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            On Hayami's Turbulent Tensor

                             By

                      Toshiz6 Matsumoto

                     (Received January 20, I942)

    1. 0n 2;LirLl,afTolb.crt'cal Slztelz'es on llie Ya7z.crlze IN'z'"uer, Cliz'na, INtlr.

I-Iayamit has introduced the following interesting turbulent tensor :

                 .,,. .-•i,.,vi s,aF,.g"L{•K :2• g,)7 •

where the origin of the rectangular coordinate system is taken on the
free surface (of the river, assumed fl.at), the x--ax!s in the clirection of

the fiow (as that of the stream along the surface), while the g-axis

is taken vertically downward.
    According to Gebelein,2 the turbulent tensor is

                                   i                                     oo                                  2z    ,,, . I,ymairm-um,f`'irotv!x g '6.;•,,•.

where the coordinate origin is tal<en oR the boundary oÅí the flow (the

bottom of the river). This formula is applicable when the fiuid fi11s

the semi-infinite space on one side of the boundary sur/face. In app!y-
ing this forinula to the fiow of the river whose free surface sliould be

kept in its state, Mr. I{ayami has imagined the virtual eddy of the
true pne at the bottoiin of the river, just synametric with respect Åío
the surface of the river. Then the turbulent tensor will be obtained
by pUttill.cr

                { ,i, +, (,thl ,),, }-i-- (,zn>,(`i-{li,Iii,,g+)",,

instead of g2 in (i), where li is the deptla of the river in consideration.

ffsie<eiiig the COOrdinate origin on the free sui'Åíace as stated above, we

               '                           '                                        '
  i. Shaitir6 IIayami, H'ydrological Sttidies, IV. On the mechanics of fiow in a wide river,

Jour. Shanghai Scl. Inst., sec. I, vOl• i, No• i3 (i939)•

  2. }I. Gebeiein, Turbulenz (i93S>, p• 99•

-
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   '
                                   r o o
                      ' 2N                    YI==C2irotvlx o -2i- o ,

    (2) OOx+I                     - (ll2-22)2
        ,, x-                       . 2(ll2 + 22) '

    Sttpposing li is constant, and the inclinatlon 7' of the stream to
the horisontal line is very smal!, so that sin7' =i, the equation of the

steady, uniform with respect to x and non 1<inetically viscous turbulent

motion is given by

    (3) od, {V"-" Oo,i` }=:-bcri,

where
                       t/    (,) ,..:cL), gzg .t,-c2 S/ii,if2.;') g?sti,e,•

Here zb is the mean velocity in the x-direction. According to Mr,
Hayaml, x is experimentally very nearly zero, so that we have- instead
of (4)

    (s) v..--csx d,7; -c`' Sitif2S.I") d,ZS.

Thls is Mt. I{ayami's component of the turbulent tensor.i

    2. ILet us remarl< that to 1<eep the free surface in itsnatural state,

only a virtual eddy ls not sueecient. So we shall imagine an infinite
number of virtual eddies at the vertical distances !21i, Å}41i,••••-••••

Consideririg the coordinate origin ort the bottoin of the river, Pnt

           1.,I+ I + I +"""."
           x z'2 (21t-z)2 (41i-g)Z'

         . +1+!    (6)                                          +---------
                                 (-41i-z)2                    (d2ll-g)2
        '              "it$- co (2nki- z)"- ' .

                  'Then 22 in Gebelein's turbulent tensor oÅí (i) shall be replaced by the

    Next we shall summate the series (6). As we 1<now

                cot8= S t,#.'.( ,o.-i.. + ,irr );

whence we have

i. ILIere Gebelein, Loc. cit•, p• i43 sliould be referred to.

e
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                                         '
    (7) cosec2tSP==,:,IIil.]. ((g-i7zrr),) .

Therefore, coinparing (6) and (7), we have

    (s) . x=:( 2rrli )2sin2 gZ,

so that in the equation of the turbulent motion (3), we have to put

lnstead of (s), ' .
         ' Vrc=CL'X Oo22` mrmC"'( 2.ll )2sin2 f,gk Oo?g" l.

Let us tal<e the coordinate origin on the free surface ancl g•-axis ver--

tlcally downwards, then instead of the above formula, we have
    (g) v..=c2x Oo2E` ==c;'( 2.h )2cos2 l,iZth.Od?2." .

