v are contained. Thus the product
C\Cyr--C,,-++ satisfies our condition for the product.

In the decomposition of a substitution e usually omit the identical
cycles, the cycles whose degree is unity. The identical cycle say (v)
occurs only when & are zero. Now for the decomposition

we can easily verify that

Ny=Ne¢, +Ng, 4 ++o-er F N ooee,

since, as we have proved for the product of two substitutions, we have
for any 72, Ny=Ng,. The equality occurs when the number of the
cycles is finite. Tor let 2 be any point of the nucleus Ng, then about
7 there must be an infinite number of elements of some one of the
cycles.  Therefore 27 is a point of the nucleus of the cycle.

6. Iet us consider a cycle of the infinite degree

Com (vrrreeen Vs Vo Ve Uy Vertoeeree)

where y, is the middle element. To avoid complexity of symbols, we
put

Cl:gva ? C2EZVI' ’ CﬁEZVC 2"t 3
S ,
then Caz=(oeenes veem2 =7 1 2 3o ...)

Since we are dealing with the substitution admitted by the sequence
{z,}, the series
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GG+ (GmC)t o
=)+ € =) o

is absolutely convergent. Therefore
Z‘{Z”{(C” - C’“'H) + frerte + (C?l+])—l - C’n+g))}'
ntow

=€, —Casp)=o0, for any integer s;

Ny
i e., &, Gl converges to a number. In the same way .y,
Eunyre, Eopere converges to a number.  Hence #ee order of the cycle
(of the group of sequence) s af most 2, since Zm(€,—Eup) =0 is the

Ny
necessary and sufficient condition that the limited sequence {¢,} con-
verges to a finite determinate limit, and the same for {¢_,}.

Next let

i C=t', lin C_,=C."
Ay 91pen

If the series S7(€,—¢&) and Y(¢.,—¢") be absolutely convergent, we
ES) 7=

say that the cycle C is swnple. As a special case, a cycle of the finite
degree is simple. DBut a cycle of the infinite degree is not in general
simple.

We remark that any simple cycle in the abstract sense is admitted
by our sequence. Ifor, using the same notations, let C be simplo,

then since > (¢, —¢') and 3.(¢_,—¢"”) are absolutely convergent, the
mne=l .

qr==l
o
series }:(z\,——:cv) where ZZ% is the transformed series of >3z, by C,
vl

is nothing but
"ZM(CM - C71+l) + (C~I - (l) '}'“;:—;(Cwn-—l - C—n)

::Zl{ (Cn—‘cl) - (Cn—H - CI) } + (C-l - E!) +>:l{ (C-—-nwl _C”)

- (C—n"‘cn) }

This series is absolutely convergent.
7. Using the same notations as in the last section, we shall decom-
pose first the cycle of the infinite degree

C:( ....... e—g -1 1 2 3-.. ...... )

into a product of transpositions. A transposition is a cycle consisting
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of two elements.. For example, by
(2=t (=1 =2)(=2 3}~z —3)
x(=3 4)(—-3?4);(-4 5)

we have the interchange as follows :

'”'“;'”“—/' —-3 -2 —1 1 2 3 4 S ...... }‘
''''''''' ‘——-3 —-2 —I) I 2 3 4 5 ——-4- LR ’
while by (1 2)(~1 1)(—1 —2)(—2 3)0(—=2 —-3){

x(=3 4)0(—3 —4)(~4 50(—4 —35)

we have the interchange

...... ——5 -—4_ -—-3 —2 -1 1 2 3 4 5......}

EREET 4 -—-3'—-2 -1 1 2 3 4 5 ——-5..-

where the dotted parts are unchanged and the sections are marked to
make clear the manner of the composition of the transpositions. We

have therefore

C=(1 2) (=1 (=1 =2)(=> 3)(~2 —3) =
From the remark at the end of the last section, it is easy to prove
that the equality conforms to the condition for the product of sub-
stitutions. Thus any eycle may be decomposed into a product of trans-
positions with the same clements. o
Now it is easy to decompose the cycle Cinto a product of simple
cycles of the infinite degree. For example, we have

(_—2 —-3):( ...... ‘B a —2 —3 « b (/-..-.-)

X ( ......... c b a —2 a ﬂ ...... )
where @, 0, ¢,-+--- and a, B, are some integers in C and greater
than 3 in absolute value. To make the component cycles simple, we
have only to take for @, &, c,*=+--* the suffixes of a partial sequence

Car Cov Corrovvnenee of the sequence &, &, Coereoverree such that the series
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(Ca=8)+ (&i=C") +(Cs—C') + +++-++++- " becomes absolutely ‘convergent
where Zml,=C/ We take a, f,--+-+-++- in the same way. Instead of

NP2

the Séquence &, s, (;’6,---”- we may also apply the sequence £.j, €.,
PRSI

These considerations are quite general and we have only to notice
that we should not use the elements of the transpositions in the product
of C lying on the'left of the transposition now taken into consideration.
Thus any cycle may be decomposcd into a product of simnple-cyeles of
the tnfinite degree with the samne elements.

