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Two point sets are said to be mutually separated if neither con-
tains a point or limit point of the other, A set is said to be con-
nected if it cannot be decomposed into two sets which are mutually
separated.

“This note consists of two thecrems on the connected sets:

1? If A7 is a closed connected set, and if in ./ there is a largest
division-set® 4, then A7 is a simple arc.

IL.' et 47 be a closed connected set such that, if ¢ is any con-
nected subset of A7, then J7/—g consists of two components at most.
Let the product of all division-sets of 47 not vanish, and let it be
closed, then A4 consists of two simple closed curves which have a
simple arc or a point in common. ‘

Theorem 1. X A7 is a closed connected set, and if in 47 there
is a largest® division-set A, then A7 is a simple arc.

Proof.

Let M/—A=B+C, where B is separated from C, then, B+ A,
as well as C+ .4, is connected. If B=75,+ B, where B, is separated
from B, then A+ B, as well as A+ 5, is connected. Then, M—(A+
- B)=2B8:+C, where B, is separated from C, this contradicts to the
fact that 4 is a largest division set. IHence B is connected. In the
same way, C is also connected.

Now suppose B contains two points &, and &, then B—é=o.
Let B— &, be connected, then, if &, is not separated from A, M —

1: In this paper we consider exclusively the euclidean space of any dimensions.

2. Concerning this theorem, confer C. Zarankiewicz “Sur les points de division dans
les ensembles conneses”, Fund. Math. IX. p. 143. Nevertherless, the author cannot agree
to this Zarankiewicz’s theorem.

3. If A is a connected subset of A7 such that #7-4 is not connected, then 4 is called
a division-set of A7 -

4. When A37-g is always connected, A/ is a simple closed curve. J. R. Kline ‘ Closed
connected sets etc.”, Fund. Math. V. p, 3-10.

5. Any division set is contained in 4.
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A{A+(B—b4)}=C+5, whichis a contradiction; if B—4, is separated
from A4, then 4, is not separated from 4 and M —(A+b)=C+(B—8&,),
which is a contradiction. Hence B—&,=25,+ 75, where B, is sepa-
rated from 5, As B is connected, 4,1+ 5, as well as 4,-+ 5, is con-
nected. As A+ 7B is connected, A4 is not separated from one of &+
By and b+ B, say from b+ 5, then A-+b+ B, is connected, and
M—(A+b+ B)=C+ 5, which is a contradiction, Hence B consists
of only one point 2, in the same way C cosists of only one point ¢.

We say that A7 is a irreducible’ connected set between & and c.
Suppose any point p contained in M —(d+¢), then A —c—p is not
connected cleatrly, l.et A/—c—sp=D+ FE, where D is separated from
Z, then since 47/—c¢ is connected, p+.0D and p+ £ are also connected.
Let 4 be contained in 0, then D—4 and £ are mutually separated,
and since A7—(b+c¢) is connected, (D—0)+p, as well as p+.Z, is
connected. If ¢ is not separated from D, ¢+(D—5)+p is connected,
and M—{c+p+(D—10)}=>4+E, this is a contradiction. TIence ¢ is
separated from 2, If ¢ is separated from £, 47— (p+ D)=c -+ E, which
is a contradiction,

Therefore, M —p=D+(E+c), where D is separated from KE+c¢,
and 6 € D, c € B¢,

Now, let 2 be any connected set contained in 34, containing nei-
ther & nor ¢, and let # be any point contained in 2. M—p=H+K,
where / is separated from X, and where 0 € #, c € K. M—P=
(H—P)+(K—P), where 6 € H—P and ¢ € K— P, and where H—7F
is separated from AK— P.

