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Mr. N. Wiener has derived the following formula
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where ¢,(x) represents the system of functions of Hermite. In regard
to this formula, Mr. G. IH. Hardy has made a note in his paper! in
which he said that he has never seen such formula. Recently I have
read Mr. Wiener’s book,” and found out that the method of proof of
the formula as he gives it is rather complicated.

In this paper I treat this formula, simplifying it to some extént,
and suggesting more general formula which seems to me better. But
original idea is of course based on the suggestion in Mr. Wiener's
method.

The function K(xy, %s,--.r.. , %y s 4) is defined over any finite com-
plex domain of x;, x,...... , x, and the complex plane of £ Even
more it satisfies the four following hypotheses :

oK K
(I) each of X, i, and w0,

two points /=1 as isolated singular points in the complex
plane of £ and is elsewhere regular,
(II) when expanded as a series in powers of £ each of

Beryonnns 20y 5 ) K, iy, 305 8), S T 0K

(¢, 7=1,2,3,0000ns ,v) has only

of ' oxd and Ox;

is respectively dominated by the expansion of some corre-
sponding function over |x,] <.’ which is analytic in 7 for
' [£] <1,
(IIl) X satisfies the partial differential equation
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3. It is noticed that ; can be taken for any finite positive number.



186 Tunezd Satd

(L) 0‘[5' '_x%[i’:_z d[( —'K (Z~21,2, 3yreanes ,(U),
0x; . ot
(IV) i we put — ["_f‘lj = K (=1, 2, 30eereeens ) then X,
7! dfn t=0

and ad[(“ vanish togefher as || —00.

i

To begin with, by Taylor’s expansion,

( I ) ]{(xb """ ) xv ;‘ f):Z ! [_'a—-[‘f‘;]ln
=0 721 04" Ji=o
:20[(,,(951, ...... , o), for |£] <1.
From the hypothesis (IT), if || <1, the series of the above second
member converges uniformly as to all v-variables x;, x3,...... , Xy Since

‘the expression (1) satisfies the given partial differential equation (L),

it results at once that ‘
OB k= —(ont 1)Ko

0x;

Now if we put
2204000 4 e b xy 2

( 2 ) jgx(xl‘: Kzyeennns xv):flncxl’ x.!s """ ] xv)g_ 2 H
we have
(3) S, —2x; o, + 2724, =o0.

Ox

i i

Here we consider two differential equations as follows

(L) s —xz+(2n2+1)2=0,
dx '

\(L;) Zfz, — 2% 5; + 27mz=0.

The differential equation (I,) has one and only one solution which

satisfies such boundary conditions that z and _dz_ vanish together as

dx

|x]—00; for, let 5 and 2 be two such solutions of (I..), then we have
o' == —(en+ 1)z and 2/ —xn=—(2n2+1).

By multiplying the first equation by 2z, the second by z, and subtract-

ing the one from the other, it may be obtained that (z/z—2%z) =o,

accordingly z/z— 2z, =const. ; here let |x|—00, then we have coznst.

=o0. This contradicts the independency of z, z.

Now as it is well known that the differential equation (I.,) has

.?C2
the solution Z(x)e” "z as the unique solution which satisfies the
above stated boundary conditions, where Z(x) is a solution of the
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differential equation (L), we can conclude by the hypothesis (IV) that

K2, Xayeeene. , o) =H(x)e =2 go(xl, ...... s Kicty Kiglyeeerns x,) necessari-
ly, where the factor ¢ is independent of the variable x.

Thus we have

(1) Alxr, 2yeeenee 2) = H ) H{ X2)o v Hix,),
where /,(x) means Hermite polynomial and @, a pure constant to
be determined in the sequel.

As previously shown, it is necessary that every function
A (201, Kayenenes , %) must be a polynomial of v variables x|, &,...... , Xy
and symmetric with respect to these variables.

Hence from (1), (2) and (4) we have

(5) Klxpy.en.. Xy ;C 2;):2)[1,,95,,(951)(}5"(%) ...... b (2,07,

where ¢, (x)=H(x)e 2 . Here the system of functions ¢,(x) forms
the orthogonal system of Hermite functions.

