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Geometric Crystals and Generalized Young Tableaux

HE i (NAKASHIMA Toshiki)

ERAREET2HEFH
(Sophia University)

1 Introduction

B2 R VDERRIL, reductive group (23t LT [1] 1 & ) BB IT R &1, [5] 2BV T, Kac-
Moody group DBE IR S N7z, T DFRF T, unipotent subgroup U~ i< unipotent crystal D
EWADI2ODT34M% 5 X semi-simple DH A BRICEFDEBIWSNhDZ LERL. L2L,
affine DHERTHTH B, FiZ. A, type DFEITHIET S geometric crystal @ ultra-discretization
13 generalized Young talbeaux & V23 b DTEHBTEB I L ER L1,

CORBTOREOEH. LFWE (5], 6] 1K) dbnET2,

2 Geometric Crystals and Unipotent Crystals

2.1 Geometric Crystals

G (resp. g) % symmetrizable GCM A = (ailj)i)jej {Z associate L7z Kac-Moody B (resp. %)
&L. G D B* >U* 5T % %A1 Borel subgroup, unipotent subgroup, maximal torus & ¥ %,
(Kac-Moody group (Z2WTid, [3],[7] 288, ) A = {a € t*|a # 0, g, # (0)} % root system,
Q =2, Zo; % root lattice £F %0 Qy =3, Zsoai, Ay :=ANQ4 LB, Weyl B W = (si]i € 1)
(si i simple relfection) & W = Ng(T)/T % %, i € I 1%L T, homomorphism ¢; : SLy(C) — G
WBHoT

zi(t) = ¢ 1t =expte;, y;i(t):=¢; 1o =exptf; (t€C).
01 t 1

Z :'@‘ €i, f@' i3 8 @Eﬁtj—co
weW LT

R(w) = {(‘il,’ig, e ,’iz) € Illw = 84,84y " Sg;,},

EBLo TTT. 11 length of w.

Hom(T,C*) (resp. Hom(C*,T)) ®Jt% T @ character (vesp. co-character) &5, simple co-root
of € Bom(C*,T) (iel) ¥ o (t):=T; CEH¥T 5 &, pairing (a),e;) =a;; %15,

X % C Lk ind-variety, y: X =T, €;: C* x X = X (i € I);

e CXxX — X

(@z) —  €z),

% rational morphisms ¢ § 5, word i = (i1,42,--,i1) € R(w) (w € W) KR LT a® = o),
o=V = sy (e, ), oo @) i= gy, sy () EB Lo TTT, word i = (4,42, i) € R(w) 123
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L T rational morphism ¢; : T x X — X %, RTEHT %o,
(t IB) = et(x) = ea(])(t)eu(ﬂ(t) (l)(t) (x)

1 12 11

Definition 2.1. (i) J:@J: 3 7% 3208 x = (X,7,{ei}icr) 2% geometric crystal &1 el(z) =z 2
(ef(z)) = o (c)v(2), (2.1)
o, BEDOweW,i ki eRw)ITHLT
| e = ey, (2.2)
ARLT B Z Lo

(i) (X,7x,{eX}ier), (Ysyy,{el }ier) % geometric crystal & ¥ %, rational morphism f: X — Y
#% moprhism of geometric crystals L3 f BREHAI=FTI L

foef =efof, ax=wof

%12, morphism f #f ind-vareities ¢ birational isomorphism T& % & & f {3 isomorphism of
geometric crystals £V,

ROBENRY LD :
Lemma 2.2. (2.2) i&RDBAK & FIE
ees? = e’el if (@), a;) =0,
ey = eees . i (aY, o) = (of ) = -1,
2
6 ecaczefxcne;n = e ecxcz ;102651 if (a' ,a_,) = -2, (Ot > _1,
2 3
e e;:,czec;cae;xcz emcze;:a ef:a ec1cne;1czecxcﬂe;1‘:ﬂefl if ( ) = ( oz,) = -1,

Remark. (@Y ,a5Ma), ) 24 DL & e b e; ODMICIIBGREZ Lo

2.2 Uriipotent Crystals
PFUr%2U LE< éﬂ: Kac-Moody groups 23 LT unipotent crystals (see [1]) # €& T %,

Definition 2.3. X # C L@ ind-variety, a: U x X —» X % {e} x X LTEESND U-action &
B, Tk X, pair X = (X,q) #* U-variety & i¥, U-varieties X = (X,ax) &£ Y = (Y,ay) 3L
T rational morphism f : X — Y 2% U-morphism &3 U-action L AJ#|E R B L,

ZZT, B~ =U~T 2 U-variety structure # A#L%, B~ t& G @ ind-subgroup TH Y, TG B
115 multlphca.tlon msp (I open embeddmg, B~ xU < G % induce '?‘Z) 0T birational isomorphism
T& . #D inverse birational isomorphism %

g:G— B™ xU.

