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Abstract

For a vertically constrained ship’s gyroscope, which is affected by gravitation, the
rotation of thé earth, the speed and the course of the ship, the writer derived the
equations of motion starting from the fundamental equation

Torque=Angular momentum X rate of precession,
and compared their solutions with the experimental® data which were obtained by
means of a simple apparatus. Both results coincided well within the limit of experi-
mental error. )

I. Theory

1. Undamped oscillation

Neglecting the friction at the bearings and resistances against the
motion of the gyroscope, we investigate the motion of the axis of the
gyroscope by taking into consideration the influences of the earth’s
rotation and of the speed and the course of the ship on which the
gyroscope is carried. ,

(A) The equations of motion and their solutions :—The vertically
constrained gyroscope is represented schematically by Fig. 1. Gyro-
scope .4 is held by a ring 5 at both ends of the axis of gyration,
the ring B is supported by a ring C at the points x; and x; and
the ring C by a ring D at the points y, and g Straight lines x,
%z and 1, y. intersect at a point O in the horizontal plane XT.
The centre of gravity of the gyroscope is below the point O, and
when the axis of gyration incilines the gravity acts so as to keep
it vertical. Let the fulcrum O of the oscillation be the origin of the
rectangular coordinates X, 7 and Z, the transversal axis of the ship
the X-axis (positive to the portside), the longitudinal axis of the ship
the Y-axis (positive to the bow) and the vertical direction the Z-axis
(positive upwards). The meaning of the various notations used in the
present paper are explained below :— '

«: ‘The component of the angle between the axis of the gyroscope
and the OZaxis in the ZX-plane (positive when the upper end of the
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Fig. 1 axis inclines to starboard). #:
The component of the angle be-
tween the axis of the gyroscope
and the O Zaxis in the ZY-plane
(positive when the upper end of
the axis inclines:to the bow). 0
The course of the ship (measur-
ed from the north castwards as
positive). £2: The angular ve-
locity of the earth’s rotation.
A: The latitude at the place
where the gyroscope is. V.
The speed of the ship. «: The
distance between O and the
centre of gravity of the gyro-
scope with the ring B. &' : The

distance between O and the centre of gravity of the gyroscope with the
rings B and C. g: The acceleration of the earth’s gravitation. 2R:
The radius of the earth at the place where the gyroscope is. A4:
Mass of the gyroscope with the ring B. M : Mass of the gyroscope
with the rings B and C. ZA: The angular momentum of the gyro-
scope (product of the number of revolution per second and the moment
of inertia with respect to the axis of gyration).

If fttorque & acts upon Tig. 2'
a rotating body having an 7
angular momentum /#, and
when the two vectors, & Heos 8 oot
and /A, are perpendicular
to each other, then its axis H diar s o

of gyration follow the vector [/ Mag dina CosiS

K by the shortest path. 7
This motion is called pre-  Megdind Costt 0/' ARV
cession, and if its angular 48 F acsdine
velocity is @, then Magdind  da

- K=H8.......... (1)
TLet us apply this relation to  qGsaess Q Cos

the precession of our gyro-
scope about the Y-axis (Tig.
2). The angular momentum N

Bow
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is Hcosacosf, the torque Aay sinfcosa and angular velocity of preces-

sion + Qcosicostl. Hence follows the equation of motion

Ma gsinfcosa= Afcosacosﬂ( Z;l

+ Qcos).cosﬁ).

Similarly the precession about the X.axis is given by

M gsinacosf= — f]cosacosﬂ(—gé— + Lcosdsinf + —]V;-)

X
If « and B are so small, that they satisfy sina=g, cosa=1, sinf=p
and cosf3=1, then
Mz;-,@=]-[<—2;+!2coslcos@), M ga= —H (Z;ﬂ + Lcoslsing + ) (2)

Suppose that only a and B are the functions of time. Then
eliminating B h‘om equation (2), we obtain

