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Abstract.

Fjeldstadt’s solution of the rising stige of drift current in a sca of finite depth’
is too lubsrious and inconvenient for practical use. The present author has been
able to solve the samz problem in a way that is exceedingly easy and very rich in
physical meaning and also very convenient for numerical calculation, as he exemplifics
with several ocean depths DJio, D/4, D/z, D, and 2D, where D means the so-
called “ Reibungstiefe .

According to the results, when a constant wind begins to blow over a boundless
sea, the carrent produced may be taken to reach a steady state in time, as shown

below.

Depth of the seu D/10 D/4 D/2 D 2D

Time in pendulum lLours 1 6 18 48 120

In the course of his discussion, the writer obtains also the formula for the decay
of the steady current when the wind saddenly stops, and shows that the subtraction
of this de aying current from Ekman’s steady value furnishes the devcloping stage of

carrent required.

1. Introduction

The steady state of oceanic current which should be produced by

a constant wind was beautifully solved by V. W. Ekman,' but he could
not himself solve the problem of the devcloping stage of a wind
current and reported only Fredholm’s solution for an infinitely deep

oceall.

1. Ark. f. Mat. Astr. och Fys,, Bd. 2, Nr. 11, 1905.
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‘The first paper which dealt with the rising stage of the wind
current in a sca of finite depth was perhaps that of Van der Stock,
but unfortunately it contains a serious mistake in the calculation and
consequently his result can not be used for the case aimed at in the
problem. Indeed it may be said that Van der Stock brought together
in onc formula the two already-known results of Ekman for a steady
current and that of Fredholm for the rising stage in an infinitely deep
ocean, but no more.

Recently J. E. Fjeldstadt® succeeded in solving the remainig case
of a wind current, but his method of deduction with integral cquations
is exceedingly complicated, and almost no numerical calculations are
worked out, so that the rcal mode of development of a current in
shallow waters has not been made concretely clear.

The present paper deals with the.same problem in the case of
coustant wind as well as of varying wind, and the solution .is obtained
in such a simple manncr that the whole precedure is probably only a
tenth the length of that of Ijeldstadt’s method. It is moreover far
richer in physical significance, and indicates clearly the mode in which .
the current declines when the wind ceases, as well as the development
when the wind begins to blow. IFurthermore, the practical calculation
with given numerical data can be casily carried out and some such
calculations are given in tables and graphs as concrete examples.

After the present work was accomplished, the writer received a
paper from Mr. K. Hidaka®, who gives, however, simply a somewhat
casier proof than Ifjeldstadt’s.

2. The Course of our Solution

Let us conceive, after Ekman, a rotating homogeneous ocean,
which is boundless in horizontal extent and uniform in depth, and over
which the wind is blowing uniformly throughout. Choose the coordinate
axes such that the z-axis is directed vertically downwards and the
y-axis lies on the sea surface and parallel to the direction of the wind,

Tet the following notation be used :

Z=the tractive force of the wind per unit area of the sca surface,

HH=the depth of the sea, '

p=the density of the sea water.

1. Beitrfige zu Geophysik. 11, 106 (1911).
2. Zeits. . angew. Math. u. Mech. 10, 121 (1930).
3. Memoirs Tmp. Mar., Observ. Kobe, §, 51 (1932).
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p=the coefficient of viscosity of the water,

v=p/p ,

2, v=the component velocities of current in the direction of x and

y respectively,

w=wu-t+w, ¢ being V=g,

/=the time,

w=the angular vclocity of the carth’s rotation,

Z=the latitude of the place under consideration,

P=e sin 4,

k=V&/v=Ypwsini/p.