¥¥+5, 2T, rational morphisms 7~ :G— B~ & 71:G — U ¥ 7~ :=projg- og & w := projyog
TEH L B~ ~O rational U-action ag- %

ag-:=7n_om:Ux B~ — B™,

LEHT 5 & (m multiplication map in G), U-variety B~ = (B~,ap-) 2%,
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Definition 2.4. (i) X = (X,a) % U- vauety, f: X > B~ % U-morphism &34, ZD& &, pazr
(X, f) % unipotent G-crystal &5,

(1) (X, fx) RU (Y, fy) 3 unipotent crystals &3 %o U-morphism g : X — Y #% morphism
of unipotent crystals L3 fx = fy og LA & TH Y, T g % ind-variety D birational
isomorphism T# % & & isomorphism of unipotent crystals £ V19,

unipotent crystal DK & 245811 crystal base & BBRDBEVEEENAL Z L TH B Z TIHERE
T5, XWX [1),[5] 2 B8,

Z Z ¥ TE#H L7 unipotent crystal & geometric crystal IZIZBAT D X ) 2% H 5,

i €I LTUE = U n5UF5Y, UL := U n5U%s7! & 8o £ U = Uy,,. S

U~ =U_a, - US,
& 1 canonical prbjeétion &: U™ Uy, 2185, INFHVWTU- LB
Xi=y;lo&: U™ — U_oq, — C

EEHEL. E6I xi(u-t) == xi(u) (u eU-,teT)It&h B- L@Mﬁk@iﬁ‘?’%o unipotent
G-crystal ( X fx) LT = . X -C %

Wi 1= X4 .0 fX’
T. ¥7:ratinal morphism yx : X - T %
Yx :=projpo fx : X - B~ — T, (2-3)

TEHT 5 (projr 1 canonical projection). 4, B ¢; 12 X J:’C‘I_E_%B‘Jk 0 ThRVETR, ZDL
&, morphisme; :C* x X — X #%

ef(z) := x; (%(III)) (z). (2.4)
ETHE, R2B5

Theorem 2.5 ([1]). (X, fx) % unipotent G-crystal L5, EED i e T IXHLTT B ¢ i X
LTEENIC 0 TERVET D, ZDL &, rational morphisms yx : X =T & e:CXx X =X % E
DEHWCERT DL (X,7x,{ei}ict) 1 geometric G-crystal DHEEL D,

2.3 Crystals
“Crystal” 13, crystal bases DFOMEESTHLZUEEZHFILLI DD,
Definition 2.6. Crystal B L 1ZROEZ L x %4
wt: B — P,
€i:B-— ZU{—oo}, pi:B—ZU{-00} for i€l
&:Bu{0} — Bu{0}, fi:Bu{0} —BU{0} for iel,
&(0) = fi(0) = 0.
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N6 D maps IZHEED b,by, by € B I3 LTREMAT .

i (0) = &:(b) + (s, wi (b)), (2.5)
wt(&;b) = wt(b) + oz if Eb € B, (2.6)
wt(fib) = wt(b) - o if i€ B, - (2.7)
&by = by <= fiby = by (by,by € B), - | (28)
£i(b) = —o0 == &b = fib = 0. (2.9)

TZT & BV f; 13 Kashiwara operators EWREN 3, (L, B) 7% crystal base % 61, B i3 crystal.

2.4 Positive structure and Ultra—discretizations/Tropicalizations
“Positive structure” (ZDVWTEVHT ([1),[4] ).
T = (C*)! % algebraic torus, X*(T) = Z! (resp. X.(T) = Z') # T O lattice of characters (resp.
co-characters) £ 3%, R:=C(c) £ L mapv 2 RCEHET 5 .
v: R\{0} — YA
fle) = deg(f(c)).
ZIT A, f2 € R\ {0} i L TR

o(fifa) = v(F2) + o(fa)s v (%) = v(f2) — v(fa) (2.10)

f=(f1,",fn) : T = T’ % rational morphism (T = (CX)™, T' = (C*)*) £ L map f : X.(T) —
X (T') #RTREH* .