X ";’ t Yat Z=0
where Ne== 4 ,  Y=A'd;, Z=H (.Qcos/lsi nd + mV:)
Mayg R

Equation (3) shows that @ changes its value oscillatory with the lapse
of time. X is the inertia of this motion, ¥ the coefficient of stability
and Z the constant which determines the position of equilibrium. Sub-
stituting in equation (3) «=Asinzu¢+ ¢ as a particular solution, we obtain

a= Asin>F ¢+ X, ];)____2_7_1; = amll
7 7 v Magdl'd g
= — H{Lcoslsind+ 17/ R) . -+(4)
Moy
I'rom the equation (2) and (1)
g 2T __ [/8cosicost Al A
‘B—— /;'.‘_1(40570—['*'[))“, /30-— .o J[((‘ym‘m s (8 *—/\/ I . . (D)

The simultancous cquations (4) and (5) represent an cllipse (if
A>1 its major axis is 244 and if £#<(1 its major axis is 24) and its
centre is at the distance of a=g¢, and =4, from the origin (Fig. 3.)
This ellipse is the projection on the horizontal plane of the locus
traced by the upper end of the axis of the gyroscope. Specially when
Ma is equal to M'a’ the locus becomes a circle. A and 24 are de-
termined from the initial position of the axis. If the gyroscope starts
when its axis is at a=a, =, and A=o0, the axis will keep the same
position. As « and f, are to be evaluated from the elements of the
design of the gyroscope, the course and the speed of the ship, we
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can determine the vertical line in the ship by the position: of the axis
of the gyroscope even if the ship rolls or inclines.

Now we divide @, into two parts

=t = — FRcoslsinf - [—[V/R- ..(6)

W'd 7 M g

s is determined by the latitude and the course of the ship and oy
by the speed. If A’a’=3500cm. g., H=1,1310° C. G. S., then

ap==—(57cosdsinfy, a;=—(0.063F) (J in knots).

If we substitute a=a, and f=4, as the initial conditions, and =0
in the equations (4) and (5), then

a=dy =0, ﬂ=M, i. e. the axis rests inclining its upper
M g

Fig. 3 ' end to the north by B,

8 B which may be called the
ow

latitude error. In such
o 7 ca.se. the axis is r.eally
making a precessional
motion so as to incline
its upper end to the east
by the torque Magf
= HRcosd and this pre-
cessional motion is can-
celling the inclination
due to the earth’s rota-
tion. Therefore if we
a lay a weight 72 on the
Starboard
case of the gyroscope at
a point south of the
centre of the axis, and
make 2 satisfy the
equation 2l g=Fcos4,
where / is the distance between and the centre of the axis, then
the axis will rest vertically., Thus if we change 72/ properly accord-
ing to the change of 2 and turn the gyroscope by using a gyro-com-
pass, so that the point of action of 7z on the case of the gyroscope
is always to the south, then the equations (1) and (5) become
4= 0, ,90—0
These are obvious too from the, equatlon of motion (1). When, by
putting 72, we supply to the gyroscope the torques
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ml g(cosfcosp + sinfsinasing) about X-axis, 72/g(sinflcosa+ cosfsinasing)
about - F-axis, the equations of motion become
H* da Ay Yo -(7—{]/[ o, AN A
Mag de* R ﬂf[’(z’y df
(B) The influence of the external forces:—As explained in the
former article the end of the axis of the gyroscope traces the arc
of an éllipse when it inclines for any cause. Disregarding this
elliptic motion by assuming that the time interval during which the
external force is acting on the gyroscope is negligibly small com-
pared with the period of the elliptic motion, we consider only the
inclination which is directly caused by the influence of the external
forces.

(a) Change of the speed of the ship. When the speed of the
ship increases or decreases the acceleration acts upon the gyroscope in a
direction parallel to the longitudinal axis of the ship and the gyroscope
makes a precessional motion parallel to the transversal axis. If we
denote the acceleration by 7, then from equation (1)

+ ﬂfa;-ﬂ—- O.

Mg (-
— da /1f(z7, o= —MLS ydt,
I Iy
where a, is the maximum inclination cdaused by the change of the spéed.
7 T7 L
Supposing that 7':—1_;%—;-’*—, we obtain by integration
274
o= Ma (T’ |25 NI (7) when the speed varies

from 17 to V2 in a time interval (fw——z‘l) For example, in the case
of Ma=s00cm. g.,, A=1,1310° C. G. S., I;,—T,=20 knots, we get
o135 .

(b) Turning of the ship. Here we shall inquire into the influence
of the centrifugal force which act upon the gyroscope during the turn-
ing under the following conditions.