Then the developing stage of the current produced by the wind in
a sea which was initially at rest will be 1'cprcsented by the solution of

the cq.
0% 0 )
S T, (1)
ot 0z ‘
under the conditions
07 .
w = ——-{— at =0, (2)
Oz 2
=0 at  2=FH, (3)
W=0 , when f=o. (1)

It will, however, be very complicated to solve directly the general
casc in which the wind varies with the time, and so the writer attacks
first the case where the wind action 77 is constant. If the case of
constant wind is known, he can at once solve also the case of varying
wind by his own mathematical theorom which will be published in
the ncar futurc.

Now when the wind does not vary with the time, the problem
may be reduced to two simpler casecs, onc of these being the case of
steady current and the other the case of declining current.  That is,
we may put

0= 10y 1, (5)
where @y is a function of z only, and satisfics

)
d"w o :
o=y ——Lt —/2@w, (1)
s

dw, - 7

e p at z=o, (24)
dz
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W0, =0 at z=H, (30)
and g, is a function of z and #, such that
Oz, %10y . .
L E— 25w, : (1)
0f 0z ’ "
A
Drv,
2= at z=o0, o (2)
dz
We==0 at =M, (3n)
Uy =50y when #=o. (45)

The first is nothing but the steady current which Ekman investigated,
and the second corresponds to the current which would gradually decay
if the wind suddenly stopped after the .current had rcached the steady
value, and the vector difference of such two currents represcats the
required current in the developing stage.

3.

The Steady Part w,

Although the solution of this part has already been obtained by
Ekman in real form, let us form it again with complex variables for
later convenience.

Table 1.

Surface values of the

steady curren

r

/978 % 7
o] e} 6]
o1 0.0006 | 0.1000
0.2 0.0053 | 0.1999
0.3 0.0179 | 0.2987
0.4 0.0420 | 0.3046
0.5 0.0801 | 0.4840
0.6 0.1329 | 0.5618
o.7 0.1977 | 0.6218
0.8 0.2700 | 0.6623
0.9 0.3417 | 0.6708
1.0 0.4001 | 0.677
i3 0.4584 | 0.6616
1.2 0.4970 | 0.6372
L3 -] 0.5226 | 0.6008
1.4 0.5374 | 0.5832
L5 | 0.5440 | 0.5396
1.6 0.5450 | 0.5442
1.7 0.5424 | 0.5241
1.8 0.5377 | 0.5122
1.9 0.5320 | 0.5036
2,0 0.5257 | 0.4974
2.2 0.5154 | 0.4019
2.4 0.5074 | 0.4911
2.6 0.5022 | 0.4925
2.8 | 04995 | 04948
3.0 0.4983 | 0.4969
3.2 0.4985 | 0.4989
oo 0,5000 | 0.5000

The general solution of eq. (1,) is
w=Ae* + Be™™
where a=(1+ )k
The condition (3.) requircs
— Al =B =K /2,
KX being a new arbitrary constant, so that

w;:[’fsinha(f]— 5): } (6)

a=(1+12)k.

Next the condition (z,.) gives

(o (t+)7
pocoshat? 2k cosh(r v 2 e/

(7)

Thus Egs. (6) and (7) determinc the steady
current, of which the real and imaginary
parts are of course identical with # and # in

N=

Ekman’s formula.

The vertical distribution of w, in a sea
of various depths can be seen in the diagram
of Ekman, but the rclation of the surface
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current to the depth of the sea has not yet been made sufficiently
clear. Hence we shall add here a little on that point.
The surface value of a steady current is given by

7= Ksinha = ﬁiﬂi-tanh(x AR,

2hiop <
: - 7 [ 1 sinh2kZ/—sin2k ]
i e, #y= L . (8)
, kp - 2 cosh2kH+cos2kl
g=_L [ 1 sinhz/e[-[—{—sinz/c[]]
=]
kp L 2 coshz2k/H+ cos2i /T
Table 1 and Tig. 1 were prepared by taking y as unit velocity.
Fig. 1.
The surface current in the steady state for a sea of various depths.
v
07-

The greatest current occurs when £/7=1.1¢ and takes the value
0.808, while the maximum deviation from the wind-direction is 46