Now, suppose NV to be any connected set contained in A7, con-
taining & and ¢, If A/— N is not equal to zero, then,® let 7 be any
component of A/— N, J— P is connected. On the other hand, as 7
contains neither 4 nor ¢, 4/— P is not connected. Hence J/=4, that
is, M is a closed irreducible connected set between 4 and ¢. There-
fore A7 is a simple arc,

Q. E D

Theorem II. ILet 47 be a closed connected set such that, if &
is any connected subset of 47, then J/—g consists of two components
at most. Let the product of all division sets of 47 not vanish, and

1. There is no connected subset of A7 which is different from A7 and contains & and c.
cf. B. Knaster and C. Kuratowski “ Sur les ensembles connexes® Fund. Math. 11. p. 214.
2. cf. “Sur les ensembles connexes” Fund, Math. 11. p. 214.
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let it be closed, then J4 consists of two simple closed curves which
have a simple arc or a point in common,

Proof. Let A be the product of all division sets, and let 5B be its
complement with respect to 47. ,

In the first place we say that B should not consist of more than
three components. If A has more than three components, then A
should not be connected clearly. Suppose now a connected subset
C containing A such that 47— C has two components.

M—C contains points of two components of B at most, which
may be written B, and B, where it is possible that B,=75, I.etus
denote (M —C)B,=B) and (M —C)B;=B,/. let B, be a component
of B, where Bs==/5, and B, /5, then C— /5, is not connected.

Consequently C— 5B, can be decomposed in the following form.
C—B,=7+.5, where 7 is separated from .S. Now, 5/, as well as
By, must be separated from neither 7 nor .§. If B were separted
from 7 or .S, say from 7, and B, were separated from 7" or.S, say
from 7, then M— By=DB/+ B/ + 7T+ .S=(B/ + 5,/ +.5S)+ 7, which is a
contradiction. Hence one of B, and B,, say B/, is separated from
neither 7 nor .S. If By is separated from 7, then M —(B/+ Bs+.5)
=R+ 7. If T- A=o, then, as M~ (B/+.S+ B+ By)=7, T contains
the points of two components of /& at most, from this 7" is separated
from 5, which is a contradicton. Hence 7' A=x0 and so M/—(BH/+
B,+.5) is connected, this is contradiction. Therefore, By, as well as
By, is separated from neither 7 nor.S. TFrom this, after a shoert con-
sideration, A+ 790 A+.S%0, and so 7 and .S are both connected.
Next, we remove B, from C, where BB, BB, BB, and
where B, is a component of B, then C— 5, is not connected, I.et
us denote C'—By=7"+4.5", where 7" is separated from .S’. B, is con-
tained in 7 or .S entirely, say in 7, then B,+.S is contained in C—
By B;+.5 is connected, B,+.5 is contained in one of 77 and .S, say
in .57, entirely. Let us denote .S'—(B+S)=7, 7"'=7,. S'+B; is
connected, and /5 is separated from .S+ .55 so Z1%Fo. We could say
that 4+7%0 A+S%o, and 7 and .5 are both connccted. TIn the
same way, A+ 70 A+S"3:0, and 77 and .S’ are both connected. A
7i%0. Because, if 7 -.A=o0, then M—(B+ L+ B/ +S+ B+ B)=T1;
contains the points of two components of 5 at most, so 7; is sepa-
rated from £A;+.5, which is a contradiction to the fact that 73+ 5,+.5
is connected, Now suppose that 7; is separated from /7)/, then 47—
(Ti+ B+ B +.S+B)=T17,+ B, whereas 7, contains points of 4, this

a0
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is impossible. 7+ 58,4+ 7,=17, which is a connected set. 7, and 7
are mutually separated, so 7,+U5, is connected. 7, is not separated
from B, and B+ 7,+RB/+.S5S+ 5B/ is connected, so M—(B,+ 71+
B +.S+B/)Y=T;+B;, whereas 7, contains points of 4, which is a
contradiction. After all, A should consist of three components at most.
Suppose now B=pB,+ B,+ 5, where B, B, B, are three components
of B, then A is not connected, so A=.4,+ A, where A, is separated
from A, At least two components among 5, Bs, 5, are separated from
neither A, nor A;, say, B, and B, are separatod from neither A4, nor
A, Suppose that B, is separated from 4, and not separated from
Ay, then Ay=M—(B,+ A+ B+ By) is connected. For M—B=B,+
A, + By+ A3 is connected, and M—(B,+ B,)={(A,+ B,)+ A, where A, +
B, is separated from A, and so A,+ B+ 5, is connected. A, cannot
be connected, so A,=dA'+A4,, where 4, is separared from 4. As
A+ By is connected, A+ B, as well as A+ 5, is connected. A,/
and .4, cannot be separated from one of 5B, and B, Let 4/ be not
separated from By, then A/=M—(A/+ B+ B,+ B,+ 4,) is connected,
and in the same way .4,/ is connected. Clearly A, is separated from
By, and A, is separated from B,. In the next place, suppose that
B, B;and B, are separated from neither A, nor A, lLet A7—(B,+
B:) be connected, then 4, and A, are both connected. IT.et M—(5+
B:) be not connected, then we can write A+ Ay+ By=(By+.A")+ A,
where A,+.A,=A'+ A/, and where Fy+.A' and A/ are mutually
separated. In this case, B, and 5, are separated from neither A4,’ nor
Ay, and By is separated from A, so A+ A=A+ A=A consists
of three components,