We have decomposed any substitution S into a product of cycles
WJth no common elements :

S Cqu---;-- eCpreeneenne,

Now we can decompose each cycle C, into a product of simple cycles
such that

C CMC,o ....;.5.C11 e,
then since C.,. Cz,--', C,++ have no common olemont%, the product
C11Cy 5Ca ICI wCamegreeeeCogerererens

is equal in its effect to the product CCyreveeeCreeree .
Therefore any swbstitution mnay be decomposed wito a product 0f senple
ryclz’s of the mfinide degree.

It is not difficult to prove that our new produ(‘t

Cp1Cy 5Caqeeeees CyoCapeyroers Cuprevreeeeeees

conforms to the condition for the product given in §4. Using :the
original notations, consider an element v'; then since

we have g ]3 "—-1, JEETIE , u, for mny 77>71,

and the integers 1, 2,2++,v" are a part of the mtooers />,, J=1, 2,000, VL
Since the cycles C,, Cy<++, Cu-++ have no common elements, there is
a cycle with the greatest suffix, say C,, which contains some of the
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elements p}, j=1, 2,--+-+-, ¥, while C,1, Chuareee do not contain any
of them. It is evident that #Z=. Consider in general a cycle C,
(£<m) which contains some of the elements #}, /=1, 2,------5. Then
we have the decomposition

Co=Cry CpgroerrreerCppreerrnnen,

i

where Cpq, Crgreees, Cporererrare simple cycles as considered in the
preceding section.  Write

L‘u Cpareven Cc 'nE(/In)
k1VE 2 « 7 ),

~and let the greatest integer among 27, /=1, 2,-+:--+¥ he v, such that
they are a part of 1, 2,0++:-+y. Then for p=y, we can determine two
integers pp, 72; such that

gy=q3k , J=1, 2,00,y for any 2 >

where the elements 1, 2,°+-, vy are a part of ¢ix, j=1, 2,-++, e (ve=Zps)
Therefore the effect of the cycle C, on the elements 1, 2,-+w++, g is
cqual to that of C,,Cpye--- Crw, . where vy=y,, the greatest of pf,

J=1, 2,7+, ¥ which contain 1, 2, , Voas a part, 1. e, mp=w/ Thus
some of the clements gF, y=1, 2.--+, v and contained in C, are settled
by the product C,C,se+---Cy, in their proper positions due to the
substitution S, provided 7=, Also if C,, (A==m) does not contain
any of the elements g7, j==1, 2,----+-, ¥, then thesc elements are not
affected by any product CpiCrg -o--Cpa, since the clements of these
cycles consist of those of C;.  Thus for this eycle Ci, #.=o0, so that

Plmp1==++++++=0, Therefore by any product

CuaCygeeeeee CraxCoCypreeeeeCapy

T K eesenaeas cor XChiyy Cuor o xCoy
where 7 is taken so great that

W, 91 20, e, R L =20 s
we have the rearrangements for the first v clements :

i 2 ;\
Vi ﬁn/f”
B v

T.et 7, be the least integer satisfying the above incqualities. Since the
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elements of cycles (Cyy, Craers, Cru)y (Cop Gogrery Conoy)veesand (C,h)
are not common, their order in the product may be changed provided
that the order of the cycles C; 4, C,5,0+-C, . is conserved and is the same
for the other cycles in the brackets. Thus the effect of the product

written above is identical to that of the product C,,C; 3Cy 1+9+Cy, Copoy oo
72{n+1)

C,.1, where 22, The number of the factors is equal to

Put

{ = tlht) , and
2

R R S . 2"
G 1(/1 2(/2 | SR Crals oG Criar G n—i-l—igkf,i)

where /(>/,) denotes the number of ths cycles. Then by our choice
of 7, the product

("1 n,

. .
0+l (‘l gy rrreerres (1. +l-i

does not affect the clements g, /=1, 2,-+, Therefore for any given

v
2=y, we have determined two integers 7, 7

such that

Hi=pT, J=1, 2,000, 7, for any =1,

or writing A=¥, we have

M= =1, 20, X, for any I>7
Thus the product GGy aCyeeeer - conforms to the condition for the
product and it is equal to S. Q. E. D.

g. We have remarked that in the decomposition of a substitution
into cycles, the sum of the nuclei of the cycles may not be equal to
the nucleus of the substitution in so far as the number of the cyvcles
is infinite. DBut we may decompose any substitution S into a product
of simple cycles such that the sum of their nuclei is equal to that of
S provided the order of S is not greater than a. For this, consider
as usual the decomposition

S= CyCyrvrverCpornene,

where the cycles C;, Cgeeerer, Cppreevee have no common elements and

we have the decomposition
Cn:,rn 1’1‘71 gy,

where T, 1 Tyoeeeee are transpositions formed in §7 and their clements
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are those. of C,. Now we may prove as in the preceding section that
S =TTy T TunTguer T, goeeeee.