40’ in a sea of kAH=2.0.
4. The Decaying Part w,

Supposing there is a solution of eq. (1,) in the form eBs+v¢, we

must have
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7= —uf— 2.5,
Hence 7w, =(Acospsz -+ I3 sinfz)e— (4 +20)t
is obviously a solution of the differential equation. Here 8, 4 and

5 are all arbitrary constants and may be complex in general.
But condition (2,) demands

B =0,
and then condition (3,) requires
cosfi//=o,

) T t .
ot 37,__<7}+—>] 72=0, 1, 2,3, ...

and thus "C’»—ZA,LC()Q'BM_(* (1{3,,+72m

=0
satisfies eqgs. (1), (2,) and (3u).
In order that eq. (9) may suit also the initial condition (4,,), it is
sufficient to find A4, such that

M= 0O
ZA7,COS/9,,2 == K.sinha /7—z). » (10)
ae=()
The left-hand side of this equation is not identical but very similar
to Fourier’s series, and the value of the coefficients may be determined

in a similar way. TFor 8, as given by (g), we have

Bon— = {22 — '/z)—%, Bt Bu= (2422 +1 )%,

Fig
and so j cosf,xecosf,xdx=0 it ==,
0

=——{£ if =g,

Hence, in order to determinc A, multiply cos f,5-4% into both sides
of eq. (10) and intégrate from s=o0 to z=/ Then we have

rig H
A"j cos'Bz.dzs= X K sinha{/{—z).cosf,s.dz.
0 1]

1= 22 (" nha( 77— )cospued
HA,= T sinha{ //—z)cos s
7 S(, P

2K —(/_coshr/.([/——:)cosﬂ,,q +[J),,Sl.nh(/‘(f[_ sinf,z |7
oA @+ 5
2 X acosha /7 _ 227
H(d+3) © p2B )T

27 2/F 4132

i.e, A= v
pH 4k B

(1)
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Introducing this in eq. (g), there finally results

& G2 ) o
Ty = r E 41’ + 27‘1971 'COSﬂ,,Z(f—' (:;,’3"-{—7'2«?1)?.‘
pi :

4k +
77 (oosowf——mn wz‘)E 4// ++7 ;’j" ccosFs e
7 44+ fa
whete
A= (71 +') ]'[ TET=0, Ty 2, 3peennennen

This series is umfomﬂy convergent for all values of z

2
Bt

b(12)

and 7 as

far as fZzo, and therefore can be taken as the required solution of the

problem.

Separating the above cquation into rcal and imaginary parts and

. . . . T
noting that the “ Reibungstiefe” of Ekman is D=-"—, we get

Av
2y 7; . {Cnszafg—if/i-?-cosﬁng =Bt
nt 7 gkt B,
-+ qmamfz———«—cmﬂ,,, o=t }
Akt B

Y .n/]E] 1+(/9,,/o/)-)

vcosfB,s. o Bat

x sin(287 + @,),
T’QZ“T £ {(‘oq wfz '—4 ~~~w cosf,s /f"ﬁnf
725 - 4k ﬂ,,
—sin 9wz‘> SAN ¥ oloY:Y* M ﬂ—‘/ﬁit}
Lk 3 |
= 2 E e < COS,T 7Y St
/11 /ﬁff 1 + (ﬁ,,/ 2/ ) .

x cos(28t + ¢@,),
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where B

cote, =

Thus the
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=<7z +—i2~>—;[,

2
__@_w._gz_l._@w.l_

2/ 2

)2]):
2 ) H

|
J

(14)

main feature of a decaying cuwrrent can be seen at a

glance from these formulae, namely

i) The current ws approaches zero, oscillating with a period

T

wsind

—=12 ‘“ pendulum hours ”.

ii) Since the convergency factor is

I \2
-t —
=Bt =, ’( 3 )

2

e

(15)

(16)

the decaying is very rapid for shallow waters and for larger 7.