-~

F©))(e) i= (c* &N ... v(fal&leN)y

ZTT (e = (1, ,dm) € X\(T) i3 T @ co-character. v 1& (2.10) & 723 DT, map f i
additive group homomorphism.

Rational function f(c) € C(c) (f # 0) 2% positive &1 f P ERBPEERDOBETCHRREINBL I L,
Remark. f(c) € C(c) #* positive & f(a) >0 (Va > 0) (by M.Kashiwara). '

f1, f2 € C(c)(C R) #% positive = (2.10) L RAFEY LD !

v(f1 + f2) = max(v(f1), v(f2)). | .11

Definition 2.7 ([1]). 2 2 algebraic tori T, 7" B rational morphism. | f={nL ) T-T
»S positive L 13, RD 2 ODEMUNHh=ENBT L

(i) FE®D co-character £ : C* — T 123 L T, Im(¢) C dom(f).
(ii) FEE D co-character £ : CX — T IIxF LT, HED f(¢(c)) (i € I) 12 positive rational function.
Mort(T,T') % T % & T' ~ positive rational morphism DEE & T3 ;

" Lemma 2.8 ([1)). £& D positive rational morphisms f € Mort(Th,T3), g € Mor* (T3, Ts) 2% L
TEDEW go f * Mort (T3, T3) KA B.

Lemma 2.8 {2 & h, object %% algebraic tori T arrow %* positive rational mori)hism T 5 category
o TEHTED .
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Lemma 2.9 ([1]). FE® algebrazc tori T, T, Ty, & positive ratzonal morphzsms f € Mor* (T4, Tv),
96 Mor™ (T2,Ts) 1233 LT, gof gof

ZOWEIC LY, functor uD %182

L{D : T+ e — Get
T e X.(T)
(f:T=T) = (F:X(T) = X (T")))

_ Definition 2.10 ([1]). x = (X,7,{ei}ier) % geometric crystal, T % algebraic torus &3 %, bira-
tional isomorphism 6 : T/ — X %% x L positive structure & i%,

(i) rational morphism yo0 6 : T” — T' 2% positive.

(ii) EED i€ I I LT eip(c,t) == 671 o ef 0 f(t) & rational morphism e;p: CX x T — T’ %5
%7 % L positive.

g At positive strucutre ® & £ functor UD % positive rational morplnsms e  CXxT' -T &k
706 :T' — T T apply '?'7;: ERYBD

S UD(e1) : Z x Xo(T) — X.(T)
¥ = UD(yob): X.(T') = X.(T).

]

Theorem 2.11. Geometric crystal x = (X,7,{ei}ic1) £ ZD positive structure § : T — X I3 L T
BHND UDg1/(x) = (Xu(T"),7,{E:}ic1) 13 free W-crystal (see [1, 2.2]).

Functor UD % ‘“ultra-discretization” &ME&, THI (1] 2BV T “ropicalization” & MEA Tz %
NDTH%B, CZ Tk B % crystal L THLE, UDT) 2B %5 TinT, PHETHEX, T B D
tropicalization &5,

.3 Geometric crystals on unipotent groups

semisimple algebraic group G @ unipotent subgroup U~ _LIC geometric/unipotent crystal D#EE
AN, ‘

3.1 Unipotent/Geometric crystal structure on U~

Borel subgroup B~ & [@#I2 LT unipotent subgronp U~ % G ® multiplication map m ® inverse
birational isomorphism h : G — U~ x B *5 induce ¥1.% U-variety D% b2, #h% U™ =
U ay-) &2 ZEICLE), 22T, 7~ i=projy- oh T U~ L£® U-action ay- %

ay- =71 _"om:UxU~ —U~,

TEHET 5o
U~ EiZ unipotent crystal structure % VN 2 72 U-morphism F: U~ — B~ ¥+ 5. h: G —
U~ x B %5 induce &M% projection7®:G - T 5 &, :

17 (z) =1 (z)n%(z) (z €Q). 3.1)
X% U-morphism F 2SHHET %720 D+5 %4
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Lemma 3.1. 7 : U~ — T % rational morphism TREHL-TE&T5 .
T(n~ " (zu)) = 1°(zw)T(u), forzeU anduecU-. . (3.2)
DL & morphism F: U~ — B~ ZRTCEHT AL

F: U — B~

u = uT(u), (33)

F i3 U-morphism U~ — B~ & %5,

Semisimple % G 3 £® X 9 % rational morphism 7 #*HFETHZ L 2R LI,

A; € Py (i = 1,--- ;n) % fundamental weight, L(A;) & A; % highest weight | 2 irreducible
highest weight g-module (g i3 G @ Lie algebra), ua, (resp. va,) % highest (resp. lowest) weight
vector £ ¥ %o L*(A;) & L(A;) @ contragradient module, v}, € L*(A;) #RTEE2 XL T5 !