Thus any substitution may be decomposed tnto a product of lransposi-
teons,  Tet the nucleus of S be

Pases 2 ’
- NS —‘(Q( )’V Z()), ........ . Z(m')', ..... ....)’

and establish one to one correspondence between this set and the set
of component, transpositions of S such that z* corresponds to Ty, 22

to Ligeeeee: ... Now suppose 2% corresponds to T, and let
Tre=(§ 77), ;

where €, » are certain elements of C,, Since 2" is a point of Ng,
there is a partial sequence say Zs; s J=1, 2, tending to z™ where
=1, j=1, 2,-*---. Some integers of the sequence (s, sz, *++) may
be contained in some transpositions standing to the left of T, in the
product expression of S. But their number is finite. Excepting these
integers, we choose two partial sequences (@, 6, ¢,+++++) and (o, 53,+++)

out of (s, s, cceee ) such that the series
(2= 2") + (5—=2") + (2= 297) Freeeeenee
and (‘Za—z(m)) -} (Z{s—z(m)) +...-..-.. ...............

shall be absolutely convergent. On the other hand we have

Tz;lc':(é 77)
=(f oa & g oa b o)
X (ernnnnns ¢ b oa E a feeer)

where the two component cycles are simple and have £ as their
nucleus. Such a decomposition is possible for any transposition corres-
ponding to an clement of Ns. Denoting these cycles by /s, we have

SE0 A ARTPY .

We remark thatif I is a component cycle of T, then since I, doés
not contain any clements of cycles standing on the left of T, in the
product expression of S, this product satisfies the condition for the
product of substitutions. Thus ey substitution S of order not greater
tharn a may be decomposed into a product of simple cycles I'y, Ty,e--

such that Ng=Nyp, +Nyp, A oo,
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10. Any sequence admits of any transposition. Therefore the
transpositions are not concerned with the condition for the equality of
the groups of two different sequences. On the contrary, a simple cycle
(of thd infinite degree) of a sequence is not necessarily admitted by another
sequence. But of fwo sequcences have the same group, they must have
all the same sunple cycles. ‘This is a slightly closer condition for the
equality of the groups of two sequences than that which was proved in
a former paper. Tor let two (limited) sequences be {z,} and {¢,}
having the same group and let

CE AAREARERI PN VYo Ve Yy, vc....-.-..) ‘ )
be a simple cycle of the sequence {z,}, then by definition, in the limit,

!
A z. o R A
Ve Vb’ e PR 3

4
Zva’ g‘{p’ coss -

where 2/, 2/’ are the limit-points, such that the series

e ot P— g — ol
|0, = | + |2, =2 [ + |5, =2 | +

and

2, _zlll + ]zvﬁ *'"”l T

are both convergent and, as we have proved (§6), the cycle C is
admitted by the sequence {z,} i. e., C is a substitution of the group.
Since by hypothesis the two sequences have the same group, the cycle’
C must be admitted by the sequence {¢,}. Consequently, as we have
proved (§6), in the limit

(:"'u" .C‘./h: C‘/ F * —»Cl:

C"'d’ CVB }......-........-—-)C”‘

where ¢, ¢’ are the limit-points. Now if the cycle C be not simple
with respect to the sequence {&,}, then at least one of the series

¢, —C |+ 16, =] F G, L
and (Go =" [+ €y =7 [ 4 e

is divergent, though the terms of both series converge to zero in the
limit. Assume the first to be divergent, then we may divide the
sequence (Y, Y Yeoreecr) into two parts say (A, Awoeeer) and (g, pyee)
such that the series
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ICM —¢ | -+ |CA2 "‘CII dorerreeinaaes
is divergent while the series
|Cor =8+ [ =]+ e
is convergent. Consider the cycle
Clms(renree Vi Ve A A e ).
Then, since
lCM —Cn ‘+ lC'#x — |+ lc)-z =y |
= ICM —>CI) - <CP~1 —C/) l + l (CPI "’C/> - (C}\e ‘.C,) ‘
G = = (G =) | e
2|, =]+ 2]|G =+ e
—2{ |G~ (G =] o} =00,
the cycle C/ is not admitted by the sequence {¢,}. But the serics
IS}\I .__Z/I + ]Z)\g _..:/l + ............
+ lzpzx _:/l -+ l‘:}‘«z ““Z,' + .........

-

Therefore C' is a simple cycle of the sequence {z,}, a substitution of
its group. This is contradictory to the hypothesis that our two sequ-
ences have the same group. Q. E. D.
We remark that the converse of the theorem is not true i. e., two
sequences with all the same simple cycles may not have the same

is nothing but the convergent series lzva — |+ |2, —2 |+ s, =2

< group. TFor example the sequences {J——-} and {(-—I)LL} have all
v Y
the same simple cycles, though the latter does not admit the subsitution
(1 2)(3 4)5 6) «oeee , which is admitted by the former. This shows
that the infinite product of certain simple cycles is not necessarily a
substitution of the group of a sequence.