Table 2 Decaying part tw,
H=Dl2 H=D|4
X 0 72 772
4 74y Uy 7y oy '7/2 oy 7y Uy
o | 4054571 +0.5451| +40.3369| 40,0008 40.2595| +0.6573| +0.17701 +0.3028
1 +0.4404 | —0.01066| 40.3031 | —0,0254| +0.1607| 40,1107 | +0.1179| 40,0779
2 +0.2827 | ~0.1855| +0.1981 | —0,1317 | +0.0700| +0.0042| +0.0495| - 0.0030
3 -+0.1162| —~0.2323| 40,0820} —0.1642| 40,0220 —0,0110| ~+0.0i56| ~0.0078
6 —0.I1059| —~0.0529| —0.0749| —0.0374| —0.0005| —0.00i0| —0.0003| —0.0007
9 —0.0242 | +0.0483| —0.0171| 4+0.0342| —0,0000| 40,0000 —0,0000! —0,0000
12 +0.0220| +0.0110| 40.0156| +0.0078
15 +0.0050| —0,0101 | +40.0036| —0.0071
18 —0.0046| —0.0023| —0,0032| —0.0016
21 —0.,0010| 40,0021 | —0.0007 | +0.0015
24 +0.0010| 40.0005 | ~0.0004| -+0.0007
36 40,0000 +0.0000| +40,0000 | +0.0000
H=D]1io .

X o H2

t 5 Uy %, Uy

on "+0.0166 +0.3123 +0.0i41 +0.1559

Ha -+0.0101 -+0.0484 +00072 +0.0342

i, +0.0032 +0.0092 +0.0023 +0.0004

T4 +0.0002 +0.0003 -+0,0002 -+0.0002




Table 2.

Decaying pait =, (Continued)

H=2D H=D
]y 2 Hfz2
2y Uy 2y vy 2ty Uy 7ty Uy 7, Uy

+0.5000 +0.5000 ~+0.1039 —0.1039 —0.0216 —0.02i6 +0.4681 +0.4981 +0.1082 —0.1082
+0.4011 —0,00t7 +0.1008 —0.1109 —~0.021§ —0.0216 +0.3993 —0.0036 +0.1051 —0.1152
+0.23066 —0.2314 +0.0763 —0.1375 —0.0220 —0.021¢ +0.2347 —0.2333 ~+0.0707 —0.1475
+0.0017 —0.2709 —0.00i1 —0.1607 —0.0262 ~0.0228 +0.0599 —0.28:8 +0.0032 | —0.1650
—0.2140 —0.0289 —0.1529 —0.0076 —0.0531 +0.0132 —0.2157 —0.02i1 —0.1467 —0.0015
—0.0173 40,1789 —0.0074 +0.1408 —0.0016 +0.0789 —0.0218 +0.1746 —0.0153 -+0.1225
+0.1566 +0.0102 +0.7301 +0.0013 -+0.0741 —0.0025 +0.1430 +0.0:80 +0.10i0 +0.0125
+0.0086 —0.1408 -+0.0047 —0.1211 ~0.0006 —0.0764 +0.0147 —0.1174 -+0,0104 —0.0830
" —0.1289 —0.0007 —0.1134 —0.0045 —0.0703 —0.0005 ~-0,0465 —o0.0121 —0.0682 —0.0085
—0.0054 +0.1195 —0.0040 +0.1007 —0.0012 +0.0750 —0.0099 +4-0.0703 —0.0070 +0.0561
+0.1117 +0.0046 +0.1009 +0.0036 +0.0729 -+0.0015 +0.0652 +0.c082 +40.0461 +0.0058
-+0.0890 +0.0030 +0.0818 +0.0026 +4-0.0619 +0.00:8 +0.0297 +0.0037 +0.0201 +0.0026
+0.0726 +0.0023 +0.0670 +0.0021 -+0.0507 +0.0016 +0.0135 +0.0017 400056 | 400012
-+0.0590 +0.0019 +0.0351 +0.0017 +0.0421 +0.0013 ’

