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    !. [For the imique existence and vani$hing in finiteness of the
solution satlsfying the initial condition
                                             ,               0(+o) =C, (o<C<oo) .......................,(i)
(Emden's solution) of [Fowler's differential equation '
          da6 (g• Sg )+6xon=o, (2/>., .>/.)'...............(,)

it is after Sansone necessary and suMcient that
               2,l-n+i>oi ..•.•....•••••••••••••••••••••••••••(3)

holds. To prove this, Mr. Sansone has introduced the.most important
identity,

     2a "-' Si + i , Sl'e]( gO )2d6 == 'gX+ion+i(6) + (R + i)8ie(6)

                                + 7z+i 630,2(6). ...•••(4)

                                    2
    In the previous note the present writer has given, probably the
most natural method to arrive at this identity. In this note he in-
tends chiefiy to show briefly that qRlte the same method may be ap-
plied to the general Fowler's differential equation
                dd. (xp SY.)+bxeyn==o. .............,.......(s)

    For simplicity we may suppose that the constants p, a, n, b are
positive. Then the required identity is (in the indefinite integral'form)

    [a- nIl (p-i)+i]Sxp( aldxy )2alx',,.bxo+!y7t+i

  ' +(a+i)xppt :orx + fZ;r xp"i( SYx )2+c. ...(6)

I{ere if we put p=2, (r==R, we shall have k).
    2. The differential equation (s) is nothing but

  'r. For tihe literature, see the previous note. These Memoirs vol, 24, l>gTo. 2.
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                '        ' sif ii.l.Ii"ii,' +p Zlll; +bx6'"p+iyn =o. ...............(7)

To get rid of the factor of y", we-have to put •
                x=:cru or zb== i logx. ...,.•••-••••••••.•••(8)

                              •R

Then (7) becomes .           dalztt..' +p(p-i) Sii +bp2epce-p+2)uyn =o. ............(g)

To chancell the term of y', we have to put
                ), =e-(P""')"ev or "d=ye(f:l)tt. .................•••.(io)

rrhen  (g) beC
alt

l,.,l.vl..,ieS--. (e.)L'w +bR:'e7)u"u'i=o,

Wllere PE!!!P(a-P+2)- (7Z- I)(e.) ' ..•..••••.•...."••••(i i)

            =p[a- 7Z;i (p-i)+i]. .

    Igkemarl< that for to=2, (r==7,, we have 26 :2R-n+i. As usual we
write this eq"cfttion as follows.

           ,,all. [ alal',V, r-(g>d]+(e.)[ ::, -(e,),t] =-bp2,fnc-.,L.

                     '
)('

 ultiplyinbcr by 2[ adz"V" -(e.)"u] and integrating, w• e shall have at last

                             '. [24;; -(e.)T]2+2(e.)S[ f,'h -(e,)w]2du

                                                           '' ''  ==- 72 ib+f)2
i e2'i`"d'i"i+2bto2

{ nf+6 i +((Il)}Se7n`z,'i"ialzi+C,

unCier the assumption that 7i+i*o. IBy aid of (ii), we have after
e.risy calculations

    2bp2Sepu-d't+itlzt :-2[ :liV, '-- (e,)-u]-d+2S[ ZliVb -- (e,)-d]ialed.

So we have finally the idelttity,

    'l[ SI'1 -(e.).]u',.i .

       ,,,, bto2epu-dvt+'+{ls+(n+i)(g)][ :, '- (lg)T]v '

                 -t- 'il;i [ S,", -(g)v]:-,- c. .•••.••••••••••(i2) , .

I<etrn'ning to the orlginal variables, we have the required identity (6).
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    3. We should'observe whether our equation (s) may be trans-
formed into an equation of the form (2). For this, by easy calcula-

tions, we have the result qs foligws.