Now we wish to determine the values of coefficients of series (s),
,. For the present purpose, let us consider the following series

(6) Sw[{(x, Fooerens 37 D=3 ",

n={)

for |#]<1. By means of (5) it results that
K{x, z,...... % z‘):§ [P (x)] e
n=9

Since the hypothesis (II) shows the uniform convergence of series in-
the right hand of the above expression, if we combine this with the
expansion of the second member of (6), then we obtain

(1) a=d| g,

Now when we take as a value of {ST;{)”(x)]V,gx}% a real one of
v roots of it, we have from (7) and (5) -

(8) K(xy,.oonn. , Xy, t):,,E:, PRUXE) X E7S WO XEN A

where

(8) gmy=wd/{| Tgumoram}r.

We now return to functions by which the previous hypotheses
(D), (), (III) and (IV) are all satisfied. - Because of simplification of
our treatment, let v=3. Let us consider such a particular function as
(9) Kx, 9 2, z)
=A. exp{— B+ +2°)+ 2Cxy+ 21))'.4-}- 2Fzx}.
It is easy to verify that this function may satisfy hypotheses (I),5(I)
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and (IV). Thus we seck conditions that the function (9) may be a
solution of the partial differential equation (I): in other words, rela~
tions to hold among the coefficients A, B, C, D and Z, those which
are functions of only £
In the first place, put (9) into (L), then
—2t{a— B+ +)+2Cxy+2Dlyz+ 2 B2z ) — 1
= — 2B+ 4(Bx— Cy— Ez)— 2,
where a=.4"/A and dashes mean the derivatives with respect to Z
Since this equation ought to hold identically with respect to =x, ¥, z,
it follows that
(i) 2B — 4B+ 1=0,
(ii) 1C"'—2BC=o,
(ii) B —2BE=o,
(iv) B —2("=o,
(v) tD'+2CE=0
(vi) tR —2F*=o,
(vii) 2ta+1—28%=o0.
Now if we replace (vii) by (i), we obtain
td —a—2td*=o,
hence (#/a))=—2¢. By integrating a=#/(p—#). While a=4'/A4.
Again by integrating we deduce
— Ty
A
where p and «, are integral constants, but they are determined so as
always A(#)>o for all real £
Thus from the remaining relatibns,’ it follows that

H

2

B= L PYE e Fp el P
A (77 (o—77
However by means of the hypothesis (I), it nceds that p=1. There-
fore we have the following relations :

A= O po 1 XHE e £
Vi=£" R (1=2y"

A 1
(1= "

Here we can give four pairs of values for C and Z. Ience if we

replace (g) by the above obtained results, we have in general four

different functions as for A  to be required. But to avoid repeating

the same arguments we shall discuss only one of these functions;

namely
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(IO) ]((x5 Y, &5 t):%
V-
exp{ —(1+A) (4 +gx“+z)(—t~4i(;»ﬂ/+xz) a1~ Ay }
2(1 —

By evaluating the integral (6),

Sv}((x, %, x; z‘)rz’xxm—g—‘;:jwc”‘/?(fg—f" oa’x,

o 11— e

on the other hand, we see that the parabola, whose equation is y=
x*+4x—7, les evidently under the X-axis in the interval —1=x=1,
hence for any real value of # such as |#] <1,

(7 —42—8)2(:—F)>o.
Thus by the familiar integral formula,

o 7= 4t 2 %2 A2
Sc Te(1=F) a’x“l/'rr;/ =2

o — gt
therefore
gwfx’(x, x, %, Ddx=ap/ 2n(7 — 4t —£2)"*
- =g 21yt et + P F o ) .
=73 a=27"% =575

Consequen‘cly from (8) we obtain the followmg formula

(11) _/(zn 2 pr{ —(1+ A 2+ +z)+4t€x_y+xo) a(x -z“"),yz}
V1t 2(1 - )
:}]z:,lgbn(x)g/;,l(y)%(z)f‘ for |#] <1,
where co=7"tay 2, cy=ag” 272 7 3 =ag) 2m5 " e,

x?

and = @/|aral, em=me

In conclusion the author wishes to express his hearty thanks to
Professor Toshizd Matsumoto for his kind advice during the study.