-+0.0490 +0.00i 5 +0.0452 “+0.0014 40.0346 +0.001 1

D) Py UL L) 1f14T fo 281 Suisf ayy fo Kwoay ]

6g1
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Fig. 2.
Rising State of Drift-Curent
Fendte Depth. (D),

v Rising State of Drift-Current
a C Fenite Depth (2)
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In order to make these points clear in detail we calculated the
surface and the mid-layer currents at several pendulum hours in seas
of depth :

H=2D, D, D/2, D/4, D/10
respectively, and tabulated them in Table 2. 7/pk is taken as unit
velocity as before. ‘

Plotting these values in hodographs, we get the curves indicated
by the letter v, in Fig. 2.

4. The Development of a Current by a Constant Wind

Using the values of ww; and 7w, obtained in the preceding articles,

we can calculate the current

70 == 70, — 10, : (5)
which will be produced when a constant wind suddenly begins to blow
over a boundless sea initially at rest.

In Fig. 2 the curves marked by the letter v arc the hodographs
of such currents in the rising stage. They are identical in shape with
7, and different from it only in position. ‘

Trom these hodographs we see that:

i) The shallower the sea, the weaker is the drift current.

ii) The velocity of the current develops, oscillating around the
final steady value ., with a period of 12 pendulum hours.

iii) The shallower the sea, the shorter the time required to reach
the steady current. If the sea is 10 or 20 metres deep, the required
time will be only 1 or 2 pendulum hours, and even for the continental
shelf of one or two hundred metres, the current will reach the steady
value in a few days.

iv) If the depth of the sea is more than 20, the development of
the current in the first few days is almost the same as that in an
infinitely deep sca, and though it will take a considerable number of
days to reach the stcady state completely, the daily mean will be nearly
equal to the final value from the first day.

TLastly, we here notice that Eq. (3), with the aid of (g), (10) and
(11), may be written as follows :

o

0= Z,nxl,,cosﬁnz[l — Bt 273)¢]
R Qe L
(==}

2 ¢ 2
= ;)/]Z_ }j COS/?,,’Z. sn(r— (B +728)E 7, (I 7)

=l
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5. The Case of Varying Wind

Knowing the current which should be produced by a constant
wind, we can at once derive the formula for the current when the
wind varies with the time and 7" is a function of ¢ such that 7= 7(;).
Indeed by my newly established theorem', we can write down directly,
from Eq. (17), the current required in the present case as:

RN ¢ 2,
= —";[—Ecos ,,:S 7(v)dr.c—Ufat128) (1 =) (18)
‘0 Z =0 ° :

Tet us further consider a few examples of practical importance.
1) Periodic wind. 1t T (f)=Tisin pf, where p and 7, are con-
stants, then

=200 icog 3, (Wit 20B)sin pt — p.cospl+ pe— (Bt 72
o 4 P (VB — 4@ + ) +4nfim ‘

(19)

In the case of a monsoon, we may take /=o0 and assume the
current to be in a quasi-steady state, so that

2070 NV (VFE + 208)sinpt — poospt
pil L =48 + ) + 4030

o= cosf,s. (1¢")

Thus, the hodograph will be an ellipse or a straight line.
2)  Uniformly increasing wind. 1 T(t)= 7y¢, we hiave

217, (V2 + 2:@)f —e— (V@?z+7‘?5)f —1

= - e
pl7 (vu+ 22@)

cosf3,z. (20)
1=}

3)  Lxponcntially wvarying wind. In the case of 7({f)= Z.c*",
5

eo
207, £V — o (o 20)
0= - - - cosf3,z. (21)
pi YB, + 200k p ‘

n=0

4)  Asymptotically increasing wind.  When 7(t)=Ty(1—c™),
the current will be equal to the difference between the current due to
a constant wind T, and the current just obtained in 3).