    If p>i, then by the substitution

                x=,tk, le: i >o,
                           P-I
(s) may be transformed into
           ,al, (t2 2)+ (,-b,), i$ii -iy't- o. ...............(i3)

Ftirther if ng:i, b>o, then by

          Ay=v, A ="--ti (p e ,), >07

(i3) becomes
           alalti (l2 alalIV )+t:!l -"v2=:o. ...........•••.•,.•••.•••• (x4)

Here we have2= ff+i -i. I-Ience the fundamental constant be-

                 P-I
comes
                     a- fZ+i (p-i)+i '
          2z-fl +I :2 2p-I : (Z)• (I5)

Thus we see that not all equations (.s) may be tyansformed into (2" ),

(preservihg the coQrdinate orlgin). ]Ntloreover we Rotice that for 2L>o,

it is necessary that .                a-p+2>o. ".-""".""".""...."."-(i6)
    •4. Now we consider such soitttion
          ;,[x.').>)o=• .ioik..o<..uygggo (<oo)} ..................(,,)

                                  'If our integral satisfies the condltlon that

                          P+1          xP.r'I =o or x2Jytl ==o, •..•••••••..••••••-,•(i8)
             x-) +o x-> +eaccording as p<i or p/>i, then by (6) we haVe • .
    [a- fZ ;. i (p-i)+i]S:x'( aldyx )L'dx

      =:b,,,e+i.y,t+i+(.--f- ,)vf}y ,{;.le' + nlli .xtp-i( ,t?tr.i.' )i .. .. (,g)

By .(s), xP ,`
l2i

JPt,'  decrea$es, a fortiori' does so a,IIJ
Iil;. (p.!>Q) If jy(.fue)==o,



n
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then ( :jx' ).--.,<o. I-Ience by (i8) ".

                                                       '  ' [.- n;I (p-I)+I]Sgexf}( //y )2alx=: nl I x,p+< alni•ee )i]So'.

So we have the necessary condltion
         cr. 7Z+I (p-I)+I>o. .,:..........................'.(2o)

               2
    s. At first let us examine the first condition liin xPy'(x)==o.
                                            x"+O
By (s) we 1iave for e>o
         Jvp.yt(Jv) i==-bS:xe.y7itlx. ,.....................':........(2i)

Therefore we have ' '
               1!uaxP.yt(x)==a, .................................(22)

               x"+owhere a is finite cleterminate. IS a=#o, then suppo' sing a>o, we may,
for any number a', (o<a'<a)' finci 6>o, such that

         o<a'<xP.v'(x)<a for o<x<6.
Hence for o.<e<x<o", we have
     i ii'p ( xl-, - e,i-, )<p'(x)-.y(s)

               < illllp( xl'"i- epi" )' (t)=I=i) ••••••(23)

    .          -a              '                                                     '       a' log X <si(x)-J/(e)<alog X, (p =i) .. '

            eeIf p>/i, we should have rv(+o) = -oo which is contrary to the lnitial
condition .7(+o)==C. In case of a<o, the same contradiction occurs.
Therefore it ought to be that
               limxPy'(x)=o, (p>i) ..•.t•••••••••••••••••••(24)
               x"+O. '
Consequently by (2i) we have
               xP3,'(x) == - bS,XxOy"alx.

No{v y.n.,xPf'iy//ix)=-liy.i, ,b-, SX,x62"dx

                               o   , v•-                     =- pki iieo.S-..O{'i'

                            2
                                                          'provided this last lirr}it exists. It exists certainly. The liniiting value

is'either zero or negative. If , '

'
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            P+1          x 2 pl (x)< -A, for o< x< 6,
thelt .3•(x)-y(e)<-AS: ki •

                          X2
For eo+o, this inequality becomes absurd. Therefore we have
               P+1          Y.m.,x 2 y'(x) :o, (p>i).••......................•••••(2,s)

Thus one part of (i8) has been verified Etnd hence we may conclude
                                           P+1that (ig) is valid for p>zi, without assuming x 2 y'l=:o.
                                              x"+e
    In case oÅí p<i'l putting •. ,
           sv'i-P ,. zt, or .x=(i-p)i-ipzti"i"p,'...............(26)

         .I-P '(s) will be transformed into

          xp do .. dy
                      '             de du
            ny           ZIii,, -i-BzbOi'--:ofi•=o, ••••••••.•.........,..........(27)

                                   '                    o+Pwhere Bvab(i-p) i"p >o.
For our solut!on pi(zt), we have by (22)

          li;e, alal]zt =a• (finite determinate)

Judging frorra (23), a naay not be zero. For if n.>.i, then by the
general existence theorem, (27) admits tlie unique ,integral ,with the

inkial conditions

            . y(o):C, )1(o)=a, '
for any C and a. Tlierefore in the cELse of p<i, the idcRtity (ig) is
only true on condition that xP.J!t1 -rmo.
                            x"+o


