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Let
Z[, }\2, 23, ...... s )‘711 ...... , where l ).,; lé! XH-I |,

and

@uy P2, Payenenne N
“be the system of characteristic constants and the corresponding

normalized system of characteristic functions of the complete and
symmetric kernel XK(x, ») respectively.
Corresponding to a polynomial of 2
Plz)=ce+ e+ . oviieininns + 2™,
where coefficients are all real, we consider the following polynomial
of the kernel K{(x, »):
I F KD b + KO,
Here every K®(x, y) means respectively the z~th iterated kernel of
Z(x, ), and we denote this linear operator by P(XK)G)
We see easily from the property of iterated kernels that

/)
%(x)=2?5 K®(x, ) - pd)dt
and moreover
b ”
o) = | P g 0)d,

where

Now we begin with the following

Theorem 1. When the polynomial of z, Fz), is=o jfor '[zlé—l-—;—l,
EA . 1
the polynomual of the kernel K(x,v), P(K )(y), s a syminetric and
positrve definide kernel.
Proof. If we write
bl
KO ()= S S]{(‘)(x, Dalt)o(x)dtdx,
then for any continuous function w(x) we have

EN)=3-52 C=(a, p),
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since it is well known  that for the symmetric kernel & (x )
K%, 90v(x)90v<5’) ’ s=2),
(%, y)= le—"m | (s=2)
where the series of the second member converges absolutely and
uniformly over the square domain: [e=x=), e=y=0]. Therefore

XI)ShP(]f )(7)(1)(&‘)(0(5\7)“7 dx= g} 51)[{@)(('))
nJa =

mn \__‘ C 2

=262

p=1 v=1 A}

E P

y=1 p=1 )’)

i <;>

V== Ay

/ .
And since, by hypothesis, P\; )go for all v's, we have for any

Y
continuous function w(x)

h ("D " '

‘S S AR Do(t)w(x)didr=o.
But if for a certain function w(x), which is not identically zero,

b 2 :

j SP(]{)( t)w(t)w(x)dtdx =o,
then for an -arbitrary value of x

SP(]x)(t)(u(t)dt o,
thus we have the result that for all elements of the complete system
{o.(%)} (w, ¢,)=0; this contradicts the completeness of the system
{ov}. Hence we have proved our theorem.
Another theorem resulting from the above viz.

Theorem 2. Nowe of the equalities

_P( 1 )_—_-o, (=1, 2, 3yeeerenne. )

'

exist.
‘ VV(-‘ begin with this observation :—Corresponding to a polynomial
of 2 Vlth the constant term, e. g. : i -

' Ple)=cotegted+ i, + ™, ,
we cannot define the polynomial of kernel A (x, ), being -parallel to
the above stated definition of one which coz‘respbnds to a polynomial
of z without the constant term. ‘

Now if we take PE(KX )(5) as such a polynomial of a kernel which

corresponds to A,(z), we must deﬁno the polynomial of the kernel,
corresponding to z2,(z), as ' :
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KPHE)G) or 2; (K)K(y)
- Thus we obtain
: . h 2
(1) o) =,———-~—I————'—S[{P;ﬁ(]{)( Dodd)i,
, 1 1 a
=+ m(’zj) =12, B ).
Hence from this result characteristic properties of the kernel P;(f()(;)
follow.

If we put

) » . .
(2) )=\ PHE DDt (=1, 2, 3e)
from (1)

/]
papx) = S[{ (2, 2)p{20)du,
h =1 _p<__x___)

where IU‘V X Zi

Whﬂe by the expans:on theory , ,
pagpl20) = 2 %(x) and  du=(gs 9)

(V==1, 2, 3yeeeeeeeniene ).
Since the system {¢,} is normalized and orthogonal,

i

that iS, dii:B]l(T) 'lnd (Zy; (¢:,, ?v) =0.
Therefore, when we use
921; :¢i/ ]Dm( ; >

in place of ¢;, then for one of the #’s and for all v's
(Sﬁi’ SD&): I, (Sﬁiy ?V):O;
and on account of the completeness

gi=q;, for =12 3,ccciiinii. .

Hence we have ¢;= Pm< % )goL Put this result into (z2).

Then we have

(3) 2=

) )= S ;D:ij(]()(’?)@(t)dt.

i

Now we consider the following symmetric function :

¥(x, t)—_—:P;*i(K)(f)—%cp[{“’)(x, 5.
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By using (3)

Y

('t dsoris= i) Dptorat— 336, |, oty

=122 e

: . = copi %),
that is, C
i3
px)=-1{ 3w, Dty
0 ®
for all 2==1,2, 3,....0.0euees

But in order that these equations may be true for the same constant
¢y, the characteristic constant 1/¢, cannot have a finite value. Hence

we have ¢,=o.

In conclusion the author wishes to express his hearty thanks to

Professor Toshizb Matsumoto for his kind encouragement and remarks

during the study.