¢ ifu=cux,
('U., 'U;s.,- ) = . ’
0 otherwise.

CITHE iU ~CGel) *RTEHTS !

fi(g) = (g - ua:, v3,)- ' (3.4)
Morphism 7 : U~ - T # R CEHT 5 .
T(u) =[] oy (fi(w) ™). (3.5)
i€l :
ChZBWT morphism F: U™ —» B~ 3 RD X HITBC
| F(w) =[] o) (fw)™). (3.6)
i€l

Lemma 3.2. Morphism F : U™ — B~ {& U-morphism.
IoTRORREBS :
Corollary 3.3. G % semi-simple L §5 &, (U‘,F) 13 unipotent crystal.

BB o;: U™ — C 1MESHYIZ 0 TH VDT, Theorem 2.5 TR X 512 U~ L unipotent crystal
b geometric crystal ¥ MHTE %, £ C morphisms ¢, : CX XU~ = U~ & yy-:U- =T %K
 TEHTA !
‘ . -1
ei(c,u) = ef(u) := a:;(-:m)(u), Yu- () = T (u), (v e U™ and c e C%), (3.7
i
Theorem 3.4. G %* semi-simple % L, (U~,yy-,{ei}ier) & géometric crystal.

4 SLpn+41(C)-case

MIBOMRER SLop(C)-case IKBA LTHS,
Unipotent subgroup U~ X T =A175| T diagonal part #f identity matrix £ 2o T2 b DLk
A—#87 2. '
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%9, morphism 7 : U~ —» T ﬁ*k‘i%ﬂﬁ*\.‘éhé PRTAL I u=(aij)i1<ijcnt1 €U LT
u® (i el:={1,---,n}) EKRD L% submatrix £ T 5 :

u = (@i ) n-it2gicni1,1<i<ir

2%

fam—ry

eU~

ul®

1

N —
Z LT my(u) i=det(ud) &8, T3 &, #% normalization D b & RAE Y LD,
Lemma 4.1. f; = m; on U" foralli=1,---,n.

€ D U~ ~OHEBRATELOND :

es) = 2By

-1
. ()7

_.1_:__6_) .
cpi(u)
Z Z T, U™ O open subset BY E~D e* OEH %R 5%:

Yn(a1,n)Un-1(a1,n-1) - y1(81,1) X
oy ety o

tai; €C* > CU™. 4.1)
XYn(an,n)
KDL HBEBIHFEETS
(C)*F = e,
a=(aij) +— Y(a)

Z Ui, K birational isomorphism 6 : (C*)*% — B* < U~ % induce T 5, 7, K&B5 .
Lemma 4.2. ¢i(¥(a)) = Thmy akr fi(Y (@) = Ty T2 b

Rational action e : B* — B* RO LI RBEMICERBRENS

Proposition 4.3. e{Y((ax,;)1<k<i<n) = Y((a} ;)1<k<i<n),

i
C;(c Dag, i1
Qk i
ro c®.cP
.
C;(c_) 1@k,i+1

Ok,

(v
I}
o

_ofeni -t akg) a1+t i

fj=1i-1,

(42)
fi=i+1,
otherwise,

C,(:) : .
a1+ + G

(1<k<i<n)
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LI T, RD LS % birational isomorphism % 2 % .

£:(C)%F — (09

(aiihigigign  +—  (Aijhigicisn

1

(v
(Y
A

Ao i1y G1joil
i =
’ Gi-1,j0i-2,j—1" " @1,j~i+2

Inverse morphism 13X .