1. The decrease of the speed during the turning is neglected.
2. The turning circle has a uniform radius 7.
3. The time needed to turn is negligibly small compared with the
period 7.
4. Ma=2Md.
‘When the ship turns at a speed I, the centrifugal force acts upon

1. If #,—#,&7, then we can assume that y is constant.
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Fig. 4 : the gyroscope parallel

g to the transversal axis
of the ship. In our case
the X- and Y-axes are
fixed to the ship, and
they turn with the ship.
The component of the
moment of the centri-
fugal force in the final

&:

>

7

course 0, is Aln
»

sin(f,— @) (Fig. 4), therefore from equa-
tion (1) ‘

2
72— gt sin(6,— ),
at

and from the conditions 1 and 2 we
obtain '

(02
a= ~——5/W-—;§/—501 sin(@,— 0)d0= ﬂ—f}—i}i{cos(ﬁz——ﬁ,)— 1}, ...(8)

where f, and 8, are the initial and final course vespectively.. Similarly

g= ,,_f?!{;(}y-_gi;1(ﬂg~ﬂl). ...(81)

The  variations g, 5

of « and g with the 4,y Starboard rudder.
turning angle f,—0, "
are as shown in Iiig. 0 z 3 37
5. In the case of

May
Ma=s00 cm. g., H

a

H=1,1310" C.G.S., ,Mav

=30 knots, the

maximum values of MeT PoOYt ruader
a and f are H
Mal™ 0
- F T F
’ Ii;:/V
Mal
A ey a
- a
A -2-Me

By the turning, if we rotate the gyroscope properly so that its
axis of e-inclination coincides with the meridian, then
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= Mal” (cosfl,—costh), ;9:——-——j”(ﬂ; (sinf,—sind,) ...(8")
H H

The variations of « and 8 with the turning angle in the cases of #,=0o"
Fig. © and 0,=90" are as
g=0 shown in Fig. 6. If
2HeT - we compare these
—M%Y- < two cases, we see
that in the former
0 < =z Fra sz o and B depend
_ner * upon- the turning
angle and are in-
6 =90’ dependent of the
Her . initial and final
o courses, but in the
o L F “*  latter they vary with
- Moy them, and that in
ey both cases they de-

pend only upon the

speed and not at all upon the radius of turning or its angular velocity.

(¢) Rolling and pitching and vibration.

If the amplitude of roll-

ing, pitching or vibration is strictly a sine or cosine function of time,
then the larger the period of the proper os cillation of the gyroscope

in comparison with their period,
the smaller their influence on
the gyroscope. Actually the
relationship is not so simple,
but their influence is different
according to the construction
of the gyroscope, and it would
appear to be possible to avoid
their influence by properly de-
signing the mechanism of the
gyroscope. The most impor-
tant constants of the gyroscope
are its angular momentum and
the coefficient of moment of
gravitation (Maz and M'd).
We know from equation (3)
that M'a’'y is the coefficient

2200

7200

1

Fig.

A =357 X990
V=0

F(g=

Hem 113%16°C.G S

——— Angle (Mim)
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of stability in regard to F-axis (a-inclination). IHence the greater 4/o
and 47’¢’, the smaller o, and f, i. e. the gyroscope becomes more
stable. But equations (7), (8) and (8’) show that the inclination caused
by a change of speed or course is proportional to Ma or M'a’. The
period of the oscillation varies with 47z and 4/'a’, and as before stated,
it is affected by the rolling or the vibration. Therefore the determi-
nation of the value of Ma, 47'¢’ and / is very important when we
make use of a gyroscope as an artificial horizon installation. The curves
in Fig. 7 represent the variation of a, f, o and f, with e and A7a.

(C) Comparison of our gyroscope with the gyro-compass:——The
axis of the gyroscope of a gyro-compass is horizontally constrained
and its period of undamped oscillation is given by

7V =2 /\/ _...___ﬁi_.,_w
Aag-Lcosi

Comparing 7y with our 7},:27r/ we see that 7y changes

Mag e
its value with the latitude 2 but Z; does not.
Next let us compare simply the inclinations of the two gyroscopes,
which are caused by the same external forces.
Latitude. Though «f (in equation (6)) seems to correspond to
the latitude error of the Sperry gyro-compass (the Anschiitz gyro-
compass avoids this error), it is essentially different, because the latitude

error of the gyro-compass - (%)tan/l is proportional to the damp-
Mag
ing factor 0, and vanishes when D=o.
Speed. Both ¢y (in equation (6)) and the speed error 0 of the

gyro-compass contain a factor of speed 7. It is evident from the

709 N " . .
2T and OZEO—SB— that ¢, varies with the

MagR RQcosi
constants e and A and is independent of the course, and ¢ is in-

dependent of the constants and varies with the course.