If B consists of two components, then, after a short consideration
A consists of two components at most.

Consequently the following five cases can arise:

1) A is a connected set, and B is also a connected set.

2) A is a connected set, and B consists of two components.

3) A consists of two components, and /5 consists of two compo-

nents.

4) A consists of two components, and B consists of three
components.

5) A consists of three components, and B consists of three
componernts.

In the first place let us consider the case' 2). ‘
Let M—A=C+.D, where C and D are components of 7, then
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A+ C and A+ D are connected. If Z be any connected set contained
in A+ C, the following five cases may arise:
i. £ is contained in C.

ii. £ is contained in A.

iii. £ contains C, and yet E+«A is not zero.

iv. & contains .4, and yet Z-C is not zero.

v, EC, E+A, A—F, and C—ZF are not zero.

Let us first consider the case i), Suppose (A+C)—E=F+G,
where /is separated from G, then, as A4 is connected, 4 is contained
in one of # and ( entirely, say in % and so G is contained in C.
Hence G is separated from 2. From this, 7+ .0 is separated -from
G. M—E=(A+C+D)—E=(D+7F)+ G, whereas Z contains no point
of A, which is a contradiction. Hence (A+ C)—Z is connected.

i)y If E=4d, then (A4 C)— E=C, which is connected. Suppose
A—F is not zero. If E were separated from D, then, as 47— {{A-+
C)—E}y=D+E, (A+C)—E is not connected. Hence (A+ C)—FE=
A+ G, where £ is separated from . As C is connected, C is con-
tained in one of Fand G, say in /, so G is contained in A—Z7. £+
F and £+ G are both connected. As M—E=D+F+G, D+F and
D+ G are both connected. If C=27, then G=A—F and M—E=
(A—E)+ D+ C, where C is separated from (A—Z)+D; this is a
contradiction. Therefore #— C is not zero. A—E=(F—C)+ G, where
F—C is separated from G. M—{E+(F—C)}=C+(G+ D), where C
is separated from G+2. On the other hand, & is contained in .,
which is a contradiction. Therefore £ should not be separated from
D, and (A+ C)— E=M-—(D+ E), which is connected.

iii) As E+A is not zero, £ is not separated from D, and (A+
C)— E=M—(E£+ D), which is connected.

iv) E contains A, (4+ C)—E is connected clearly.

v) As E+A4 is not zero, £ is not separated from D. (A-+C)—
E=M—(E+D). As A—ZE is not zero, (A+ C)—E is connected.