G4 = 4= ‘j_ﬁ:l;—l Al:;;l,j—l (1<igj<n).
THERRERD .
goerog™ i (CX)MF — (©)™,
(Ak,j)1gk<icn (A;c,j)ISijSn1
ZZT

A, if§#4,i—1
A= 0’;(:) cApi-y fj=i-1
3 —1
ai‘) cAgi ifj=1

«3 Hz 1Ah + 3 Hz 1Az~.

o) o _1Sisk Hz | Ati-1 k<j<i Al i-1
V=

o Z H: 1Al.t +i Hl=1AM .

j—1 ]
1<<k—1 A’ i-1 =k ITiz: Avi

==, fi=600f1: (CX)”"%*HQ(«:X)”‘F—‘*LW rBlE

Theorem 4.4. Morphism 6 13 geometric crystal U~ L positive structure %52 %o

(1<i<j<n).

(4.3)

5 Geometric Crystals on U~ and genefalized Young Tableaux

5.1 = Crystal structure on Young tableaux

Young tableaux 3 crystal structure (2 2OVTRWHT ([2]). 78 A= (A1, Mo,

B(X) = {(Bi,;) = Young talbeau of shape A with entries 1,2, -

An) K3 LT
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EBLo TTT B;;:=4§{jinthei-throw }. B()\) DTRIZKRD L ) IXRRENS ;

Bi Bii+1

1

B, B2,ivi

Bs' i . Bi,l‘+l

Bit1i+1

(5.1)
&T, &#(B;) (620) ¥ AHBMIZRES :
& (Bx,j) = (Bk,j + Br.5),  Bei=q-B0 ij=i+1,
0 otherwise
) J j—1 J i-1
1 — — . —-—
0 = (54 s (S-S (S-S
Jj=1 J J=-
_.max(ﬂ+ max (ZB“‘H" Bl,i) e, (Z 1itl — ZBH)) - (1<k<),
=1 i=1 I=1 I=1

ﬁf—?l =0

Remark. + o ,6(1) (XINHES Bi,,}, Biy1,i41 2 EHhvy

5.2 Generalized Young tableau and its explicit crystal structure

be B()) % (5.1) D&% Young tableau & L& 5o §5& B;; #i3 Young tableau T 5 7280
N AR B

B;; >0, Z B;;> Z Bi1,5,

i<j<k i+1<ji<k+1

e,
% Z T, B-.',j E@ﬁol )) Lt%#%ft‘f\htk@l :) % 5@%%1‘_5 .

B':= {(Bijhi<icjcn+1|Bij € ZH= Z*"("'H)),
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ZZT, BY OFHIC B FEATWARLA, b L LETOREN-BROTHILICENT S HDIE1
S, Ehy EO remark K7 X Y1 B 1E By 1K RV
- &T, 20 BYZ aystal DBEERD L HICLTANL, v=(Bi;) € BUHLTRD L) TBL

b(‘)(v Z Byiy1 — Z By,

1<I<k 1<i<k

£(w) = max {8’ ()},

1<k<|

wt(v) : Z( > Bije, ‘ (5.2)

1<k<St
1+1<_1<n+1

wi(v) := (h;,wt(v)) +&;(v).

mg = my(v) ;= min{k|l < k <1, b,(:)('u) =egi(V)}
M; = Mi(v) == max{k|1 < k <4, bV (v) = &i(v)}.

Kashiwara operator &, f; ® v = (B;;) ~DOERIRAK

(Bij — Br i (k, ) # (M), (Miyi +1)

fi: { Bmii — Bmii— 1 if (k,j) = (M, 1) | (53)
| Batoors = Baearr +1 i (k3) = (Myyi+1)
'Bk,j — By,i if (k, ) # (mi, i), (ma,i +1),

&:{Bni— Bmit+l if (k)= (mqi) (5.4)
| Bmai+1 = Bmyisr —1 i (k,§) = (mayi+1)

Theorem 5.1. £ (5.2), (5.8), (5.4) DX S 2B L BY it crystal £ %5,

Remark. & OVER 341 subsection & DAERLBVT =1L L726DTHY, fi=& LLTH
%, ¥7:. BY ® crystal graph #f connected % & 9 23R,

= T, crystal B! @ tropicalization A% U~ L@ geometric crystal (¢ U~ L& geometric crystal
@ ultra-discretization #¢ crystal BY) T3 & L BROMEI L Y o) i2onT? (4.3) & B 120w
To (5.2) EHBTBILICX Y bh3

Ay « By
T-Yy+—z+y
Tfy+—z-y

z + y «—— max(z,y)

Theorem 5.2. UD(U~) = B*..

L]
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