Change of speed and centrifugal force. The acceleration error
and the centrifugal force error of the gyro-compass result from the
torque of acceleration with respect to the NS-axis. Therefore they
vary with the course of the ship. DBut ‘with our gyroscope these
errors are independent of the course, . .

Rolling and piiching. In the rolling and pitching errors of the
gyro-compass there is a quadrantal error®, but not with our gyroscope.

equations dp =

2. 'When the angular moment a with respect to the NS-axis and the EW-axis are not
equal, the rolling and pitching errors are maximum in the courses NE, NW, SE and SW,
and minimum in the courses N, 5, E and W,
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If the speed of the ship changes from ¥V, to I, the chantre of the

ﬂf/l ]\

") (in equation (7)), and

settling point of the axis of the gyroscope is

tion (6)) and the acceleration is — ﬂ[” (1T

their directions are the same. Now 1f we equate them, then we have

1/ ) =Ry, moreover if Mag=27"a'g, then
Ma

T=wmtL e 77):%/-—/—‘——- It 7, is equal to the
11/(7i 4

period of a simple pendulum whose length is equal to the earth’s
radius, then the inclinations «; and af cancel each other (in this case
7, is about 85 minutes), as in the case of the gyro-compass.

2. Damped oscillation

If we neglect the friction at the bearings and subjoin the other
damping arrangement, so as to make a torque, proportional to «, with
respect to the transversal axis acting on the axis of the gyroscope,
then the equations (2) become ‘

Pla=— [z\ B, Q), PR—Do= [-[< Z 4+ S) where D=const.,

P=2uag, ]”= 11]’(1’;, Q=Lcosisinfl + I/ R, S’— .Qcos/l(‘osﬁ D4 PP,

Lol

then a=A,z?—'7!;7[ sin?—iw‘ Fag, P=hkAde 77 Cos(—-——l E) + Po
— 2n/ = ,\/ “Ma
Vv Magdd'a g —D g’ Ma
£—cos-! A/ L a2 - _ H(Lcoslsind+ 17/ ]3)
sMagild 5 W,
f= FHRcoshcos D H(Qcoslsinf+ 17/ ]@)
T Mag Magd'd g

It we compare these results with those of the undamped oscillation,

we see that ¢, is the same in both cases, 3, is smaller in the present

D H(Lcosisind + 1/ R)
Magda g

is the phase difference § between @ and f.

case by

, the period becomes greater and there

II. Experiments
1. Arrangement

Fig. 8 is a sketch which shows the arrangements. The gyroscope
in the case A is vertically held by two ball-bearings, the upper and



164 o Shigeharu Nitta

the lower.

end points of the steel screws 7, 5 and the sapphire bearings.

C is also held by the
props f7, E, heing pivoted by
the end points of the steel
screws ), [ and the sapphire
bearings. An exciting coil
is fixed inside the case A
and an induction coil is fixed
to the gyroscope. Through
the exciting coil the three phase

ring

current of 330 cycles and 120
volts passes. The current from
I, II and III arve supplied to the
exciting coil by means of mer-
cury contained in the concave
parts of the sapphire bear-
ings D, D, B, B and a glass
vessel /. The light ray from
a lamp L is reflected by a
sphere of glass full of mercury

(it acts as a point source).

The case A is held by the ring C, being pivoted by the
The

The reflected ray is projected by a lens

NV as a light spot on the lower surface of a glass plate G, after being
reflected by a plain mirror 47 on the top of the case of the gyroscope.

Fig. 9.

