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We consider a sequence of functions {/77,(x)} which are defined
by the following recurrence formula :

(1) L2y = A P 20) + By (20) (%), 22=1,2,350000nnen. ,

where two sequences of functions { ()}, {Bu-i(®)}, 7=1,2,3,000000
are supposed to be given by such a way that their clements A,(x)
and Z,(x) are some analytical expressions of & and 7.

Actually, however, sometimes B,,(x) does not involve a, but
only, in the recurrence formula (1) which is satisfied by the sequence
of functions {7(x)} e.g. Zégendre's, Tehebvsche's, Thrnte's, La-
guerre’s and Bessel's functions!

Therefore in this paper. we suppose B,(x)=75, independent of x.,
Now let

(I’]r,,-;-l [Z]';:,
(2)  O)=F ) = Fal) .
. an,
then regarding e =0 from (1) we obtain
H’A,,(ﬂ“)
(3) Qn(x) f,,(.ﬁ\) ';{va /)7) 1 11 1(-"")
Substitute 72—1, 72— 2,...... , 2, 1 for 2 successively in the above result,

then the Theorem 1 follows :

(1) Tor example, refer to the following: R. Courant w. Hilbert, dethodn der dlathe-
matischen Physit 1, 1024. pp. 66-70.
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A,()

Theorem 1. [1len 7 holds the same sign for amny x and n,
and B, Jor any n, if D, b positive, then O,l(x) cwrll hold the same
seene for all n and xv; where

: 44, , ‘ dr n’]",
D,L:—:‘“;,“;“/(—[)’,,,_l)—i— @..(x) and @n(:v)::/’n(‘x) ’,; - f(x) ( .

Next when we define a new sequence of functions {77(x)} by

- o)
() / n(.r):wﬁ;(ﬁ_) s IO, T, 2, ,
from (2) we have
al, 0,(x)

dx (Ax)F

Now if all the elements of {,(x)} are given as regular functions, it
is evident by (1) that regularities and singularities of cach eclement of
the functional sequence {/5(x)} depend only on those of Z(x) and
F(x). Therefore when we take Z4(x), Z(x) regular in a certain in-
terval, we can make all clements F{x), 7=2, 3,.ccen.... regular with
respect to a.

Moreover these regularitics exist in the product (Durclisclirutt) of
the existence-intervals of the functions A,(x), 7=1, 2, 3,E,(x)
and Z(x), which is denoted by (7). If we denote the aggregation of
zero-points of Z,(x) in (7) by () and (Z,)=(7)— (%), then from (4) we
can at once conclude that o (x) 25 a regular function of x in (1,) and

- >

ar, _dr,
also v Accordingly, 2/ pon holds the same stgn thronghout

the mterval (1), the function 17(x) will become monotone tn (1,).

Now if the first two TFunctions 74(x), /2{x) have no zero-point in
common, no two consecutive functions of the functional sequence
{#(x)} have a common zcro-point. Ior, let 7. («)= F(a)=o0, then,
since B,.;==o0, from (1) we obtain Z(a)=/A(a)=o.

Therefore from these results, if we denote the first zero' of 7(x)
in (7) by (a“?, from (1) we have

(n+1) ) '
T',,( o ):o and h;n)] Ix)= o0,
. ;

x—a,~—0

1. 'We enumcrate the zeros £, giving the order successively from the left.
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Hence 1ot
(Hy=(a, b)

1/7',,
<o! -

and

[ (1}

) Ca+1) () ~
then clearly o< a. 4

(sce fig.)
In general we have

193

Cn+1) () a.

oty << g

s V- T S

Consequently  if \X’M A

I"{a) holds the same
sign for any 7, the
inequality

7,
I"(a) (, -

will mean that for any |
x and 72:

B, (x) <o,
where

e=|T(a)| +T%a)
By combining thesc
results with Theorem

(;Zl )

e e e o T

{np) lns,

Ay, o

\

1, e can add the jfol- a

/mvmo to Theorcm 1:
/ ’

Theorem 2. (i) when
dsl,
3\0, 7/ {?’

tive, the first zero of
Fx) will decrease as
7 rcreases to + 09

1S posi-

. / - ¥ dA”
(ii) when e>o0, 1f v

Application.

1. ZLegendre's functrons {P£x)}
In this case the recurrence formula is

) o Y
t 123 [ %

/ W= AALD
N

~ 15 negative, the same result exists also.

1. It F(a)=o0, the point « should be excluded from (I).
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272+ 1 72
Po(2)= s R,(x)—mﬁl_l(x), where Zx)=1,
Px)=ux.
272+ 1 72
(]):('_1»‘}—‘)) A',,(x):?’}:"]—“;t,‘, Z))"..lz" UTI
. LPo(—1) . dd,  2nt1
T"'n(—‘l)='""j)f€“:“lj—=~—l, ie. eCo —= P 08

7
= Bya=— >0 O(x)=1>o0.

Hence for all v and 7, 2,>o0, then from the Theorem 2, (i) we have
the conclusion that #2e first sero of PJx) decreases as n— 00,

2. Tschebvscheff's functions {T(x)} :
The recurrence formula is
1
Toulx)=2.7(x)— e Ziox), where 7yx)=1,
7i(x)=Cos(arccos x) i.e. .

(D) =(—=1,+1). Afx)=wn. B,,_1=-~;~~. Oy(x)=1>0.

I 1
];l _ MZJT(_—‘I)"‘M
T{—1)= 7:(1(_1;) = —— i.e.e<o.

L
Ea

Hence 1D,>o,

namely Theorem 2, (i) is appiicable in the same way as above.

3. FHermte's functions {Hx)} :

The recurrence formula is
Hykw) =25 H(x)— 272.F,_(x), where H(x)=1, TH{(x)=-2x.
(f)=(—00,+00). Afx)=2x. B,.;=—2n. lim I(x)— —00,

2y —co
hence  e<o. ;

Therefore in this case also Theorem 2, (i) is applicable.
4. Laguerre's functions {L{x)}:

The recurrence formula is

L,(x)=(2n+1—2)L(x)—11*. L, (x), where Zy(x)=1,
Lx)=—x+1.
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()=(o,+0). Afx)=z21n4+1—x. Bo=—7" Ofx)=—1<o0.

. (z+1)! dd, .
T,l(o)z-“?rm“' i.g. e>o. T=—1<o. — B, =7 >o0.

Hence D,>0o. Hence, although this case is a little different from the
preceding three cases, Theorem 2, (ii) is applicable.

Now on the other hand it is well-known that all these functions
as above stated are also the rvegular functions of such lincar homo-
geneous differential equations of the second order as

({2]?,. H'Ij;;t 7
({x.: “}‘(1(%) 0’.2\7 ”F /3,;(.%)/’,,(%) 0.

Ifrom this stand-point, Professor Toshizd Matumoto' proves that 77 x,

0B,
be a zero point of F(x), when o >o, we may conclude that x, de-

creases as n—~+00. In practice since 3, of each of Z(x), 7.{x), H(x)
and Z,(x) is respectively

3 (71,4-1.)(71-}-2) (el <) (n+1)

I 11—

(lxl<1);

y

X

72
210 (—oo<l < +00); po (o<x<+00), and clearly

Fgu
i >0 in (),

072 .
this ‘conclusion coincides well with our result.

In conclusion the author wishes to express his thanks to Professor
Toshizd Matsumoto for his interest in this paper.
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