Now lnte.qrating (3), we have (the tangential traction being zero),

                             0u•
                          rltt oz =:---'gy2•

Substituting the value oÅí (g), we have

                                 '                dii•" Y.cr7gm .Vge    (iO) os rm- Cl/5i-M- cr21i cos ne '

                                     rr 2/l
                               'Changing the variable by '
    (u) ' :---liC,
we have
    (i21 do?4' rmma in rr<bac77i' 6.,Y.(' .,. '

                            .2
where the C-axis clirects vertically clownw,irds and 4 :o on the free
surface, while C =i at the bottom of the rlver. By (g) and (io), we

have
                   '    (i3) v..==C}/.cy'z YT= 2CliVbcr77" ve,., n .ff.

                                  n2
We shall put, as M]t`. Hayami did, '
    (i4) T(C) =VC-cos ZC.
                                     2
                             'Then

    (is) rp..=2CliVb"77i yr(c).
                               rr
    To find the maximum poiRt qo of T(ts"), we have to solve

                  ,                                 '
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                V'(C)=: ,ic- (cos lc-- nc sin g c)=o. .

Or puttin.cr. rr Co--xo, we have

           2
                        I-2xo tan xo=o.
By the table and some simple calculations, we have (in comparison,
Irlayami's valuesi are written in the parenthesis)
        xolyo.6s2o', CoÅÄr.o.4is (o•4o), W'(Co)=l=o•si2i (O•4933)

Next Sl,cb'(C)d4ko•3s73g (o•3633, o•3666);

hence the mean is attainecl at
          Cii=:o,i33 (o.i4), k..o.724 (o.68)
                                          L'             ' Table of ?F(c)=}/lli-cos rr c
                                       2

c

o.oo

O.OI

O.02

o.o3

o.04

o.oS

o.o6

o.07

o.o8

o.09

O.IO

O.II

O.I2

o.I3

o rtt

,o.r5

o.x6

O.I7

o,T8

o.I9

O.20

O.2I

;/c

o,oooooooo

O.IOOooOOO
O.I4I42T36

O.I73205o8

O.20000000
O•2236o68o

O•24494897

o.264S7SI3

o.2828427I

O.300000oo

o.3i622777

o.33I66248

O.3164Iol6

o.36osssr3

o.374I6S74

o•3872g8r,3

O.40000000
o.4I23ros6

O.424264o7

o•43s88g8g

O•4472I36o

o 45825757

cos -IE-c

   2

I.ooooOco
O•99g8766

o:gggso66

o.gg888gg

O.9gSo267

o.gg69I73

O+gg5S62o

o•gg3g6ro

O.992Ir47

O.9900237

o.g876883

o.g85I093

o.g822873

O.9792228

O•975gl6g

o•g723699

n.g68sS32

o.g645S74

o.g6o2937

O•9S57930

     '
o.g5IOs6S

o•g46og54

v/c   sc vcos-s  2
o.oooo

O.IooO

O.I4I3

O.I730
o.Igg6

O.2229

o.2439
o.263o

o.2So6

O.2970

O.3I23

o.3268

o.3403

o•353I

o.36s2

o.3766

O•3g74

o.3977

o.407S

o.4!66

O.4253

o•4336

Diff.

O.IOOO

o.04I3

o.03I7

o.o266

o.0233

e.o2ro

e.olgr

o.oi76

o.oi64

o.OI53

o.OI4S

o.OI3S

o.ol28

O.OI2I

O.OII4

o.oio8

O.OI03

O.oo9S

O.oo9I

o.oo87

o.ooS3

o.oo77

 .I

2

Ilrayami, .Loc. cit.,

These calculalions 6e x 24S•

owe to Mr, I-Iirosi Nal<ahata. 1"hanks at'e due to hiin.



<

O.22

o.23

o.24

o`25

o.26

o.27

o.28

o.29

O.30

o•3i
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,/r

l'l#illg',iiloi,gii'l
iii

il
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/i,lliliiiig76:ili11iiil

l•lillli,ii7  ,SiilS   .iiii
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il

i'iiliiil'

il
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  2
lii,l,'i

il

il

ili,'ilii
ili

'll

llli'i

liili'Oiio

,/r cosAC
  2

O•44I3
o.4486

O•455S

o.4.62o

o.468o

o.4736

o.4788

o..i836

o.488o

e.492I

O•4957

O•4990

o.sor9

O.S044
o.so66

O.50S[V

O.S09S

O.SIIO

ii        giiii

OOCI

'
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Diff.