Therefore A+ C is a closed connected set such that, if Z is any
connected subset of A+ C, then (A+ C)—Z is also connected. As
A+ C contains more than one point, by Kline’s theorem, A+ C is a
simple closed curve. In the same way A+ D is a simple closed curve.
A is a simple arc or one point. In the case 2), A should not be a
simple arc. Therefore A7 consists of two simple closed curves which
have one point in common, Conversely such 47 satisfies the condition
of theorem II clearly.
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Now let us consider the case 3) and let M=A+ B, A=4,+
B, B=C,+D, where A, and B, are components of 4, and C; and
D, are components of B. Clearly 4, is separated from neither
nor 0, ; B, is also unseparated in the same way. ILet 7); be a set
of limit points of 7, contained in A,. If D, contains two points «
and 4, then A, —(a+8)=2—{D,+a+b+ 5+ C,} is connected, and
A,—(a+10) is not separated from C,.. So M—{A—(a+0b)+ C+ B+
D} =a+ b, which is impossible. THence ), consists of only one point
ds, and by the same reason, a set of limit points of C, contained in
A consists of one point ¢;. When ¢ is coincident with 4., 4, is coin-
cident with &, clearly. When ¢ is not coincident with s, A, is a
irreducible cennected set between o, and ¢, that is, a simple arc. ILet
¢; be a limit point of C; contained in 7, and let 4; be a limit point
of D, contained in 5. B, is a point ¢; or a simple arc of which ex-
tremties ave ¢; and ;. C +eytey is clearly closed connected set, and
let £ be any connected subset of Ci+e+¢,, which contains only one
point of ¢, and ¢, say ¢s, then Ci+e+e;—/F is a connected set, be-
cause M —{E+ A+ D+ (B, —c;)}=Ci+cotey— E. If' E contains both
¢s and ¢, then Ci+eteo—F is cohnected, because M — E=(Ci+c2+
e3— E)+{ D+ (A, — ;) +(Bi—c3)}, and yet Ci+c;+e;—E is separated
from D+ (d,— )+ (B, —c;). Therefore C,+c:+c¢, is a closed connected
set containing a largest division sct (), so by theorem I, C\+etcy
is a simple arc, of which extremities are ¢; and ¢;. In the same way,.
D+ dy+d; is also a simple arc. Hence 47 should be a simple closed
curve, wheteas the simple closed curve does not satisfy the condition
of theorem II. Therefore the case 3) can not arise. .

Tet us now consider the case 4), and let M=A+PB, A=A+
B, B=C+ D +E, where A, and B, are components of A, and C,
D, and £, are components of B. 75, as well as A, is not separated
from C, D, and £, clearly. Suppose any connected set G contained
in B. If G is not separated from one of C,, D, and /, say from
C,, then B~ G=M—(G+ C,+D,+ E + A4,) is connected. Next, lef
G be separated from C,, D, and £,. In this case, if 5,—G is not
connected, then B~ G=7+.5, where 7 is separated from .§. Sup-
pose that 7" is separated from C, and yet .S is not separated from
one of D, and £, then M —(S+ G+ D+ A+ E)= C,+ T'; on the other

I. When 4,=c¢, and B,=c,, we cannot directly say that C 4c,4c,—2Z is zero.
When 4, is not equal to ¢, or 7 is not equal to ¢, it goes without saying that
Cy+cytcy— & is zero.
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hand, S+ G+ D,+ A, + E, does not entirely contain 4, which is a -
contradiction. Hence, if 7 is separated from C,, then .S is separated
from D, and Z,. As .S is separated from 0, and Z,, 7 is separated
from G, Dy, and £,. Hence By=G+.S5+ 7 is separated from [);; this
is impossible. 7, as well as .5, is not separated from (), D, and L,
M—=(T+ G+ C,+ D+ E)=.S+4,, which is impossible. Hence B, is
a closed connected set such that, if £ is any connected subset of 5,
B,—F is also connected. Hence /5; is one point or a simple closed
urve. Suppose that 75 is a simple closed curve. In this case, let
1, dy, € be a point of a set of limit points of (;, 2, & respectively,
contained in 5, then 17/[—(C1+D1+E1+51/d:ﬂ1):A1+ (Bl——c:z’l\el), where
c:z’l\el is a simple arc contained in /2,, which contains ¢;, @, ¢ and of
which extremities are ¢, and ¢. C;ch—l- Ci+ D+ E, does not entirely
contain A, and yet its complement with respect to 47 consists of two
components ; which is impossible. Therefore /£, consists of only one
point 4, and, in the same way, A, consists of only one point a. &+
a,+ C\ is a closed and irreducible connected set between &, and @, that
is, b+ -+ C,is a simple arc. 4,+a,+.D, and b,+a;,+ E, are also simple
arcs. Hence 44 consists of two simple closed curves which have a
simple arc in common. Conversely such A7 suffices the condition of
theorem II.