/\/\[\

Magdin 9

Mg

B,

g Cos@
4 m

The motion of the pro-
jected light spot is re-
corded on a sheet of semi-
transparent section paper
placed on the upper sur-
face of . Thus we can
investigate the variation

~of the inclination of the

axis of the gyroscope. The
distance between A/ and
G is 111 cm., therefore 1
mm. on the section paper
corresponds to 1.5 minutes
of the angle of inclination

of the axis.© The values
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of Ma and A1'a’ can be adjusted by means of the screws 2, 5B and D, D.
They are measured as follows. IHaving stopped the revolution of the
gyroscope, we place a small body of known weight on the case (or on the
ring C) and measure the inclination of the axis of the gyroscope by the
movement of the light spot on the plate G. ILet the weight of the small
body be 72, the distance of the small body from the axis of inclination
be / and the angle of the inclination thus produced be 6 (Fig. 9).
Then migcosf=Magsind, .. Ma=micotd. From the above equation
we can obtain A7z (or M'a’).

2. Results .
After the revolution of the gyroscope has become steady, we give
an inclination to its axis 'by Fig. 10
pushing it with a finger, and ¥~ fecords of every 20 sec. Ma = €40Cng.
record the position of the light 8 (Min) Mal=11006mg.

spot on the section paper at
‘equal time intervals. Fig. 10
is an example of the records.
“The light spot starts from -/
and moves along the carve in
the direction indicated by the
arrow and comes to rest at
the point Y.

Now we  compare the
experimental results thus ob-
tained with those theoretic-
ally derived, by taking Aa=
640 cm, g., M'a’=r1r100 cm. g.
which are measured by the
above-mentioned method.

g0
(A) Period:—In Tig. 10 the points on the spiral represent the
positions of the light spot at every twenty scconds. With this spiral
the period is measured as about 840 seconds. Now from the

equation
I i 2 i S the period is calculated as 863

v Mag Mol g— D]y

seconds (by our gyroscope F=r1.1310° C.(:.S.). TFig. 11 shows the

values of the empirical period and the curve obtained from the theo-
retical period.
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(B) @ and B,:—The point O in Fig. 10 represents the position of
the axis when it is exactly vertical, which is determined from the posi-
tion of the light spot when the gyroscope-is at rest. The point X

Fig. 12

200 1800
1820 1600
1600 Y
40 1200
zow 000
"o 8w
Ma
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Kd Ma g0
JHana cng)
60 440
©ng)
] i ;
%) SN N IR NN R NI NN T | | 1 ] !
#0 3 o0 pw o R e 0 w0 20 30 50 50 [ 70
T (MiR) e Anghe. (i)

(i. e. @y and f3), the point of rest of the light spot, is measured as
a=14.5" and Fy=26.5', O being the origin. On the other hand the
values calculated from the equation (g) are @,=18.4/ and fFy=22.0"
The comparison of the measured values of @, and S, with the curves
obtained with the theoretical values of @, and S, is shown in Fig. 12.
(C) ¢ and D:—The ratio of the successive amplitudes of « is

Ty 41 _12_ .
A~ (=t by equation (g9). Therefore
Oy )
2/ a . Oy .
D= —. log | —2t1 Measuring Ze1—%, and | —2fL in
Z(71-(~1 - tn (ln (l"

Fig. 10 and substituting /Z=1,13-18° C.G.S., we obtatin DD=1,17+10".
By substitution of 2 in equation (g) we also obtain §=9.8 sec. The
measurement in Fig. 10. gives §=12 sec.

(D) k:—In Fig. 13 the spiral ABC... is the damping curve and £/,

/" and G’ are defined as Ez’z—l—AE, =" Brand GG'=3CG.
4 2 4 .

If we measure DO/FE O, F'O/G'O, ete. in Fig. 10, assuming that
DEF G is an ellipse of the undamped oscillation, then their mean
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Fig. 13

-
—

S Qtjmm
5]
.“\
<

value £ measures 1,31. By calculation from equation (9) we get £=1,31.
But as DO/E O, F'O/G O, etc. are the values of % in the case where
the damping rate is proportional to the lapse of time, the above com-
parison is no more than a rough estimate. The results are shown in
following table.

% Bo § T %
Measured values. 14.5 26.5 12.0 sec. 840 sec. .31
Calculated values. 18.4 22.0 9.6 sec. 865 sec. I.31

In conclusion, the writer wishes to express his sincere thanks
to Prof. T. Nomitsu of Kyoto Imperial University for the interest he
has taken in the above research.