o.oo73
o.oo6g

o.oo65

o.oo6o

o,oos6

O.O052

o.oo48

o.O044

O.oo4I

o.oo36

o.oo33

o.O029

o.O02S

O.oo22

O.ooIS

O.ooI4

O.oo!2

o.coo7

liÅé/Ig
a' .'l     .1da/oio

42o.oo

iiii'Il
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.

c /r cos
ec

wu2
c ,/r cos-!E-<2 Diff,

o.6o

o.6r

O.62

o.63

o.64

o.6s

o.66

o.67

o.68

o.6g

O.70

o.7r '
O.72

o•73

o.74

o.7g

o.76

o+77

o.78

o•79

o.8o

o.8i

o,82

o.83

o.84

o.85

oS6
o.87

o.88

o.8g

O.90

o.gr

O.92

o•93

o•94

o•9S

o.g6

11k(,ililililll

ll62ilil
il

/l

11l,\1,li9i,,'i

i5
I7i9gi51

o•s877853

O•S7SO053
o.s62o834

O•5490228

O•5358268

O•5224g86

O.S0904.I4

O•4954587

o.48I7S37

o.467g2g8

O•453990S

O•4399392

O.42S7793

       FO.4II5r44

O•3971479
o.382683,l

o,36812.16

O•3S34748

o.33873?9

O•3239I74

O.3090!70

O•2940403

o.27899U
o.263873i

o.24868gg

O.23344S4

o.218r432

o.2027873

o.i8738i3

O.r7r929t

o.!s6434S

o.r4ogol2

O.I253332

o.rog7343

o.og4ro83

o.o78459:

o.o627go5

o+4553

O•449I

o.4426

o`43S7

o.4286

O.42!2

o.4I35

o.4os6

O•3973

o.3888

ll'l

llliIA

o.r484

o.I344

o.r2o2

o.Ios8

O.09I2

o.o76s

o.o6i5

o.oo59

o.oo62

o.oo6s

o.oo6g

O.oo71

o.oo74

o.oo77

o.oo79

o.oo83

o.oo85

o.oo8g

O.oo92

o.oe94

o.o097

o.oo99

o.OI03

e.oroS

o.OI07

o.orlr

o.or12

o.OII5

o.oll8

O.O!20

O.OI22

o.OI25

o.or26

o.ol3e

OPI3I
o.o134
o.or36

o.ol3g

O.OI40

O.OI42

o.or44
o.ol46

o.o!47

o.OI50

.
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c /r cos -!!-C

   2
/r cos-

li-C Diff.

o.97

o.g8

O99

r.oo

o.g8488s78'o•g8g94949

O•99498744

l.OOOOOOOO

o.o47ie65

O.03I4I08

•o.or57o73

o.ooooooo'

o.o464

O.031I

o.ois6

o.oooo
35•73g6

o.olsr

o.or53

o.o155

o.ois6

    The graph of the function is very similar to that of Mr. Hayami.'
    3. Instead of (g), iÅí we take Mr. Hayaini's value (s), then we

have

                   .t                           -(i-c2)V? '    (i6) . mp'(C)M Vi+c,' '
He has considered that this function ls approxitnately near to the well

1<nown empirical formula:

    (i7) IP'(C) =C(i-C)•
In ,our case it' will not be too rough if we approxirnate the.sine curve

of cos rr C by the parabolic arc of i-C2. Then we have from (q),
       2
    (is) q(c)=:vc (!-42).
In this case the equation (i2) becomes

                  •'du rrVgy7i 1/U
                     OC =: 2C i-C;''

Hence
    (ig) zt ==zt,Å} rr\bca77i (arctan }/if- l iogll}1//--cC )•

Or expanding into the series,

          arctan1/4=;/lirT V3C3+ VsC5-......,

                   -mm -          iog lww"}l//fi.-2(1/zm+ 1/,C3+ t""5 +......),

                                              (Ox<C<i)
we have
    (2o) . zt =?.t,- rrV$a77i }/liL3( l + 52+......).

  r. Hayaml, Loc. cit, p. 246.
                 '
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This gives the vertical distribtztion oÅí the velocity. '
    4. To study the becl of the river, we shall now consider the sus-
pension of the matter in the river.t ]Let e be the concentration of
the suspended matter (weight of the matter per unit volume). .Then

    (2i) oO, (vx= doO2 ) = zee ddOz }

where 7oro is the setting velocity of the suspended particl.e and the
coordinate systorn is tal<en as the above. '[{]hen integrating we have

                          oo                'i"' ' 77== d2 :TUeO+A, ,
where A is the integi'ating constant. xvriting o instead of e+ A ,