Let us now consider the case 5) and let A=A4,+B+C, B=
D+ E,+ 7, where A, By, and (), are components of A, and D, £
and /A are components of B. After a short consideration, [, is not
separated from two of A;, B, and C,, and is separated from the other
one. Itis the same for & and /7. We may suppose that D, is not
separated from both 4, and B, and is separated from (), and that
E, is not separated from bhoth 4, and C), and is separated from 75,
and that /, is not separated from both 5, and €, and is separated
from A;. A set of limit points of 1), contained in A, consists of only
one point &;, and a set of limit points of £, contained in .4,, consists
of only one point ¢. If & is coincident with ¢, then A, consists of
only one point #;. If &, is not coincident with ¢, then 4, is an irre-
ducible connected set between 4; and ¢. Ience .4, is one point or
-a simple arc, as B, and (), also are. By the same reason as with the
case 3), M is a simple closed curve, whereas a simple closed curve
does not suffice the condition of theorem II. Thercfore case 5) can-
not arise.

Now, let us consider the case 1), A set of limit points of B,
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contained in 4, consists of only one point. If it consists of two points
¢ and 4, then A4 is clearly irreducible between ¢ and &, and so is B+

c+d also. Hence M is a simple closed curve, which is impossible.

If a set of limit points of 5, contained in «, contains three points ¢,

d and ¢, then M—(B+c-+d)=.A~(c+d), which is connected. M—
[B+{A—(c+d)}]=c+d: thisis a contradiction., Hence a set of limit

points of B, contained in A, consists of only one point ¢. M —a=PB-+

(A—a): hence A is coincident with the point @ Suppose a set C,

where C+a is connected, such that A/—(C+a) consists of two compo-

nents. If we choose an adequate C, then C may be supposed con-

nected. Suppose it were impossible. I.et M/ —(ea+ C)=ZFE+F, where

E is separated from 7, then C=C,+(,, where () is separated from

Co. E+7+C+ Co=27F is connected, so at least one of Z and 7, say

I, is separated from neither C, nor C,,_ Suppose that Z is separated

from C;, and that it is not separated from €. If Co=C)/+ G, where

Cy is separated from G, then () and ;' are connected. ZF is not

separated from one of ¢ and C)’, say G, then M—(C/+F+a)=

Cy"+(C,+E). On the other hand, C/+ # is connected, and C,)' is

separated from C;+.2Z. This is a contradiction. Hence (, is connect-

ed. In the same way, C, is connected. Now as ( -+ is connected,

M—(C,+ F+a)=FE+C,, which is a contradiction. IHence Z, as well

as /F, is not separated from both C, and . In this case, if one of

C; and C, is not connected, then the other is also not connected. Sup-

pose that C,= Cy/+ (", where ¢/ and C) are two' components of C,

and that G= Cy + G, where () and G/ arc two components of C,.

One of C/ and G is separated from £ and not from /%, and the

other is separated from # and not from Z. Let (' be separated from -
Z, and let CY’ be separated from Z. In the same way, let G be

separated from 7 and let C; be separated from £. C/-+ C/ is separated

from C/'+ G and yet C)+ () is separated from /7, which is impos-

sible. Hence C; and C, are both connected sets. Z, as well as 7,

is clearly not separated from the point @. I.et ¢ be a limit point of

Z, contained in C,, then C,—¢ is a connected set, If ¢ is a limit
point of 7, then Z+ F+¢, is connected, and M —(E+ F+e+a)=(C,—

a)+ C,, which is impossible. If ¢ is not a limit point of #, then (C;—

)+ F+C+E is connected, and M —{(Ci—e)+F+C+E}=a+ta,

which is impossible. Hence there is no limit points of Z contained

in (. In the same way, there is no limit points of €, contained in

E. This contradicts to the fact that C, is not separated from Z.
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- Therefore we may choose an adequate connected set C such that
M—(C+a)=E+F, where E is separated from 7. As M—C=E+
e+ 7, which is connected, it is clear that Z+4+a and #+ea are both
connected. A set of limit points of C contained in /# consists of only
one point at most. If it contains two points /; and f;, then #—f,
as well as F—f,, is connected. (#—/f;)+ C+Z is connected, and M/—
{{(#—f)+ C+ E}=/f,+a, which is a contradiction. In the same way,
a set ‘of limit points of C contained in £ consists of only one point
at most. We put these points in C, then we may consider M —(C,+
@)=F,+ F,, where C, is connected, and where £, is separated from