1. It will be published soon later in these memoirs or in the Japanese Journal of Physics,
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Appendix
1. The Deduction of Fredholm’s Formula

Iredholm’s fermula for an infinitely deep ocean is reported by
“ IEkman', but without any proof of how it is derived. It may be obtained
by the method of Van der Stock, putting A=oo from the beginning.

Our formula (17) also will give the same result very simply. Ior,
if the depth A is indefinitcly large, we may put

()T =
/ =3, p=—r

and writc Eq. (17) in the form

4 ‘Sf\.’os[e;. d,e( — g +zzfmf;_z-i.j(m—-uwfjgosa ~B% .

TP 0

.2
W=
p

. —

3 2 I e e

But since ‘cos ax ¢—0% gy =—— / e a0,
: Jo s N

22

p— 205t
we have "c:::mf—.f:( 17’ z’l LT Tt Y (177
/JP vo

which, when separated into real and imaginary parts, gives the for mula(,
of TFredholm.

2. The Mistake of Van der Stock

In the paper of Van der Stock® we find a serious mistake in the
course of the calculation of the integral
t s P (2 H— )

e—at qf at z=o0,
o ¢
h G- 4 . ¢
where Fr= = s r=C ’
: Vot
and =20 in our notation.

A . ——
He put . j 2 pedt =l

and = I, et Ji=2) v .

1. Loz, cit.
2, Loc. cit. p. 110,
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The former of these integrals is correct, but the latter is wrong.
For, by a substitution )
£ (2/H—32) , o= — 2H—z  dt

4vi, R
2 ( I/ ),,
. ¢ /g . — (2w _g-’_,_”z*__,__;L
we have S%—.F’a—"”f dl=—4Yv S ¢ §E 8
i . o " . P N B
which, when z=o0, becomes
o v l‘ft T all?
=4V 3 A \ P TR e
« N N
l( 1]
. — l/w ali=
G S =¥ =t JE,
M’)an o I+z)\ -—-l[__LH/V , v5*

The last term is not’ZCi‘O, except when //=o00, or when /=00
for a finite value of A. Conscquently the result of Van der Stock only
holds for the cases treated alrcady by Ekman and IFredholm, but no
more. '

[ think that Van der Stock went wrong in changing the upper
limit in intergrating from £ to & For s=o and #=¢ hc perhaps put
€=0 instcad of &= H/Vvt .

3. The Assumption of Fjeldstadt for an Ice-covered Sea

Fjeldstadt conceived a sea which is covered with ice throughout
and assumed the resistance of ice proportional to the surface current
of water, so that he put the surface condition of the drift-current
produced by wind as

Uil —rw=— L7 for z=o, (2)
dz u
instead of Eq. (2).
If we accept this condition, our method of treating the problem
will give with equal facility an entirely similar solution of the current
as bofore, i.e, the steady part in this case is

oy = Ksinha( H—z2), a=(1+2)k,
e
placosha i —rsinhatl)

K=

and the decaying part is
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wy= S, sinf(H—z). o= (Bntiza)t (10%)
=1
where
R 92 r7r Ll H
Ay=—e i — »’3”/] A j[(.sinhaf.sin EedE (1)
I BH G+ rH)rH o

and B3, must be the roots of

tanf /= —B/r= —»ﬁ{,{« (o)
rH
But according to my view, assumption (2) is not right, because

must

. s v . . W
the wind action 7" minus the skin resistance of the water g 0‘
g

produce acceleration of the covering ice and when the steady state
is reached the ice acts only as a means of transmitting the action of
the wind to the water without any diminution.  Thus condition (2)
should be replaced by

deo Oz -

p—————=—77  at z=o0, (2

0z ot

o being the arcal density of ice.
Under this condition, however, we can not apply the method

described in the present paper as well as Ijeldstadt’s, and some other
procedure must be contrived.