                                                          zoro
we have

       . oe                                    oe                ?7:= og.==ToreO Or 7=: o(; ==7CJollO•

I-Ience by aid of (is),

          iog Z, =-7orethSiO ,al,S, =m ,crr-ill:t,7, S,iO fi) •

We cannot tal<e Ce =i, since then the improper integral does not exist.
According to Mr. Iffayami2

                          Co = O•9999•

    (22) 9(c)=S[O ,,al(Cc) =Sie l/T/al,C.e•)'

Then we have
                             '                g(c)=arctanylf+ ; iog l!iltill iO•

ThereÅíore

    (23) Iog eO, =' .cni'g07lh 9(C) '
                i=- I.c"iiiV.&77, [arctanvZiT+ ; iog liliVmf ]I.o.

Using rvIr. Iffayami's data,3

                               '                       0-         0o=ioSg/cna3, ==io"i', Cm-o.2, (logioe=O•4343)
                       0o

  I. Iffayami, Loc. cit•, p. 2S3•
  2. Hayami, Loc, cit., VII. Oii the stability of an erodible river bed with special refg•
rcnce to the iower Yangtze River. Jour. Shanghai Sci. Xnst. New Series vol. I, No. i <Igal).

  3. I{ayami, Loc, eit. VII, p. 47. • . •

t
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'

                                          'we have by (23), .,    (24)• O,•t3.4.3-.n v't/lg,,,ltg(c)==s.

From this equation we may fir]d C corresponding to several values

of •-
          '       '                               "cVo                          s= -.                              Y.a7va
We have to solve the equation wlth respect to C:
    (2s) s2(c)= g, (K= 5.Å~.4231,i;30.'2 ki•48i2.s)

into the form •    (26) 4=f(s).
    The graph of this function has the shape of the integral sign.
In Hayumi's case, the abrupt increase occurs between s =o.2 and o.3.i
in eur case it occurs between s==o.3 and o.4.as the following calcu-
la' tions2 show.

                 ' 4e =O•9999
              arctanVr,+ : log ii!vVrmf' =--s•7363

i. When s :O.3 we have
                     . K.
               . =F 4•9375•
                           s
           .Hence we haye to solve '
       . arctan l/E+ ; log iivYiS= =o•7g88

But for C=o.i6, . . =:o.8o38
    '           :O.I5, =O•7775                                      (--            o.ol, o.o263
                 'I{eRce Ct ÅÄ'O.1581

ii. When s==O.4 we have
                   •K.                           s ="3'664

Hence we have to solve •
                arctanye+ l iog ilvVit "=2•o6gg

  t'. Hayami, Loc, cit., VII, p, 48• '
  2. We owe these to Mr. IKeniti Koseki, Thanks are due to him.
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But for s"=o.77, ,, . =:2.o84o
           =o.76, :2.os66
                                      (--
            o.OI, O.0274
I-Ience Ce="O.7648
[L"hus we see the abrupt increase of f(s) occurs between s :o.3 and o•4.

Moreover f(o.26)igo.
    5. We remarl< that the .crraph of the function C=f(s) is of the
shape of r, is common to all the improper iptegrals which are not

convergent.
    Let the integral be
              9(C)==S[O f,i, ciiid Sl f,{, ==-•

where
                    yr(o>o, T(i)=o.
    The fuRction 4=f(s) should change abruptly in an interval, say
(a, b). It niust be noted that the position of this interval in (o, i)

depends upon the value of Ce. The interval (a, b) displaces in the
direction of s>o, provided Co be tal<en nea3rer to. C=i.
    I;'or Ct near to Ce, we have
                iie ii;I(C,) :qti,.g,g,<4<s.<c,.

Hence by (2s), we have

                     co-c <K< 4o-c, '
                     er(Ci) S                                   IP'(Ce)

or Klf(Co)<s(Co-C)<Kop'(Ct),
wher er(C) ls supposec{ by hypothesis to decrease monotonously to zero.

ThereÅíore if we consider the hyperboias
                          xy == K T(Co)

and xis=Ker(Ci),
then we have for y=Ce-C, the inequalities

                          X<S< Xb
i. e., s increases more rapiclly than x of tlae first hyperbola, but slower

than xi of the second one in Ci<4<Co. If Co, Ct are very near to i,
both hyperbolas turn very rapidly about their vertices. Therefore the
I'--form oÅí C;==f(s) becomes very aucute. Thus the rapid increase of
C==f(s) in the neighbourhood ofC=i depends upon the choice of the
initial point Co.

                         .