£ and (ZI(E;}-E):O. A set of limit points of £, contained in (,
consists of one point. If it contains two points ¢ and e, then (% +
a-t+e)+a+ A is connected. M—{(&+eate)+at Fy=C—e—e, and
this consists of two components at most. Suppose that C,—g—a=
C;+ C,, where C, is separated from C;, then at least one of Ci+e+
C; and Co+ e+ G, say Cot+ea+ G, is connected. M —(E,+e+e+a)=
Co+ G+ 7, and so £ is not separated from one of (, and G, say
from G then M—(E,+e+ C+ Cy+Fy)=¢+a, which is a contradic-
tion. Hence C,—e,—e; must be connected. If 7 is separated from
Ci—e,—e¢,, then /A is not separated from one of ¢ and ¢, say 4, so
M~ {F+E+e+(Ci—a—e)}=e+a, which is a contradiction. 7 is
not separated from Cy—g—¢;, so M~ {A+(Ci—e—e)+ea+E}=ata,
which is impossible. Therefore a set of limit points of Z;, contained
in (), consists of one point ¢. In the same way a set of limit points
of 7, contained in (), consists of one point /.

a+ 2 +e is clearly a closed connected set, and let ¢ be any
connected subset of @+ £, +¢,, where G contains at least one of ¢ and
e, then (z+ E +6)— G is connected. Hence a+7,+¢ is a simple arc,
of which extremities are @ and ¢. In the same way, a+/A+A is a
simple arc, of which extremities are @ and f,. If ¢ is coincident with
J1, then Ci+a is a simple arc, of which extremities are @ and /;. Hence
MM consists of two simple closed curves which have a simple arc in
common. This is impossible in case 1). Therefore ¢ is not coinci-
dent with f. A proper connected subset of Ci+a clearly does not
simultaneously contain «, ¢ and /. let A be a connected subset ef
C,+a, which contains two of ¢, /; and ¢, simultaneously and does not
contain the other one, then a complement of /A with respect to C;-+

1. C, denotes a closure of C,.
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@ is connected. Let A be a connected subset of C,+«@, which con-
tains ¢, and does not contain #, and e, then (C;+a)~ A consists of
two components at most. Let (C,+a)— =G+ K, where G is sepa-
rated from X, and where ¢ € G and f; € K. G=M—(K+ L+ H+ E),
so G is connected. As any proper connected subset of Ci+a cannot
simultaneously contain fi, @, ¢, K is connected. Ilet /A be a con-
nected subset of C,+a, which contains £ and does not contain ¢ and
a, then (C,+a)— A consists of two components at most. lLet 77 be
a connected subset of C,+¢a, which contains 2 and does not - contain
e and f,, then (C)+a)— 7/ consists of two components at most. Let
FH be a connected subset of C;+e, which does not contain «, ¢ and
S then (C,+a)— A consists of three components at most.

Therefore €+« does not contain a' continuum of condensation,
so®* C,+a is a Torchn continuum. - Hence® @ can be joined with x by
a simple arc (nl contained in C,+a, where the extremities of acl are
@ and ¢. In the same way @ can be joined with /£ by a simple arc
(1/»/\’, contained in C)+a, where the extremities of (;}1 are @ and f;. It
is clear that C1+a=&21+(;}1. 211:(7@1%—(;}1*{*(a+EL+el)+((z+ﬁ1+fl),
which is impossible in case 1). Therefore 1) cannot arise.

Q. £ D.

In conclusion the author wishes to express his hearty thanks to

Professor T. Matsumoto for his kind advice.

1. A set g is said to be a contintum of condensation of a set 47, if ¢ is @ closed con-
nected subset of J7 containing more than one point such that every point of g is a limit
point of A/~g. Suppose a connected set A7 such that, if AV is any division set of M, J~N
consists of three components at most, then 44 does not contain a continnum of condensation.
We can prove this easily.

2. Cf. S, Mazwkiewicz “Sur les lignes de Jordan® Fund. Math. 1. p. 176.

3. Cf. Moore “ A theorem concerning continuous curves” Bull. .Amer. Soc,, Vol. 23
(1917). S. Mazurkiewicz “Sur les lignes de Jordan”.



